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TN the preparation of the New Univeksity Algebba, care has been 
-*- taken to preserve every feature of the original work, on which rested, 
in any degree, its claims to superiority. The aim has been to make that 
which was good^ decidedly J)etter, Hence the changes that have been 
made, consist, for the most part, in more apt arrangement, in large addi- 
tions of original matter, and in presenting the whole in more attractive 
form. 

The treatise, as now submitted to the public, is, indeed, far more com- 
plete than the former, not only in the range of topics, but also in general 
discussions and practical applications. In many parts the methods of 
investigation are essentially different — the object being, in some instances, 
to secure simplicity in logical arrangement, and in others, to establish 
principles and rules by more general and rigorous demonstrations. 

The articles on Inequalities, Differential Method of Series, and Inter- 
polation, which, in the old treatise, appear as an appendix, have been 
elaborated, and made to take their appropriate place in the body of the 
work. • 

The section on Radical Quantities is quite full, embracing the more 
important properties of Imaginary Quantities and Quadratic Surds, be- 
sides a complete logical development of the Theory of Exponents. 

As, in the author's " New Elementary Algebra," the Binomial Theorem 
has been fully investigated with reference to integral exponents, it haj 
been deemed unnecessary to repeat here the particular demonstration. 
Accordingly, the whole subject is deferred till the section on Series is 
reached, where a general demonstration of this theorem is given in a con- 
cise way, and a full variety of applications added. The whole subject, 
as presented in this connection, with the accompanying illustrations, can- 
not fail to interest the lovers of Algebra. , 

The General Theory of Equations is treated in two sections, the one 
embiacing the general properties of equations, and the other the solution 
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of numerical equations of all degrees. The whole subject is here pre- 
sented, however, in a condensed form, the student being conducted, in a 
manner direct as possible, from the theoretical to the practical. The 
section on the Properties of Equations, it is proper to say, owes its im- 
proved character to the able hand of Prof I. F. Quinby, of the University 
of Rochester, whose services in perfecting other books of this Series 
deserves especial mention. 

The effort which has been made in this treatise, to combine the hest 
practical with the higher theoretical character, is specially commended to 
the notice of the true educator. Great care has been taken everywhere 
to set forth in distinct form the principles of the science, their exact log- 
ical relations being noted by proper references ; while due prominence 
has been given to those numerous precepts and expedients which are so 
necessary to the constitution of an expert Algebraist. 

The design throughout has been, not to concecLty but fully to reveal the 
difficulties of the science, and to encourage the learner, not to avoids but 
to grapple with, and overcome them ; since, to the student of Mathematics, 
labor rightly directed, is diadpline^djid. discipline, after all, is the true 
end of education. 

It is but just to state, that J. C. Porter, A. M., has had the constant 
care and supervision of the present work, having also rendered important 
assistance in the preparation of some other works of the Series — a fact 
which, considering his long and distinguished success as a teacher of 
Mathematics, and his acknowledged ability as a mathematical scholar, 
ought to afford a sufficient guarantee for the utmost accuracy and class- 
room fitness on every page. 

Thus distinguished for fullness of matter ; for scientific arrangement ; 
for ample discussion and rigid demonstration ; for clear statement and 
close definition ; for rules brief and of easy application ; for exami^les 
numerous, apt, and strictly practical; for the nicest adaptation to the 
purposes of teaching ; for the finest mechanical execution ; for whatever, 
in short, care, skill, science, and taste can accomplish ; — the New Uni- 
versity Algebra is submitted to the public. 

SxfTIEKBBB, 1875. 
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A TREATISE ON ALGEBRA. 



SECTION I. 
DEFmiTIOl^S AND NOTATION. 

1. Quantity is anything that can be increased^ diminished^ 
or measured ; as distance, space, weight, motion, time. 

A quantity is measured by finding how many times it contains a 
certain other quantity of the same kind, regarded as a standard. 
The conventional standard thus used is called the unit of measure. 

2. Mathematics is the science which treats of the proper- 
ties and relations of quantities. It employs a peculiar language, 
consisting of symbols, to express the values of quantities, and 
the operations to which these values are subjected. The symbols 
are of three kinds, as follows : 

1st. Symbols of Quantity^ consisting of figures or numerals 
used in arithmetical computations, letters and other characters 
used in general analysis, and graphic representations or drawings 
used in geometrical investigations. 

2d. Symbols of Operation, consisting of the signs or characters 
employed to indicate those mathematical processes by which 
quantities are made to undergo changes of value, such as addi- 
tion, subtraction, multiplication, and division. 

3d. Symbols of Relation, consisting of the signs used in com- 
paring quantities with respect to their relative magnitudes, and 
certain abbreviations employed in the process of reasoning. 

3. Algebra is that branch of mathematics in which quanti- 
ties are represented by letters, and. the operations and relations 
are indicated by signs. The object of algebraic notation is to 
abridge and generalize the analysis of mathematical problems. 
Algebra is therefore a species of universal arithmetic. 

(9) . 



10 ALGEBBAIC QUANTITIES. 

SYMBOLS OF QUANTITY. 

4.' An Algebraic Quantity is a quantity expressed in 
algebraic language. There are two kinds of algebraic quantities 
' — knotvn and unknown. 

6, Known Quantities are those whose values are given ; 
when these are not expressed by figures they are represented by 
the leading letters of the alphabet, as a, by c, d, 

6. Tfnlcnown Quantities are those whose values are to be 
determined; they are represented by the final letters of the 
alphabet, as u, x, y, z. 

7. The small italic letters just given are the more common 
symbols of quantity. In addition to these, capital letters are 
sometimes employed, as A, B, (7, D, X, Yy Z. 

Quantities which have like relations to a series of quantities in 
any investigation, are sometimes represented by a single letter 
repeated with different accents, as a, a', a!\ a'", a""y read, a, 
a prime, a second, a third, etc.; or by a letter repeated with 
different subscript figures, as a, a^, a^, a^, a^, etc., read, a, 
a sub one, a sub two, a sub three, etc. , . 

In certain investigations it is convenient to represent quantities 
hy the initial letters of their names. Thus, S ox s may represent 
sum ; D or d, difference or diameter ; R or r, ratio, remainder, 
or radius. In some cases the capital and the small letter may be 
used together to distinguish between two quantities of the same 
kind. Thus, in a problem relating to two circles, r may represent 
the radius of the smaller, and R the radius of the larger circle. 

SYMBOLS OP OPERATION. 

8. The Sign of Addition is the perpendicular cross, + , 
called plus. It indicates that the quantity written after it is to 
be added to the other quantity or quantities in the expression. 
Thus, in a + ^, the sign indicates that the quantity h is to be 
added to the quantity a ; and the expression is read, aphis h. ' 

9. The Sign of Subtraction is a short horizontal line, 
— , called minus. It indicates that the quantity written after it 
is to be subtracted from the other quantity or quantities in the 
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4 

expression. Thus^ in. a-^b, or -^ b + a, the minus sign indi- 
cates that the quantity ( is to be subtracted from the quantity a ; 
and the expression is read^ a minus b, or minus b plus a. 

The sign ^ may be written between two quantities to indicate 
that their arithmetical difference is to be taken, when it is not 
known which is the greater. 

10. The Double Sign, ±, is written before a quantity to 
indicate that it is to be added or subtracted ; it serves to unite in 
a single expression two combinations of the same quantities. Thus, 
a±ft is equivalent to fl+^ or a— J, and is read, a plus or minus b. 

11. The Sign of Multiplication is the oblique cross, x. 
It indicates that the quantity before it is to be multiplied by the 
quantity after it. Thus, \na xb, the sign indicates that a is to 
be multiplied by b. Instead of the sign, x , a point is sometimes 
used to denote multiplication; as 3*^-y, which . signifies the 
same as 3 x a; x y. 

The multiplication of quantities which are represented by let- 
ters, is generally indicated by writing the factors* one after 
another withcrut any intervening sign. Thus, ^abc signifies the 
same as 3 x a x ^ x c, or 3-a-^-c. It is evident that this notation 
cannot be employed when the several factors are represented by 
figures. We cannot represent 3 times 4 by simply writing the 
factors together, thus, 3 4 ; for the product thus indicated could 
not be distinguished from the number 34. 

Notes. — 1. The result of any multiplication is called a product, and the 
quantities multipUed are called /<9k:^^9. 

2. When the quantities to he multiplied are represented hy letters, they 
are called literal factors; when they are represented hy figures, they are 
called numerical factors. 

12. The Sign of Division is a short horizontal line with 
a point above and one below, -5-. It indicates that the quantity 
before it is to be divided by the quantity after it. Thus, in 
a-T-b, the sign indicates that a is to be divided by b. 

Division is also expressed by writing the dividend above, and 

the divisor below, a short horizontal line ; as ^- 

13. The Sign of Involution is a number written above 
and to the right of a quantity, to indicate how many times the 
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quantity is to be taken as a factor. Thus, in (fiy the number 5 
indicates that a is to be taken 5 times as « factor ; and the 
expression is equivalent to aaaaa. 

A factor repeated to form a product is called a root; the 
product itself is called a power ; and the figure which indicates 
how many times the root or factor is taken, is called the exponent 
of the power. Thus, in the indicated product o^, a is the root, 
cfi is the power, called the 5th power of a, and 5 is the exponent 
of this power. When no exponent is written over a quantity, 
the exponent 1 is understood. 

Note. — For the sake of brevitj, the exponent of the power may be called 
the exponent of the letter or qoantitj over which it is placed. Thus, in a*, 
6 may be called the exponent of a. 

14. The 8i4fn of Evolntion, or Hadical Siffn^ is the 

character V- . It indicates that some root of the quantity after 
it is to be extracted. The name or index of the required root is 
the number written above the radical sign. Thus, va denotes 
the cube root of a ; \^a denotes the 4th root of a ; and so on. 
When no index is written over the sign, the index 2 is under- 
stood ; thus, Va denotes the square root of a. 

Fractional Exponents are also used as the sign of evolution, 
the denominator oeing the index of the required root Thus, in 

a* the denominator, 3, iudicates that the cube root of a is re- 
quired, and the expression is equivalent to Va. 

Fractional exponents are used to denote both involution and 
evolution in the same expression, the numerator indicating the 
power to which the quantity is to be raised, and the denominator 

the required root of this power. Thus, the expression a* signifies 
the 4ih root of the third power of Oy and is equivalent to Vcfi» 

SYMBOLS OF RELATION. 

15. The Sign of JEquality is two short horizontal lines, 
=. It indicates that the two quantities between which it is 
placed are equal Thus, in a = J + c, the sign, =, indicates 
that a is equal to i plus c. An expression of equality between 
two quantities is called an equation,' 
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16. The Sign of Inequality is the angle, >. It indicates 
thut the quantities between which it is written are nneqnal, the 
opening being turned toward the greater. . When the opening is 
toward the left, it is read greater ^han; when the point or vertex 
is toward the left, it is read hss than. Thus, a>& signifies that 
a is greater than b; x+y<^z signifies that x plus y is less than z. 

17. The Signs of Aggregation are the parenthesis, ( ), 

brackets, [ ], brace, -j [, vinculum, y and bar, | . They 

indicate that the quantities included within, or connected by them, 
are to be taken collectively and subjected to the same operation. 

Thus, (a+J— c)a?, [a+J— c]a:, \a+i^c\xy a+b-^cxx, 

+a X ^ . • ^ 

and +& are expressions signifying that the whole quantity, 
— c 

a + 5 — (?, is to be multiplied by x. Two or more of these signs 
may be used in the same expression, in which case the brackets 
usually include the parenthesis or vinculum, and the brace in- 
cludes the bracket ; thus, 

•jw — a[c — b{m + d)"] + z^. 

18. The Sign of Continuation is a succession of points, 
indicating that a series of quantities may be continued indefinite- 
ly according to the same law. Thus, in the expression, a+a^+ 

«*+«*+ , the points indicate that the series has an infinite 

number of terms, all formed according to the same law. 

19. The Sign of Ratio is two points like the colon, : , 
placed between the quantities compared. Thus, the expression, 
a : 6, signifies the ratio of a to &. * 

30. The Sign of Proportion is a combination of the sign 
ofratio and the sign of equality, : = : ; or a combination of points 
only, : :: : . Thus, a:b:= c: d, signifies that the ratio of a to 5 
is equal to the ratio oi c to d] and the expression a\b :\ cid 
signifies the same, and may be read, a is to b as c is to d, 

21. The Sigti of Variatioti is the character oc . It sig- 
nifies that the two quantities between which it is placed, whether 
equal or unequal, increase or diminish together, so as to preserve 
constantly the same ratio. 

NoTB. — The signs of ratio, proportion, and variation, will be more fully 
explained hereafter. 
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COMPOSITION OF ALGEBRAIC QUANTITIES. 

23. An algebraic qnantity may consist of a single letter or 
element, or a combination of ^mbols as factors, or several com- 
binations or parts. Tbe parts are called terms; hence, 

23, The Terms of an algebraic quantity are the parts or 
divisions made by the signs + and — . Thus, in the quantity 
6a + 252 — cXy there are three terms, of which 6a is the first, 2^ 
the second, and ex the third. 

24:. When a quantity consists of a single term, it is said to be 
simple; when it is composed of two or more terms, it is said to 
be compound, 

25. Positive Terms are those which have the plus sign ; as 
+ ir, or + 2<?d, The first term of an algebraic quantity, if written 
without any sign, is positive, the plus sign being understood. 

26. Negative Terms are those which have the minus sign ; as 
— 3a, or —2,ni3i^, The sign of a negative quantity is never omitted. 

27. A Coefficient is a number or quantity prefixed to another 
quantity, to denote how many times the latter is taken. Thus, 
in 3a:, the number 3 is the coefficient of x, and indicates that x is 
taken 3 times ; hence, the expression 3a; is equivalent to x+x-\-x. 
In 4aa;, 4 may be regarded as the coefficient of ax, or 4a as the 
coefficient of x. In 5 (a + x)y 5 is the coefficient of a + a;. 
When no coefficient is written, the unit 1 is understood. 

28. It should be observed that in a term having the plus sign, 
the coefficient shows how manjt times the quantity is to be added ; 
and in a term having the minus sign, the coefficient shows how 
many times the quantity is to be subtracted. Thus, 

+ 3a=+a + a-|-a 
— 3a = — a — a — a. 
* 29. Sim^ilar Terms are terms containing the same letters, 
affected with the same exponents ; the signs and coefficients may 
differ, and the terms still be similar. Thus, 3x^ and W are sim- 
ilar terms ; also, 2md^ and — 6md^ are similar terms. 

30. Dissim^Uar Terms are those which have different 
letters or exponents. Thus, axy and at/z are dissimilar; also 
Qofiy and 3x^y^. 
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31« A Monomial is an algebraic qnantity consisting of only 
one term ; as Zx, or - Ixy. 

33. A Polynomial is an algebraic quantity consisting of 
more than one term ; as a; + y, or 4^ — 3a; + m. 

33. A Sinomial is a polynomial of two terms ; as a + (^ 
or 3x — z. 

34. A Mesidual is a binomial^ the two terms of which are 
connected by the minus sign ; as a — J, or 4^x — 3y. 

35. A Trinomial is a polynomial of three terms ; os x-i- 
tf + z, or 7a — 31P -\- d. 

36. The Degree of a term is the number of its literal factors. 
Since the exponents show how many times the different letters 
are taken as factors, the degree of a term is always found by 
adding the exponents of all the letters. Thus, x and by are terms 
of the first degree ; c^ and 4:aJ are terms of the second degree ; 
a^y Sx^^y dxy^y and ixyz are terms of the third degree. 

37. A Hom^ogeneous Quantity is one whose terms are 
all of the same degree ; as a:** — bxhf + dxyz. 

38. A Function of a quantity is any expression containing 
that quantity. Thus 6^ is a function of a: ; 3^ + 2y — 4 is a 
function of y. 

AXIOMS. 

39. An Axiom is a self-evident truth. The following 
axioms underlie the principles of all algebraic operations : 

1. If the same quantity or equal quantities be added to equal 
quantities, the sums will be equal. 

2. If the same quantity or equal quantities be subtracted from 
equal quantities, the remainders will be equal. 

3. If equal quantities be multiplied by the same, or equal 
quantities, the products will be equal. 

4. If equal quantities be divided by the same, or equal quan- 
tities, the quotients will be equal. 

5. If a quantity be both increased and diminished by another, 
its value will not be changed. 

6. If a quantity be both multiplied and divided by another, its 
value will not be changed. 
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7. Qnantities which are respectiyely equal to the same quan- 
tity, are equal to eaoh other. 

8. Like powers of equal quantities are* equal. 

9. Like roots of equal quantities are equal. 

10. The whole of a quantity is greater than any of its parts. 

11. The whole of a quantity is equal to the sum of all its parts. 



EXERCISES IN ALGEBRAIC NOTATION. 

•r' 

40. In the examples which follow, it is required of the pupil 
simply to express given relations in algebraic language. 

1. Give the algebraic expression for the square of a increased 
by 4 times S. Ans. a^ + 4J. 

2. Give the algebraic expression for 7 times the product of x 
and 1/y diminished by 5 times the cube of z, 

3. Indicate the quotient of 12 times the square of a minus 6 
times the cube of b, divided by the sum of a and c. 

4. If e? represent a person's daily wages, what will represent 
his wages for 6 days ? ' ^ Ans. 6d. 

6. An army drawn up in rectangular form, has b men in rank, 
and a men in file ; of how many men is the army composed ? 

6. If a man labor m days in a week at c dollars per day, what 
will his earnings amount to in 7 weeks ? 

7. The length of a prism is a, the breadth c, and the altitude 
a — c'l required the solid contents. Ans.- ac {a — c). 

8. A haa 4m dollars, B has m times as many dollars as A, and 
C has 3 times as many dollars as B wanting d dollars ; how many 
dollars has C ? 

9. A dealer sells b sheep and c calves, at an average price of 
m dollars per head ; how much does he receive for all ? 

10. A man has 3 square lots measuring m rods on a side ; how 
many acres in the three lots ? . 3m* 

^"*- 160' 

11. From a rectangular piece of land whose length was a rods 
and whose width was b rods, there were sold c acres ; how many 
acres remained unsold ? 

12. A ship laden with a barrels of flour, valued at m dollars 
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per barrel^ met with a disaster by which h barrels were lost^ and 
the remainder damaged to the amount of d dollars .per barrel; 
what was the worth of the remainder? Ans, (a—b) (m — d), 

13. A man having c acres of land worth b dollars per acre, 
diyided its yalne equally among m sons and one daughter ; how 
many dollars did each receive ? 

14. A company of n persons began business with a joint capi- 
tal of c dollaFs. The first year they gained b dollars^ the second 
year they lost d dollars, the third year they doubled the capital 
with which they began that year, and then dissolved' partnership, 

. sharing equally their accumulated capital ; what was each man's 
share ? 

COMPUTATION OF NTJMEBIOAL VALUES. 

41. The Numerical Value of an algebraic quantity is the 
number obtained by assigning numerical values to all the letters, 
and performing the operations indicated. 

1. What is the numerical value of (a^ — be) a, when a = 30, 
b = 25, and c = 28 ? 

OPERATION. 

{a^ — bc)a={dO x 30 — 25 x 28) x 30 = 200 x 30 = 6000, Ans. 

Find the numerical values of the following expressions, in which 
a = 12; S=rlO; c = 8; m = 6; 7i=z5; d=z2. 

2. a^ — be. 

3. {a -I- bd) m. 

4. arn + (^ —• md*. 

5. (a + J) w — (c + d) ». 

6. [4^8 ^ (3 J3 - 2c)] d. 

7. (a3 - J) (S2 - o). 
4a — c 



8. 



n 



Ans. 


64. 


Ans. '. 


192. 


Ans. 


40. 


Ans. 


82. 


Ans. i 


584. 


A71S. 11792. 


Ans. 8. 


Ans. 


44. 



9. — X (a — c). 

10. -^^ — ■ + 5 Ans. 24. 

2b + n 3w — c 

2* B 
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Find the munerical values of the following expressions, in which 
a=8; b = 6; c = 4; d = 2; m = 3', » = 1. 

a» + y + <•» + da 

12. {QaH — ^»d) {m» — In). Ans. 336. 

iq (5ffl» + 26) rfa 

-, /5a 3<?\ 

14. ^— — ^gj c. ^715. 28. 

15. I U (aH — wiS) - 2 (5S2 '+ 4m) + c } d». ^ws. 3424. 

it). 5 7 — r; — — • Alls, 30. 

17. — I — 4- —, jY Ans. n. 

18. — |[a + 2c X m -- cP]m -- 2{ab + m^)U Ans. ^. 
^^ fa m d\, 

^^' b + 7 + W^' ^«*-i6i. 

20. <^ica + a + h + c + d^ 

m + n 

„„ 6g» - 22 g + 18 . . ^ 



SIGinPIOATION OF THE PLUS AND MINUS SIGNS. 

43. The signs, + and — , have heen defined as symbols of 
operation, the former indicating addition, and the latter sub- 
traction. Now when we meet with detached or single terms 
affected %vith the plus or minus signs, as for instance in the 
examples of addition, subtraction, multiplication, or division. 
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we are to consider the positive terms as quantities to be added, 
and the negative terms as quantities to be subtracted; and this 
is the only signification that need be attached to these signs^ at 
present. 

It is obvious that positive and negative terms, as just ex- 
plained^ are, in an important sense, opposites ; and it will be 
shown in a future section (182) that quantities sustaining to 
each other various other relations of opposition or contrariety 
are distinguished by the plus and m&us signs, 

43. In order to establish general rules for algebraic operations, 
it will be necessary in this place to recognize the following prin- 
ciples, consequent upon the peculiar manner of considering 
quantities in Algebra : 

1. A quantity may be considered as having two kinds of value 
—an absolute or numerical value determined simply by the num- 
ber of units it contains, and an algebraic value depending on the 
sign. 

2. Two quantities having the same absolute value, but affected 
with unlike signs, are not algebraically equal. Thus, 5a is not 
equal to — 6a, for the former expression signifies that a is to be 
added five times, and the latter signifies that a is to be subtracted 
five times. 

3. Two quantities having the same absolute value, but affected 
with unlike signs, are together equal to zero. Thus, if a denote 
the absolute value of any quantity, then 

+ a — a = 
+ 2a — 2a = 
+ 3a — 3a = 0, eto. 
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ADDITION". 

44* Addition is the process of uniting two or more quan- 
tities into one equivalent expression called their sum. 

45. The term^ addition, has a more general meaning in Alge- 
bra than in Arithmetic, because the quantities to be added may 
be either positive or negative. 

46. The Arithmetical Sum of two or more quantities is 
the sum of their absolute values, and has reference simply to the 
number of units in the quantities added. 

47. The Algebraic Sum of two or more quantities is a quan- 
tity which, taken with reference to its sign, is equivalent to the 
given quantities, each taken with reference to its particular sign. 

48. To deduce a rule for addition, which will conform to the 
nature of positive and negative quantities, let us consider the 
following examples : 

1. Add^4a, 3a, and 6a. 

Since in these quantities a is taken positively, 4, 3, and 6 
times, or 12 times, the algebraic sum required must be + 12a ; 
or simply, 12a. That is> 

4:a + da + 6a = 12a, 

2. Add — 4a, — 3a, and — 6a. 

Since in these quantities a is taken negatively, 4, 3, and 5 times, 

or 12 times, the algebraic sum required must be — 12a. That is, 

— 4a — 3a — 5a = — 12a. 
Hence, 

The algebraic sum of two or more similar terms having like signs, 

is the sum of their absolute values taken with their common sign. 

3. Add 7a and — 3a. 

From Ax. 11 we have 

7a = 4a + 3a. 

The sum of 7a and — 3a is therefore the same as the sum of 
4a, 3a, and — 3a. But since 3a and — 3a taken together are 
equal to nothing (43, 3), the required sum must be the remain- 
ing term, 4a. That is, 

7a + (-- 3a) = 4a + 3a — 3a = 4a, A^is, 
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4. Add — 7a and 3a. 

From Ax. 11, 

— 7a = — 4a — 3a. 

The sum of — 7a and 3a is therefore the same as the sum of 
— 4a, — 3a, and 3a. But, since — 3a and + 3a taken together 
are equal to nothing (43, 3), the required sum must be the re- 
maining term, — 4a. That is, 

— 7a + 3a = — 4a — 3a + 3a = — 4a, Ans, 

Hence, 

The algebraic sum of two similar terms having unlike signs, is 
tJie difference of their absolute values taken with tlie sign of the 
greater term. 

It may further be observed, 

1st. That three or more similar terms, having different signs, 
may be added, by first finding the sum of the positiye terms, and 
the sum of the negatiye terms, separately, and then adding these 
results. Thus, 

3a — 5a — 4a + 2a + 8a = 13a — 9a = 4a. 

2d. Dissimilar terms cannot be united into one term by addition, 
because the quantities have not a common unit. We can there- 
fore only indicate the addition of dissimilar terms, by connecting 
them by their respective signs. Thus, the sum of a, b, and — c is 

a + b — c. 

3d. It is immaterial in what order the terms of an algebraic 
quantity are written, the value being the same so long as the 
signs of the terms remain unchanged. Thus, 

a + i — 6'=J + a— c = a-— c: + &=— c + a + J. 
• For, each of these expressions denotes the sum of the three 
terms, a, S, and — c. 

49. From these principles and illustrations we deduce the 
following 

EuLE. — To add similar terms : 

I. When the signs are alike, add the coefficients, and prefix the 
sum, with the given sign, to the common literal part. 

II. When the signs are unlike, find the sum of the positive and 
of the negative coefficietrts separately, and prefix the difference of ^ 
the two sums, with the sign of the greater, to the common literal 
part* 
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To add polynomials : 

I. Write the quantities to he added, placing the similar terms 
together in separate columns. 

II. Add each column, and connect the several results hy their 
respective signs. 

EXAJUJPJLES FOR BJRACTICXi. 



(1.) 


(2.) 




(3.) 


(4.) 




Zxy 


— ea'b 




-f a^cx 


— 9ar^y2f 




xy 


— 2a^ 




— 4:a^cx 


x^yz 




Axy 


- a'b 




+ 6a^cx 


^a^yz 




6xy 


— 8<^b 




— a^cx 


— ^x^yz 




lixy. 


— 17a»S. 




+ 2a^cx. 


— 7aj2^i5. 




(5.) 




(6.) 




(7.) 




43^ — dxy 




— "la^c + m 


3a — 2\/c 




x^ + 2xy 


4 


+- 4a% - 


-3m 


4a 4-3Vc 




2x^— xy 


m 


- da^c + 5m 


a — 7\/<? 




d3fi + bxy 


m 


-(- a^c- 


-2m 


5a + 3 Vc 




6a^ — 4:xy 


m 


+■ 9a^c + 4m 


2a— Vc 




lox^— xy. 




4:a^c + 6m. 


15a — 4\/c 




(8.) 






t 


(9.) 




4 (c — 2a) 


m + 4t 




5(a — a^) + SVa —2; + 


5 


3 (c 2a) + 


^m— 8 




4(a — 2)2) 


— 2\/a — x + 


8 


— 8 (c — 2a) — 


3m + 12 




2 (a - a^) 


— SVa — X—- 


12 


12 (c — 2a) + 


m — 16 




— (rt — a?^) + 2Va — a; — 


1 


11 (c 2a) + 

1ft Arid 12/723r. 


m — 8. 


/r/iT. fi/yS 


10 (a - a^) 

W. nnrl IT 


— sVa.— a;. 

|/y2/>* A/no Oinr2/l 


K 



11. Add ^aW, — 2aS^, naM\ alcP, — 5a5^, — lUhdJ^, and 
7aJ^. ^ns. — a<5dP. 

12. Add %xy-^2a\ Za^^-2xy, a^+xy, 4a2— 3a:y, and 2a:y— 2a«. 

Ans. ^ + 4a:y. 

13. Add ^ofi — 3a;y, 6aa; — 6a;y, ^xy — 5aa;, 2a2a:» + xy, and 
6aa? — 3a:y. Ans. lOah^ ^xy + 6aaJ. 
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14. Add a^-'2ac+cd+b, Sa^— 3ac— Serf— 2J, 2a^+ac^5cd+ 
6b, and a^^4:ac + 2cd— 3b. Ans. W — Sat? — bed + 2b. 

16. Add 2dh? -- 3mx + ^rn^dy drn^d + 6a^ — 6mx, Gwir— ' 
^m^d — 3flj»^, and 2?na? — dcM — 3w»d i47w. a*a^. 

16. Add 2bx — 12, 3x3— 2&r, 5ic9— 3V^, 3V^+12, and a«+3. 

-4w5. 9a?8 + 3. 

17. Add lOJ^ — 3 Ja?», 2S2a?? — J^, 10 — 25^8^ J2a?» - 20, and 
Sba^ + V. Ans. \0¥ — 2&c3 + ^l^^ — 10. 

18. Add 9Jc8 — 18ac^, 15Jc» + ac, Ooc®-— 24Sc8, and 9ac8 — 2. 

Ans. ac — 2. 

19. Add 6w2 + 2am + 1, 6am — 2m« + 4, 2m2 — Sawi + 7, 
and 37n*— 1. Ans. ^m^ + 11. 

20. Add 5a:* — 3a:8 + 4a:8 — 2a; + lo, 7a;* + ^a:^ + 2a^ + 5a;+2, 
and cc3 _ ^x. Ans. 12a:* + 6a:8 + 12. 

21. Add dT^y^ — 5a?y ^a?y^xf + bxy, Wy^ — 4a;«y + 2a:«y' 
+ 2a:y3 + a;y, and a:^^ — a;^^ — 2a;2yj ^ 5218^ ^ 2a;y. 

Ans. 6a;*^'+8a:y. 

22. Add 5g+3 Vffl^^ + 4=, 7a— Vw?^— 5, 3a--W^i^ 

— 8, and 2a + 2 V//** —1 + 2. Ans. 17a — Vwi^ — 1 — 7. 

23. What is the sum of ZaH^ — 2c^a^ + aM, 2fl^c^ + 3c2a* — 

oaM, and a^c^- Sc^a* + 8a^c* ? -4n5. Ga^c*— 4c2a* + 4aM. 

24. What is the sum ot 9a (a — S) — 4m Vm — c, "^m^m — c 

— 6a (a — 5), and 12mA/w — c — 8a (a — J) ? 



Ans. Ihm^/m — c — 5a (a — J). 

25. What is the sum ofa + S + <? + rf + m, a + } + c+ J— m, 
a+i + c — rf — m, a + S — c — J — m, and a—b—c—d—m ? 

-47Z5. 5a + 3& + c — J — 3m. 

50. The Unit of Addition is the letter or quantity whose 
coefficients are added, in the operation of finding the sum of two 
or more quantities. Thus, in the example, 

3a; + 2a; + 4a: = 9a; 

X is the unit of addition. Also, in the example, 

6Va + c + 4Va + c — dVa + c = 6Va + c 

Va + c is the unit of addition. 
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51« Whoi dinnnilar terms hare a oonnnan litend part, tUs 
may be taken as the unit of addition. The som of the terms will 
then be expressed by inclosing the sum of the coefficients in a 
parenthesis^ and prefixing it to the common unit. 

(1.) (2.) (3.) 

aa^ Vlax^ (5a — ft)\/5 

— d^ 2mxj^ {p — c)y/x 



{a + h-'Cyvfi. {12a + 2m) xt/^. {4a + c)Vx. 

(4.) (5.) 

a(a^ — f) (fl» — 3d) (m* — 1) 

J(a4 — y«) l^ — 3a){m^ — l) 

^c\^ — f) (3g + 3d) (fii» — 1> 



6. Add aXy 2cx, and idx. Ans. {a + 2c -{- 4d)x. 

7. Add ay + cr, 3ay + 2cr, and 4y + 6a;. 

Ans. (4rt + 4)y + (3c + G)x. 

8. Add 3a; + 2xyy hx + cxy, and {a + b)x -^ 2cdxy. 

Ans. (a + 2ft + 3) a; + {2cd + c + 2) xy. 

9. Add ax + 7y, Tax — 3y, and — 2a? + 4y. 

-d««. (8a — 2) a? + 8y. 

10. Add (J— a)\/i, and (c+2a— S)v^. Ans. {c+a)^/x. 

11. Add (a + 25) m — cVwi, (2a— 6c)m — 3aVw?, (5^— 4a)i7i 
'iVnt, and (2a— 3*) m + 4a Vw. ^tw. (a— J— c) (m+ V^. 

12. Add ax + y ■{■z^x + ay + z, and a; + y + fl^r. 

w47is. (a + 2) (a; + y + i?). 



J 



SUBTRACTION. 25 



SUBTEAOTlOlsr. 

52. Subtraction is the proeess of finding the dilference 
between two quantities. 

63, It is evident that 5 units of any kind or quality subtracted 
from 8 units of the same kind or quality, must leave 3 units of 
the same kind or quality. That is, 

+ 8a— (+5a)= +3fl. 
Also, — 8a — (— 5a) = — 3a. 

But these remainders are the same as we shall obtain by 
changing the signs of the subtrahends and then adding the re- 
sults, algebraically, to the minuends. Thus, 

+ 8ij — (+ 5a) = + 8a — 5a = + 3a 
— 8a — (— 5a) = — 8a + 5a = — 3a 

Hence, in Algebra, 

Subtracting any quantity is equivalent to adding the same 
quantity with its sign cJianged, 

54. This principle may be established in a more general man- 
ner as follows: 

Let it be required to subtract the quantity b — c from a. 

OPERATION. We first subtract b from a, indicating the op- 

Minuend, a eration, and obtain for a result, a — b. But the 

Subtrahend - J -*- C t^^® subtrahend is not b, but b — c; and, as we 

T"; have subtracted a quantity too ^reat by c, the re- 
Difference, a — b + C . , ^, V* • ^ ^ ^ * n 1. 

mamder thus obtained must be too small by c ; 

we therefore add c to the first result, and obtain the true remainder, a— 6+c. 

But this result is the same as would be obtained by adding — &+c to a. 

65. It follows from the principle enunciated above, tliat any 
quantity is subtracted from nothing or zero, by simply changing 
its sign or signs. Thus, 

0- (+«) = - a, 
0-(-a)= +a, 
— (a — J) = — a + J. 
3 
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56. From these principles and illustrations we deduce the fol- 
lowing 

BiTLE. — ^I. Write the svbtrahend underneath the minuend, 
placing the similar terms together in the same column. 

IL Conceive the signs of the subtrahend to be changed, unite 
the similar terms as in addition, and bring dotvn all the remain-- 
ing terms with their proper signs. 

BXAXPLMS FOB 1?BA€TICB. 

(1.) (2.) (3.) (4) 

18a?y bm(? Za^bc -^h^fiifz 

VitT^y 9m(? ^2a^c —Ha^h 

6a^y. — 4wA 6a^bc. 2a^h. 

(5.) (6.) (7.2_ 

4a + 2x-^dc 3ax + 2if 'iah^ — Wax — Scph/ 

a4-4ic — 6c ax — 2y 6a^ — 6V«S — 4a^y 

3a — 2a; + 3c. 2ax + 4y. ah^ + Vox + o^. 

(8.) (9.) 

4fl^ + c^d + 4w^ 6»i — y + c 

ggg + g<P — ^md^ 2m + b —(^ 

da^ + (?^d — cd^ + 7md^. Sm-^lf^-^b + c^ + c, 

10. From 2a^^dx + j^ subtract a — a^ — 4a:. 

Ans. da^ + x + fj^ — a. 
XI. From Ha — be + 2 subtract — a + c + 2. Ans. 8a— 6c. 

12. From Sa^ — 3a:y + 2y^ + c subtract x^ — 6xy + 3y» — 2c 

Ans. 7Qfi + Sxy--f + 3c. 

13. From a + b subtract a — i. Ans. 2b. 

14. From ^x + ^y subtract ^x — ^y. Ans. y. 

15. From a-\'b +c subtract — a— J— c. Ans. 2a+2}+2c. 

■*■■ 

16. From 3a — J — 2a; + 7 take 8 — 3S + a + 4a;. 

Ans. 2a + 2* — 6a; — 1. 

17. From %f — 2y — 5 take — 8y« — 5y + 12. 

Ans. 14y» + 3y — 17. 
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18. Prom 3p + y + r — 3« take g — 8r + 2« — 8. 

Ans. 3p + 9r — 55 + 8. 

19. From 13a» — 2aa; + 9a^ take 6a^ — 7aa; — a:«. 

-4w5. 8a2 + box + lOa^. 

20. From o^^3a^+5Q^—llx+12 take a:*— 4a;3+2it«— 6x+15. 

^n5. a^ + dofi^x — S. 

21. From a^— 3flA;+3aV— 2a2c8+4ac*— c5 take a' — 4a<c + 
2a^(^ — 5a2c8 + 3tK?* — c«. ^tw. «*(? + da^c^ + 3a^c^ + ac^. 

22. From 2jr* + 28a;3 + 134^ _ 252a; + 144 take 2a:*+21a:»+ 
67a^ — 63a; + 84. Ans. 7a^ + 67a?» — 189a; + 60. 

23. From a;5+5a;*y + 10a;^^+10ar^y8+5a;y*4-y«takea;«— 5a:*y+ 
10a;y _ lOa^yi 4. ^xy^ — f. Ans. 10a:*y + ^Ox^y^ + 2y«. 

24. From the sum of 6a^y-— lloa;' and Sofiy+Saa^, take Aa^y-^ 
4diafi + a. Ans. lOa^ — 4iaa^ — a. 

25. From the sum o£ Scdx + 15a^ — 3 and 2cdx — Sa^b + 24 
take the sum of 12a^ — 3cdx — 8 and cclx — 4^^} + 16. 

Ans. 12cdx — a^b + 13. 

67, The difference of two dissimilar terms may often be con- 
veniently expressed in a single term, as in (51), by taking some 
common letter or letters as the unit of subtraction. 

jbxampi,:es. 

(1.) (2.) (3.) 

2€x ma^ ax + by 

mx — 4a%* ex— y 



{2c — m)x. {m + 4)a^f. {a — c)x+{b-^l)y. 

4. From d^cPm + Aax^ take cPm+Saa^. Ans. {<?—l)^m + aoc^. 

5. From ax + by -^^ cz take mx + ny + pz. 

Ans. (a •— w) a; + {b — n)y + {c —p) z. 

6. From ax + bx + ex take x -\-ax + bx. Ans. {e — 1) x. 

7.' From (a + 25 + e) Vxy take {2b — e) Vxy. 

Ans. {a + 2c)^\/xy. 
8. From (3a— 2m)a;8+(5a+2na)a;^+(4a— ?w)a; take (a— W2)a;» 
'{2a + m)ic^+ {2a — 3m) x. 

Ans. {2a ^m)a^+ (7a + 3iw) a:^ + (2a + 2m) x. 
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9. From 1 + 2as^+da^z^+4:C^+6a^ take «^+2aa;*+3aV-f- 
Ans. 1 + (2a— 1)«8+ (Sa^— 2o)«*+ (4(j8— 3a2)2«+ (5a*— 4a8)2;8. 



use OF THE PAEENTHESIS. 

68. The term, parenthesis, will be employed hereafter as a gen- 
eral name to designate the various signs of aggregation employed 
in algebraic operations. The following rules respecting the use 
of the parenthesis should be thoroughly considered by the learner, 
if he would acquire facility in algebraic transformations. 

69. From the definition of the signs of aggregation (17), we 
understand that if tho plus sign occurs before a parenthesis, all 
the terms enclosed are to be added, which does not require that 
the signs of the terms be changed ; but if the minus sign occurs 
before a parenthesis, all the terms enclosed are to be subtracted, 
which requires that the signs of all the terms be changed. Hence, 

1. A parenthesis preceded by the plus sign may be removed, and 
the enclosed terms written with their proper signs. Thus, 

a — b-{-{c — d-^e)=a — b + c — d + e. 

2. Conversely : Any number of terms, with their proper signs, 
may be enclosed by a parenthesis, and the plus sign written before 
the whole. Thus, 

a^b + c — d + e = a + {—b+c — d + e). 

3. A parenthesis preceded by the minus sign may be removed, 
provided the sigiis of all the enclosed terms be changed. Thus, 

a— {b — c + d'-e)z=ia-'b'\-c—'d + e, 

4. Conversely : Any number of terms may be enclosed by a 
parenthesis, preceded by the minus sign, provided the sign of every 
term thus enclosed be changed. Thus, 

a — 6 + c — £?4-^ = flf— "& + C— (e? — e). 

60. When two or more parentheses are used in the same expres- 
sion, they may be removed successively by the above rules. Thus, 
a— \b—c—{d—e)\ z=:a—\b^c—d+e\ =a—b+c+d—e. 
Or, in a different order, 
a— |J— c—(^— e)} =a— J+c+(d— «) =a— J+c+d— «. 
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BXAMPIsJES FOB BJtACTICB. 

61. Eemove the parentheses from the following expressions, 
and reduce the results : 

1. 3a + (2^ — a — tZ + m). Arts. %a + W — d + m. 

2. 42)2 — y — (3a; — 7y + b)+2x. Ans. ^v^+ey — x — 5. 

3. a + 2c— (4c — 3a + 2m^). Ans. 4a — 2c — 2mK 

4. 4a;3 — 2a;2 — [a:8 — (2a^ + 5a; — 7) — 6a: + 1]. 

Ans. 3a;3 + 11a; — 8. 

5. a + 2m — -{c + a; — [a — m — {c — 2a:)] [. 

Ans. 2a + m — 2c + a;. 

6. 3a;2— 4a;— am — \ x^—x— [3a?w— (2a; + 2am) + 2a?*] —5am \ . 

A71S. 4x^ — 5a; + 5am. 

7. 3a — {2m2 + [5c — 9a — (3a + w^)] + 6a — (m^ + 5c)}. 

-4 725. 9a. 
S. o^—{ 5mc2 — [a?8 — (3c — dmc^) + 3c — {x^ — 3mc2— c)] }. 

Ans. a^ -{- c. 
9. m2— m— 1— {m2— 2w— 2— [m2— 3m— 3— (m^- 4m— 4)][. 

Ans. 2m + 2. 

10. 5;?;5 — 3;52 + 4;5— 1 — [2^23— (32?-2iJ + l) — 2« + ;2]. 

Ans. 4:^ + z. 

11. 4c3— 2c2 + c + 1 — (3c3 — c? - c - 7) - (c3 — 4c2 + 8). 

Ans. dc^. 

12. 3a2J — 4cd — (3cc? — 2a%) — [a^ + ^ — {6cd + Sa^d) + (3aS 
+ 2cd) + a8]. ^W5. 8a2J — 4:cd — 5a3 — c. 

13. — (4a2m+3m2d— (7m2tZ— 9a%— w) — {5/j — [m^iZ— (2/1 + 
a^m) + 3a;i2] _ 5^2;yi j. _ i2a^m\. Ans. Sm^d + 671 — 5a2m — dan\ 

GZ. In Algebra, addition does not necessarily imply augmen- 
tation,, nor does subtraction always imply diminution, in an 
arithmetical sense. 

We have seen that one quantity is added to another by annex- 
ing it with its proper sign ; but a quantity is subtracted from 
another by annexing it with its sign changed. Hen&e, • ^^• 
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1st. Adding a positive quantity has the same effect as sub- 
tracting a negative quantity; and adding a negative quantity 
has the same effect as subtracting a positive quantity. 

2d. If to any given quantity a positive quantity be added, the 
result will be greater than the given quantity ; but if a negative 
quantity be added, the result will be less than the given quantity. 

3d. If from any given quantity a positive quantity be sub- 
tracted, the result will be less than the given quantity ; but if a 
negative quantity be subtracted, the result will be greater than 
the given quantity. 

63. Let — a denote any negative quantity. Add — J to this 
quantity, and subtract + h from it ; and we have 

— a + (— J) = — a — J, 

— a — (+ d) = — a — J, 

But according to the last two propositions, the result, —a — by 
should be less than the given quantity, — a. That is, 

Now, the quantity, — a — b, contains a greater number of 
units than — a. These cases, however, are not exceptions to the 
laws enunciated above; for in an algebraic sense, the less of two 
negative quantities is that one which contains the greater num- 
ber of units. (See 197.) 

64. If a represent the greater of the two numbers, and b the 
less, then a -\' b is their sum and a — b their difference ; and the 
sum and difference may be combined in two ways, as follows : 

1st ; To a + S 2d ; From a + b 

Add a — J Subtract a — b 

2a. 2b. 

Hence, 

1. If the difference of ttvo numbers be added to their sum, the 
result will be twice the greater number. 

2. If the difference of ttvo numbers be subtracted from their 
%um^ the result will be twice the less number. 
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MULTIPLIOATIOI^. 

65. Multiplication is the process of taking one quantity 
as many times as there are units in another. 

66. In order to establish general rules for multiphcation, we 
must first consider the simple case of multiplying one monomial 
by another; and we will investigate, first, Tlte law of coefficients ; 
second. The lazv of exponents j third. The law of signs. 

1st. The Law of Coefficients. 

Let it be required to multiply 6a by 3J. Since it is immaterial 
in what order the factors are taken, we may proceed thus: 
5 X 3 = 15 ; ax b=iai ; and 15 x aJ = 16ab. Or 6a x 3J=15aJ. 
Hence, 

The coefficient of the product is equal to the product of the co- 
efficients of the multiplicand and multiplier. 

2d. The Law of Expokents. 

Let it be required to multiply a^V by aW Since a*5* = 
aaaaiib, and a^J^ = aaabb, we have 

0*58 X ^j2 — aaaabbbaaabb = cPV. 
Hence, 

Tlie exponent of any letter in thejfToduct is equal to the sum of 
the exponents of this letter in the multiplicand and multiplier. 

3d. The Law of Signs. 

In Arithmetic, multiplication is restricted to the simple process 
of repeating a number ; and the only idea attached to a multiplier 
is, that it shows how many times the multiplicand is to be taken. 
In Algebra, however, a multiplier may be affected by either the 
plus or the minus sign ; and it is necessary to consider how the 
sign of the multiplier modifies its signification. 

For this purpose, suppose it were required to multiply any 
quantity, as a, by c — d. Now it is evident that a takem c minus 
d times, is the same as a taken c times, diminished by a taken d 
times ; or a x (c — d) = ac — ad. In the first term of this re- 
sult, a is taken c times positively, or a + a+a+«, etc., to c repe- 
titions ; and this is the product of a by + c. In the second 
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term, a is taken d times negatively, or — a — a — a — , etc., to d 
repetitions ; and this is the product of a by — rf. Hence we con- 
clude that the signs, + and — , when prefixed to a multiplier^ 
must be interpreted as follows : 

TJie plus sign before a multiplier shows that the multiplicand is 
to be successively added ; and the minus sign before a multiplier 
shows that the multiplicand is to be successively subtracted. 

To exhibit the law which governs the sign of a product, accord- 
ing to this principle, we present the four cases which involve all 
the variations of signs. It will be observed that according to the 
above interpretation, the multiplicand is to be repeated with its 
proper sign when the multiplier is positive, but with its sign 
changed when the multiplier is negative. We shall therefore have 
the following results : 

1. -^ax{+b)=+a + a + a + etc. = + ab. 

2. + a X (— b) = ^ a — a — a — etc. = — ab. 

3. — ax(H-J) = — -a— -a — a — etp. = — ab. 

4. — a X (— b)^=+a + a + a+ etc.= + ab. 
Comparing the first result with the fourth, and the second with 

the third, we observe that 

When the two factors have like signs, the product is positive/ 
and when the two factors have unlike signs, the product is negative^ 

67. This law applied in the case of two or more negative fac- 
tors gives the following results : 

(— a)x(— J) =-\-ab 

{—a)x{—b)x{—c) =z{+ab )x{^c)=z--dbc 

{—a) x {—b) X (— c) X (— ^ =(— aJc ) x (— ^)= +abcd 

(— fl) X {—b) X (— c) X (— d) X {^e)—{+abcd) x {'-'e) = —abcde 

Hence the general truth : 

The product of an even number of negative factors is positive; 
and the product of an odd number of negative factors is negative. 

Case I. 

68. When botli factors are monomials. 

From the principles already established we derive the following 

EuLE. — ^I. Multiply the coefficients- of the two terms together for 
the coefficient of the product. 
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n. Write all the letters of both terms for the literal part, giving 
each an exponent equal to the sum of its exponents in the two terms. 

III. If the signs of the two terms ar\alilce, prefix the plus sign 
to the product ; if unlike, prefix the minus sign. 



BXAMPIiBS FOJR PRACTICE, 



(1.) 

bxy^ 
36a^y*. 



(2.) 
a^cm^ 
(yac^d 



(3.) 
d(^d^ 



— 6a^(^^d. — Ibcf^m^d^. 



(4.) 

— 2xhfz 



Ans. 110aio5%io 

Ans. —280^7/^2^. 

Ans. — 120c'cP?n*. 

Ans. 4:5a^i^jfii^. 

Ans. a♦"■♦■^ 

Ans. a^+^y^+^ 

Ans. — 24a'"+2jn+8^. 

Ans. 6x^y^. 



6. Multiply ITa^J'c' by Yac. 

6. Multiply Ua^b^c by lOa^b^c^. 

7. Multiply inab^(fix by 2a^if^c. 

8. Multiply ^x^ysi^ by — Axyz. 

9. Multiply — Ucd^^ by 10c*. 

10. Multiply — Ua^ba^y by — 3at^y. 

11. Multiply a"* by a". 

12. Multiply af^y by xy"^. 

13. Multiply 4o"*rc by — 6^253^. 

14 Multiply 3a:«y^ by 2a^y»». 

16. What is the continued product of 3x, 2x^y, and Kx-yh ? 

-4w5. 42a^y*z. 

16. What is the continued product of &a% difi, da% and —babe ? 

-4w5. -— Kba^b^c^. 

17. What is the. continued product of Hxy, — 2a^, Sx^y, — xy^, 
and xt^? 

18. What is the continued product of — Sc^dm, — 2cd^m, and 
^bcdm^? Ans. --SOc^dhnK 

19. What is the continued product of — a, — aS, — abc, 
— abed, — abcdh, and — abcdhm ? -47^5. c^lPc^dmha. 

20. Multiply 2(a; + y) by 4a2(a; + y). Ans. Sa^{x + y)^. 

21. Multiply 4m\x — zf by --{z — x). Ans. — 4m\x ~ 2;)8. 

22. Multiply {a — c)"»+^ by (a — c)'^-\ Ans. {a — c)^. 

c 
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Case II. 
69. Wben one or both of the factors are polynomials. 

1. Multiply x^y+z by a+b—c. 

OFERATIOK 

x— y + z 
a + b — c 



Prodact by a, OX — ay + az 

Product by 6» bx — by + bz 

Product by — c. — CX -{- Cy — CZ 



Entire Product, aX — ay + aZ + bx — by + bz — CX -^^ cy — CZ, 

Hence the following general 

EuLE, — Multiply all the terms of the multiplicand by each term 
of the multiplier, and add the partial products. 

BXAMPIsBS VOB rBACTICB. 

(1.) (2.) (3.) 

da — 2bc 5a^y + 2xf ^hn — Zcd^ 

2a^ 3xy — 3ac» 



(4.) (5.) 

dx + 2y 2a? + xy — 2y^ 

4:X —by 3x — dy 

12a;2+ 8xy 63^ + dx^y — 62:^2 

— Ibxy — 10y8 — 6x^y — dxy^ + ef 

12aj2— 7a;y — 10y». Qa^ — Sa^y — 9xy^ + 6y«. 

6. Multiply 3cM ^fz + z^ by 2as?. 

Ans. 6a^s? — 2af2^ + 2a^. 

7. Multiply a:* — 3a;3 + 2aj» — 5a; -p 3 by 3a;2. 

Am. 3a;« — 9a:5 ^ 6^ _ 15^41 + ^a?, 

8. Multiply aV — dci^c^ + a^c — a(^ + a — c + 1 by ac. 
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9. Multiply 2ax — 3x by 2x + 4y. 

Ans, 4:03^ + Saxy — 6a:^ — 12ary. 

10. Multiply 3a2 — 2aJ — S2 by 2flt — 4J. 

^^15. 6a^ — 16a^J + 6a J2 + 451 

11. Multiply ic® — a;y + y2 by a; + y. -4/wf. x^ + y^. 

12. Multiply a2-_3ac+c2 by a— c. -4^15. a3_4flj2^+4.flfc^_^^. 

13. Multiply 2a:3 — 3a; + 2 by a: — 8. 

Ans. 2a^ — 19a^» + 26a; — 16. 

14. Multiply cfi + 2a^b + 2al^ + *' by a^ — 2a^ + 2aV -^ J«. 

-4ws. a* — J*. 

15. Multiply flT + i"* by a** + ft*. 

-4w5. a"*+" + a"J"* + a*"5'* + d"*"*^. 

16. Multiply4a;8+8a;9+16a? + 32by3a?— 6. Ans. 12a:*— 192. 

17. Multiply flS + a% + aZi^ + js ^y ^f — J. ^7^5. a* — 5*. 

Notts. — ^The product of two or more' polynomials maybe indicated by 
inclosing each in a parenthesis, and writing them one after another, with 
or without the sign, x, between the parentheses. 'Such an expression is 
said to be expanded, when the indicated multiplication has been actually 
performed, 

18. Expand {a + m) {a + d). Ans. a^ + am + ad + dm. 

19. Expand (a + 2m— 1) {a + 1). Ans. a^+2am+2m'-l. 

20. Expand {2^ + ^ + 6z-^ 24) {z^ — 4cZ+ 11). 

A7IS. ^ + 161;2J — . 264. 

21. Expand (a^ — 4^52 _|_ n^ _ 24) (a^ + 4a + 5). 

Ans. a« — 41a — 120. 

22. Expand {m — 3) (m — 1) {m + 1) (m + 3). 

Ans. m^,^ lOm^ + 9. 

23. Expand (a^s _ 2a?* + 3a; — 4) (4a;8 _f, 32^2 ^ 2a; + 1). 

Ans. 4a;« — 5a;5 + 8a;* — 10a;« — Sa;^ _ 5^; _ 4. 

24. Expand (y* + 2f + yZ- 4y- 11) {f-^2y + 3). 

Ans. y6 + lOy — 33. 

25. Expand (c^ — c + 1) (c^ + c + 1) (c* — c^ + 1). 

Ans. c^ + c* + 1. 

26. Expand (a^ — 5a:* + 13a;3 — a:2 _ a; + 2) (ar^ — 2a; — 2) J' 

Ans. a;7 — 7a;« + 31a:« — 17a;* — 25a:8 4. 6a?» — 2a: — 4. 

27. Expand (16a:* — Sa:^ + 4a?* — 2a; + 1) (2a; + 1). 

Ans. 32a;5 + 1. 
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FOEMULAS AND GENERAL PEINCIPLES. 

70. A Formula is the algebraic expression of a general 
truth or principle. 

The following formulas are useful, as furnishing rules for 
obtaining the products of certain binomial factor^. 
If a and J represent any two quantities whatever, then 

a -\-h=. their sum, and 
^ a — J == their difference ; 
and we have, after performing the indicated operations, the results 
which follow : 

I. {a + ly — {a-\-l){a + V)=:a^ + ^ah + l^; 

hence; 

The square of the sum of two quantities is equal to the square 
of the first, plus twice the product of the first and second^ plus the 
square of the second, 

IT. {a ^If = (« - 5) (a - J) = a2_ 2a5 + 52 ; 
hence. 

The square of the difference of two quantities is equal to the 
square of the fir sty minus twice theprodioct of the first and secondy 
plus the square of the second. 

III. {a +h){a^h)=.a^^h^\ 

hence. 

The product of the sum and difference of two quantities is equal 
to the difference of their squares. 

By the aid of these formulas we are enabled to write the square 
of any binomial, or the product of the sum and difference of any 
two quantities, without formal multiplication. 

examjptjES fo]$ practice, 

1. What is the square of 3a + 2a5 ? 

Th$ square of tho first term is Oa^, twice the product of thv 
two terms is ISa^J, and the square of the second term is 4a^^ ; 
hence, by the first formula,^ 

(3a + 2a5)2 = 9a3 + 12a^ -f ^aWy Am. 
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2. What is the square of 2aj8 -. 5 ? 

The square of the first term is ^y twice the product of the 
two terms is 202^^ and the square of the second term is 25 ; hence 
by the second formula, 

(2a?J — 5)8 = 4c* — 20ic3 + 25, Ans. 

3. What is the product of Sa; -|- y* and 5a? — y' ? 

The square of bz is 25a:*, and the square of y* is y* ; hence by 
the third formula, 

(5a; + y') (5a? — y*) = 25a;» — y*, Ans, 

4. What is the square of c -h w ? Ans. (? -f 2cm + wi'. 

5. What is the square of a; — y ? . Ans, x^ — 2a;y + y^. 

6. What is the product of a: + y and x — i/? Ans, a!^—y\ 

7. Whatis the square of 3a;8+4y? Am. 9x^+2^y + ief. 

8. What is the square of 5^^ — 2cd? 

Ans. 25c« '— 20c*(Z + 4c2^. 

9. What is the product of 42? + dyz and 4:Z^ — 3yz ? 

Ans. IQz^ — 9y^A 

10. What is the square of Sa^a; + 2ay ? 

Ans. da^x^ + 12ah;y + ^a^yK 

11. What is the square of a; + 1 ? Ans. a,^ + 2a; -f- 1. 

12. What is the square of 2;5» — 1 ? Ans, ^^^^ ^\. 

13. What is the product of m + 1 and m— 1 ? Ans, m^—1, 

14. What is the square of z^ — SO? Ans. ^ — 60z^ + 900. 

15. What is the product of Sa^b + (^ and Sa^ — tP? 

Ans. 9a^J2 __ g^. 

16. What is the square of a; — • -^y ? Ans. x^ — xy -{- Jy*. 

17. What is the square of 2c + ^P Ans. 4:(^ -\-2c -\- J. 

18. What is the square of af'+y"? ^W5. ar'"*+2a;'"y"+y^". 

19. What is the product of af*+y^ and af'-^y^? 

Ans. ^—y^, 

71. The binomial square occurs so frequently in algebraic 
operations, that it is important for the student to be perfectl;j 
familiar with its form. The higher powers of any binomial maj 
be. obtained by actual multiplication. The 3d, 4th, and 6th 
powers, howeyer, may sometimes be easily written, without 
actual multiplication, by means of the formulas which follow : 
4 
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1. (a + J)» = a» + 3a2J + 3fli» + ft». 

2. (a — J)»=:a« — 3a2J + 3a52 — 5». 

3. (a + hf = a* + 4fl»6 + 6a2^>2 + 4ai» + J*- 

4. (a — S)*«:a^ — 4a% + 6a2^ — 4aJ8 + &*. 

5. (a + J)» = a» + 6a<d + lOa^S^ + lOa^Js + 6aJ* + 5». 

6. \a — 5)« = a» — ba^b + lOa^J^ — lOa^ja + 5^54 _ j5. 
Let the pupil verify the above by actual multiplication. 

73. A polynomial is said to be arranged according to the de- 
scending powers of any letter, when the terms are so placed that 
the exponents of this letter diminish from left to right through- 
out all the terms that contain it. Thus, the polynomial 

is arranged according to the descending powers of x. 

73. A polynomial is said to be arranged according to the 
ascending powers of any letter, when the terms are so placed that 
the exponents of this letter increase from left to right through- 
out the terms that contain it. Thus, the polynomial 

d — flKT + cic® — Ja;* 
is arranged according to the ascending powers of x. 

74. A term or quantity is said to be independent of any letter, 
when it does not contain that letter. 

75. The product of two polynomials has certain special prop- 
erties, which may be stated as follows : 

1. If both polynomials are arranged according to the descend- 
ing powers of the same letter, then the first term obtained in the 
partial products will contain a higher power of this letter than any 
of the other terms ; and as this term cannot be reduced with any 
of the others, it will form the first term of the entire product. 

2. If both polynomials are arranged according to the ascending 
powers of the same letter, then the last term obtained in the par- 
tial products will contain a higher power of this letter than any 
of the other terms ; and as this term cannot be reduced with any 
of the others, it will form the last term of the entire product. 

3. If both polynomials are homogeneous, then the product will 
be homogeneous ; and the degree of any term will be expressed 
by the sum of the indices denoting the degrees of its two factors. 
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76. Division is the process of finding how many times one 
quantity^ called the divisor, is contained in another quantity^ 
called the dividend; the result of division is called the' quotient. 

It follows, therefore, that the quotient must be a quantity 
which multiplied by the divisor, will produce the dividend. 
Thus, reversing the process of multiplication, we have, 

abc -^a=:bCf because be x a = abc, 

77. It was shown in the multiplication of monomials (66), 
that the coefficient of the product is found by multiplying to- 
gether the coefficients of the factors ; and that the exponent of 
any letter in the product is found by adding together the ex- 
ponents of this letter in the factors. Hence, in division, 

1. Tlie coefficient of the quotient must be found by dividing the 
coefficient of the dividend by that of the divisor j and 

2. The exponent of miy letter in the quotient must be found by 

subtracting the exponent of this letter in the divisor from its 

exponent in the dividend. Thus, 

24 
24a5 -i- 6a« = — a5-« = 4a2. 

6 

It was shown in multiplication (66), that when two factors 

have like signs, their product is positive ; and that when two 

factors have unlike signs, their product is negative. In division, 

therefore, when the dividend is positive, the quotient must have 

the same sign as the divisor ; and when the dividend is negative, 

the quotient must have the sign unlike that of the divisor. And 

there will be four cases, with results as follows : 



1. +ab 

2. +ab 



(H-a) = +b. 
(_«) = - J. 

3. — a&~(+a) = — J. 

4. — flfS -r- (— a) = + b. Hence, 

3. If the dividend and divisor have like signs, the quotient will 
be positive; but if the dividend and divisor have unlike signs, the 
quotient will be negative. 
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Case I. 
78. When tlie divisor is a monomial. 

From the principles already given we have the following 

EuLE. — To divide one monomial by another ; — 

I. Divide the coefficient of the dividend by the coefficient of the 
divisor, for a new coefficient. 

II. To this result annex the letters of the dividend, with the e7>- 
ponznt of each diminished by the eaponent of the same letter in the 
divisor, suppressing all letters whose exponents become zero, 

III. If the signs of terms are alike, prefix the plus sign to tlie 
quotient ; if they are unlike, prefix the minus sign. 

To divide a pdlynomial by a monomial : 
Divide each term of the dividend separately, aad connect the 
quotients by their proper signs. 

Note. — It may happen that the dividend will not exactly contain the 
divisor ; in this case the division may be indicated, by writing the dividend 
above a horizontal line, and the divisor below, in the form of a fraction. 
The result thus obtained may be simplified, by suppressing all the factors 
common to the two terms ; thus. 

But as this process is essentially a case of redaction of fractions, we shall 
omit such examples till the subject of fractions is reached. 



1. Divide 16ab by 4a. 


.a. ^ J, J. %y an • 

Ans, 4:b, 


2. Divide 21a^(?d by 7aA 


Ans. 3a^d, 


3. Divide — ^2a:^ysi^ by 6oAfi. 


Ans. — 7a^yz. 


4. Divide 2cfi by aK 


Ans, 2a^, 


5. Divide — a'^ by a^. 


Ans, — a. 


6. Divide 16afi by 4a;. 


Ans, 4a?. 


7. Divide 16axy^ by — day. 


Ans, — hxy\ 


8. Divide llTa'^cS by 3a«5A • 


Ans, dWc. 


9. Divide 63a^^cd^ by 21abcd. 


Ans. da^b^d. 


10. Divide 63a"* by 7a\ 


Ans, 9a'*"» 
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11. Divide 34af"y" by — Vlxy. Ans, — 2af»~*i/^i. 

12. Divide (a — cf by (a — cy. Ans. {a — c)K 

13. Divide 35 {x + y)^ by 5 (a; + y). Ajis. 7 (a; + y)2. 

14. Divide 1277i8J (c — a^Y by 3/^6^ (c — o^f. 

15. Divide 3^>eti + 12Jca; — Wc by die. Ans. d + 4x^^36. 

16. Divide 15a^c — 15aca;2 + 5flcZ2c by — 5ac. 

17. Divide lOa;^ _ i5a;2 _ 25a; by 5a?. Ans. 2a?» — 3a: — 5. 

18. Divide 15a:B — 45a;* + lOa;^ — lOSa;^ by 5a?». 

19. Divide «"•<? — O^-^c^ + a"*""^^ — a'^-V + a'^'^c^ by ac. 

20. Divide dm^ {a — Z>)2 — dm {a — ^?) by 3 (a — J). 

Ans. avp? — Sw^ — m. 

21. Divide 7a (3w — 2a) — (3m — 2a)2 by (3w — 2a). 

Ans. 9a — 3?w. 

Case XL 
79. When the divisor is a polynomial. 

Suppose botb dividend and divisor to be arranged according 
to the descending powers of some letter. Then it follows, from 
(75, 1), that the first term of the dividend must be the product 
of the first term of the divisor by the first term of the quotient 
similarly arranged. We can therefore obtain this term of the 
quotient, by simply dividing the first term of the dividend by the 
first term of the divisor. The operation may then be continued 
in the manner of long division in Arithmetic ; each remainder 
being treated as a new dividend, and arranged as the first. 

1. Divide 6a^ + a% — %^aW -h 17a58 — 4J* by 2a2 ~ 3a& + V. 

OPERATION. 

6a* + a% — 20a3J2 + Ylal^ — 4J* 2 0^ — 3a^+ y, niviBor. • 

6g4_9^8^^ 3fl^2y 3a» + hah — 4^, Quotient 

10a3^-23a2^ + 17a&3 

IQqg^ — 15ag^+ 5a&^ 

- %aW + 12a^ - W^ 

— %aW + I2al^ — 4&* 

4* 
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Hence we hare the following 

BuLE. — ^I. Arrange loth dividend and divisor according to the 
descending or ascending powers of one of the letters. 

11. Divide tlie first term of the dividefid by the first term of the 
divisory and write the result in the quotient. 

' III. Multiply the divisor by the quotient thus found, and sub- 
tract the product from the dividend, 

IV, Arrange the remainder for a new dividend, with which 
proceed as before, till the first term of the divisor is no longer con- 
tained in the first term of the remainder. 

V. Write the final remainder, if there be any, over the divisor 
in the form of a fraction, and the entire result will be the quotient 
sought. 

BXAMPIiBS POM PBACTICE. 

-1. TyiyiAQa^+^ahi+ZaT^+T^hj a+x. Ans. a^-\-2ax+a^. 

2. Divide a^— 4a%+4ac2— c^by a— c. Ans. a^—3ac+c^. 

. 3, Divide (^-^6a^ + 12a—S by ^2— 4a + 4. Ans. a— 2. 

4. Divide 32^ — 2x^ + af^ — a^ — 2x -- 15 hj a^ — 5 -^ ^x. 

Ans. a^ — 2a; + 3. 
, 6. Divide 25a;« — a;* — 2a;8 — 8ar^ by 5a;3 — 4:^2 

Ans. '62^ + 4a;2 + 3a; + 2. 
6. Divide 6a* + 9a^ — . ]5fl by 3a2 — 3a. Ans. 2^2+ 2a +5. 

* 7. Divide a:* — y^ by a;^ + 2x^y + 2a;y2 + ^s. 

Ans. a? — 2ci^y + 2a:^ — y^. 

8. Divide asi^— {a^+b)a?+b^ hj ax — b. A ns. a^—ax—b. 

9. Divide a* + 4&* by a^ — 2aA + 2^. Ans. a^+2ab+2^. 

10. Divide aj^ — a;* + a;^ — a;2 + 2a; — 1 by a;2 + a; — 1. 

Ans. x^'-a^ + x^ — x + l. 

11. Dividel + 3a;byl— 5a\ Ans. l + 8a;+40a;2+200a;8+etc. 

12. Divide l — x — a^hjl,+ x + x^. 

Ans. 1— 2a; + 2a;3— 2a;*+2a:«— 2a;''+2a:®— 2a;io+etc. 

13. Divide a:« — 2a:3 + 1 by ar» — 2a; + 1. 

Ans. x^ + 2a? + 3x^ + 2x-^l. 
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14. Divide a« + S^ + c^ — 3abc by a + b + c. 

Afis, a^ + P + c^ — bc^ac^ ab. 

15. Divide 2x^y--b7^f-'ll7^f+b(K^f''2%a^f+Wf'-l'^xjp 
by ^^4.7?y '\~x^f—^xy\ Ans. 2x^y+3x^y^-'Xy^+4:y^. 

16. Divide a^ + c^ + a^ + c^^a^c^ac^ — 2aV by a» + c^ — 
a^c — ac*. -4'W5. a^ + c* + a + c. 

17. Divide 4^ — 5af^ + Sx^-- 10a;» — 8a;2 _ 5^: _ 4 by 4a^ + 
da^j^2x + l. Ans. a;^ — 2ar^ + 3a; — 4. 

18. Divide x^—a^ by ic— a. -4^5. xl^+a^a+a^a^+a>a^+a\ 

2a^ 

19. Divide a^ + a;^ by a — a;. A71S, a^ + ax + a? -] 

20. Divide af*— a:?/"*"'— a^-'^^-f^ by a;— y. ^W5. af*~^— y"*"\ 

21. Divide a^+»»— a^S"— a~&''+^''+* by a"*— J**. Jw.^. a«— fr*. 

22. Divide a^'^2s^y**—2x'^y^+y^ by a;«+y~. 

Ans. a;^— 3a;"y"+^ 

EXACT DIVISION. 

80. Division is said to be eccact when the quotient contains no 
fractional part ; the quotient in this case is said to be entire. 

81. It follows from the rule of division (78), that the exact 
division of one monomial by another will be impossible under the 
following conditions : 

1. When the coefficient of the divisor is not exactly contained 
in the coefficient of the dividend. 

2. When a literal factor has a greater exponent in the divisor 
than in the dividend. 

3. When a literal factor of the divisor is not found in the divi- 
dend. 

83. It is also evident, from (79), that the exact division of 
one polynomial by another will be impossible, 

1. When the first term of the divisor arranged with reference 
to any one of its letters, is not exactly contained in the first term 
of the dividend arranged with reference to the same letter. 

2. When a remainder occurs, having no term which will ex- 
actly contain the first term of the divisor. 
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GENERAL EELATIONS Df DIVISION. 

83. The algebraic value of a quotient depends upon the com- 
parative values and relative signs of the dividend and divisor. 
Now if either the dividend or the divisor be changed with respect 
to its value or sign, the quotient will undergo a change, according 
to a certain law. As these mutual relations are frequently con- 
cerned in algebraic investigations, we present them in this place, 
considering first the law of change with respect to absolute value; 
and second, the law of change with respect to algebraic signs. 

1st. Change of Value. 

84. In any case of exact division, the quotient is composed of 
those factors of the dividend which are not included among the 
factors of the divisor. It is evident, therefore, that if we intro- 
duce a new factor into the dividend, the divisor remaining the 
same, we shall introduce the same factor into the quotient; and 
if we exclude a factor from the dividend, the divisor remaining 
the same, we shall exclude this factor from the quotient. 

Again, if we introduce a factor into the divisor, we shall exclude 
it from the quotient ; and if we exclude a factor from the divisor, 
we shall introduce it into the quotient, — the dividend remaining 
the same in both cases. 

Hence we have the following general principles : 

I. Multiplying the dimdend multiplies' the quotient, and divid- 
ing the dividend divides the quotient. 

II. Multiplying the divisor divides the quotient, and dividing 
the divisor multiplies the quotient. 

m. Multiplying or dividing both dividend and divisor dy the 
same quantity does not change the quotient. 

2d. Change of Signs. 

85. To show in what manner the sign. of the quotient is affected 
by changing the sign of dividend or divisor, we observe that two 
signs can have only three relations, as follows : 

+ -f 
+ - 
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Now if one of the signs, only, in any of these couplets, be 
changed, the relation of the signs in that couplet will be changed, 
either from like to unlike, or from unlike to like ; but if both of 
the signs in any couplet be changed, their relation will not be 
altered. Hence, 

I. Changing the sign of either dividend or divisor, changes 
the sign of the quotient. 

II. Changing the signs of both dividend and divisor, does not 
alter the sign of the quotient, 

KECIPEOCALS, ZEEO POWERS, AND NEGATIVE EX- 
PONENTS. 

86. The Meciprocal of a quantity is the quotient obtained 
by dividing unity by that quantity." Thus, - is the reciprocal of x ; 

is the reciprocal of a — c. 

a — c 

87. In dividing any power of a quantity by any other power 
of the same quantity, we subtract the exponent of the divisor 
from the exponent of the dividend, to obtain the exponent of the 
quotient. Thus, 

o^ -e- a^ = a^"^ =za^; a" -^- a' = a^~* = aK 

And in general, we have 

a*" 

a 

If in this expression n = m, the exponent of the quotient will 
be ; and if w > m, the exponent of the quotient will be nega- 
tive. Thus, 

^ = aO. ^ = a2-8 = ^-i. ^ a^:^a-% etc. 
a^ a^ a^ 

88. It has been found useful for certain purposes in Algebra, 
to employ the notation, aP, ar\ a'^ a~^, etc. We will therefore 
proceed to find the meaning of such expressions. 

Let a represent any quantity, and m the exponent of any power. 
Then by the rule of division, 

a' 



,m 



a 
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Bat the quotient obtained by dividing any quantity by itself 
must be equal to 1. That is, ' 

^"* — • 
a 

Therefore, by Ax. 7, we have 

Hence, 

1. Any quantity having a cipher for its exponent is equal to 
unity. 

Again by the rule of division, we have 

a 

But we have already shown that cfi=l. Substituting this value 
for the dividend, we obtain the' quotient in another form ; thus, 

Therefore, by Ax. 7, we have 

a 
Hence, 

2. Any quantity having a negative exponent is equal to the re- 
ciprocal of that quantity vnth an equal positive exponent. 

DIVISIBILITY OF QUANTITIES IN THE FORM OF a'^±V^. 

89, There aire certain cases of exact division of quantities in 
the form of a"*+ &"* or a**— &"*, which have important applications. 
These may be exhibited in four general problems, as follows: 

1. Divide a** + *"* by a + b. 

Commencing the division, we have 
a~ + IT a + l 



cT + a'^-^l 



a^w-i — os^-^l 



i8t rem. — ar^-^h + IT z=z — h{a'^^^ — J~"^) 

sd rem. + a'^-^W^ V" = + J2(a»»-2 + J«»-2), 

Now if this operation be continued, it is evident from the form 
which the first and second remainders assume, that when the ex- 
ponent, w, is an odd number, the m^ remainder will be 
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— J~(a^^ — h"^) = - ir{(fi — i^) = - J~(l — 1) = ; 

the division will therefore be exact. But if m be eyeD, the rnf^ 
remainder will be 

+ ^^{0"*^ + &«»-«) = + V^{(fi + JO) = + J~(l + 1) = + 2J"; 

hence^ the division will not be exact. Hence^ 

The sum of the same powers of two quantities is divisible by 
the sum of the quantities, if the exponent is odd, but not otherwise. 

2. Divide a* + &~ by a — b. 

Commencing the division, we have 

a* + b"^ a — b 



— c^-^b 



flm-l ^ ^»»-2J 



tot rem. + a"^^b + ^»~ = + ^(a»«-^ + J~"0 

9d rem. + a'^-^V + ^>"* = + V^CT''^ + If"-^). 

If this operation be continued, it is evident that whether m be 
odd or even, the m^ remainder will be 

+ &~(a"*-^ + b^ = + b'^{cfi + Jfi)=+ J~(l + 1) = + 2J"*; 

the division cannot, therefore, be exact. Hence, 

The sum of the same powers of two quantities is not divisible 
by the difference of the quantities. 

3. Divide a** — J"* by a + J. 
Commencing the division, we have 

o~ — J"* a + ft 



o* + a'^-^b 



a^-i — a'^-aj 



tot rem, — a'^-^b — 6"* = — ft(a»»-^ + J*-*) 

9d rem. + a^^'l^ — ^^''^ = + S2(am-2 _ Jm-2), 

If this operation be continued, then it is evident that when m 
is odd, the m^ remainder will be 

- b'^icr-^ + b"^) = - r(aO + JP) = - S"*(l + 1) = - 2r ; 

hence, the division cannot be exact. But if m be even, the m^ 
remainder will be 

+ j"'(tj'^^&»-«) = + r(ap~jo) = + ni-i) = ^; 

hence, the division in this case will be exact. Hence, 
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The difference of the same powers of two quantities is divisible 
hy the sum of the quantities^ if the ea^onent is even, but not otherwise. 

4. Divide a« — J"* by a — J. 
Commencing the division, we have 
oT — ir a — b 



a 



— a'^-^b 



a 



m-l 



H- a'^-'^b 



1st rem. 



^ a-^-^b — &"* = + bicr-"^ 



J«-0 



Sd rem. + a'^-^l^ — 6*" = + J8(a«-2 _ Jm-2)^ 

If this operation be continued, then it is evident that whether 
m be odd or even, the m^ remainder will be 

+ 6'"(a"^-* — S^-«) = + 6'"(aO — Jo) = + J"*(l — 1) = 0; 

the division will therefore be exact Hence, 

The difference of the same powers of two quantities is always 
divisible by the difference of the quantities. 

90. If we continue the division in the 1st, 3d, and 4th of the 
preceding problems, then in the cases of exact division, the form 
of the quotients will be as follows : 



m 



a +0 
a + b 

a + b 



a 



a—b 



=a'^^ + a'^-"b+a'^^^ff^+a'^b^+ . . . -^-ab^^+b^-^ . . . (3). 



91, By giving particular values to w in (1), (2), and (3), we 
obtain the following results, which may be useful for reference : 
a^ + i^ 



a + b 

a^ + y 

a + b 

-&2 



=:a^ — ab + V^ 



h ••(!)> 



a^ 



a + b 



— a^-^a^ + aW-^aff^ + V 



= a — b 



J 



«* — &* 

- = a' — a^S + aS^ — 5^ 

a + b 



a + b 



— a» — a*& + aW — aV? + a¥ — Ifi 



. . . (2), 
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a 



a 



a — 



h 



a 
a* 



a — 



a 



5 



a — 



b 
b 
b 



= a -h 5 



= a» + «% + aS2 + J8 



= a^ + a^ + a^b^ + ai^ + b^ 



In like maimer we may obtain 



a* + l 


X +1 


X +1 

a? — l 


X +1 


X +1 
a* — l 


X +1 

a? — l 
X — 1 
a» — l 


X — 1 
x^ — 1 


X — 1 

afi — 1 


X — 1 



z=a>^ — x + l 

= x^'^a^ + a^-'X + 1 

= a;-l 

=:a^ — a^ + a; — 1 

= 0;'^ — a^ + a:' — fl^ + a: 

= a; + l 

= aj^ + a? + l 

= a:« + a:2 + ^^l 

=?a:* + ai8 + a:^ + a? + 1 



— 1 



► . . . (3)« 



^ • • (4)» 



.... (5), 



.... (6), 



FAOTOEING. 

93. The Factors of a qnantity are those quantities which, 
being multiplied together, will produce the given quantity. 

93. A Prime Factor is one which cannot be produced by 
the multiplication of two or more factors ; it is therefore divisi- 
ble only by itself and unity. 

6 D 
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94. An algebraic expression may bo factored by inspection, 
by trial, or by its law of formation. 

To express the prime factors of a monomial, -we have only to 
factor the coefficient, and repeat each letter as many times as 
there are units in its exponent. Thus, 

Ibahhf = 3 X 5 X aaaxxy. 

95. The following remarks will aid in factoring polynomials : 
1st. If all the terms of a poljmomial have a common factor, the 

quantity may be factored by writing the other factors of each term 
within a parenthesis, and the common factor without. Thus, 

2d. If two of the terms of a trinomial are perfect squares, and 
the other term is twice the product of the square roots of the 
squares, the trinomial will be the square of the sum or difference 
of these roots (70, I and II), and may be factored accordingly. 
Thus, in the trinomial, 4a*— 20a25 + 25J2, the two terms, 4a* and 
255^, are the squares of 2a^ and 55 respectively, and the other 
term, 20a'J, is equal to 2 x %a^ x 55 ; hence, 

4a* — 200*5 + 2552 = (2a2 — 55) (2a8 — 55). 

3d. If alSinomial consists of two squares connected by the 
minus sign, it must be equal to the product of the sum and dif- 
ference of the square roots of the terms (70, III). Thus, 

9a^-y8 = (3a; + y)(3a;-y). 

4th. Quantities in the form of a"* ± 5"* may be factored by 
reference to the principles and formulas relating to these quan- 
tities. Thus, 

a» + 5» = (a + 5) (a« — a5 + 52). 

NoTB. — ^It may happen that when there is no factor common to all the 
terms, a portion of the polynomial may he factored. 



1. Factor a^ + aW + cN)c. Am. c^l (a + 5 + c). 

2. Factor 3a;y — Zt^ + Z^y^ — 6rr8y«. 

Ans. 3a^ (1 — cc* + j^ — 2ay). 

3. Factor 5a«5c8 — 15a«5»^ — 5a85(^rf. 

An%. bd^bc^ {a — Sbc — d). 
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4. Factor tfi + (?x + cnix. Arts, c^ + e{c + m) x. 

5. Factor x^--xhj + xif— y«. 

6. Factor a^+2a»^+«2J*. Ans. aW {a + l){a + h). 

7. Arrange (aj^ — rr) a + (aj» + x) (3 J — c) — g according to 
the powers of x. Ans. (a + 3S — c) a^ — (a— 3}+c) x^q. 

8. Factor a^m — 9am*. -4»5. aw («» — 3m) (a* + 3m). 

9. Factor Sa^ _ jc*. ^»5. (4a2 + 2aa; + a«) (2a — a:). 

10. Factor «/«+ 243. Ans. (/— 3y»+9y2__27y + 81)(y+3). 

11. Find the factors of a:« — y«. 

^«5. {^ + xy + f){^ -xy + f){x + y){x^y). 

12. Find the factors of 0^-^01^ + 2dbc — cu?. 

Ans. a (a + J — c) (a — J + c). 



SUBSTITUTIOlsr. 

96. SabstitutioUy in Algebra, is the process of putting one 
quantity for another, in any given expression. 

1. Substitute y — 1 for x, in a^ + a^ — 5x — 3. 

OFERATIOH. 

y= (y-l)»= f-2l/ + l 

— 5a; = — 5 (y — 1) = — 5y + 5 

— 3 = —3 

a^j 4. a?i — 5x — 3 = y3 — 2^ — 4y + 2, Ans. 

Hence,, for substitution we have the following 

EuLB. — Perform the same operations upon the substituted 
quantity as the expression requires to be performed upon the 
quantity for which the substitution is made. 

EXAMPIiES won PRACTICE, 

1. Snbstitutea— i for aina^+ad+S*. Ans. a^—ab+^. 

2. Substitute a?+ 2 for a in a^— 2a 4-1. Ans. qi^-\-2x+1. 

3. Substitute a? + 3 for y in y* — 2y« + j/» — 6. 

Ans. a^ + lOa^ + 37*^ + 60a? + 30. 
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4. Substitute 8 + r tor x, in a^ + ax + b, and arrange the 
result according to the descending powers of r. 

Ans. r* + {28 '}-a)r + i^ + as + b. 
6. What will a* + a»5 + a«J» + ad» + ft* become, when * = a ? 

Ans. 5«*. 

6. What will a^ + aa^ + (Ac + a? become, when m + 1 is put 
for X, and m — Ifor a? Ans. 4m (m* + 1). 

7. What will ic* -f y* become, when a + J is put for x, and 
a — J for y? Ans. 2{a^ + 6aW + ft*). 

8. What is the yalue of (a; + a + ft + c)* + (a; — a — - ft — cY, 
when a + b + c=:zs? Ans. 2{pfi + 10a:»6» + 5a;«*). 

9. In 3fi — Hx — 6 substitute y — 2 for x. Ans. y^ — 6y*-f5y. 

10. In ic* — 2a:* + 3a;3 — Ta:* + 8a; — 3 substitute y + 1 f or x. 

Ans. f^ + 3y* + 5y*. 

11. If a — ft = a?, ft — c = y, and c — o = ar, prove that 
2(a-ft)2(ft-c)«+2(a-ft)2(^-«)H2(ft-c)2(c-a)2 = a;*+y*+i^. 

THE GEEATEST COMMON" DIVISOR. 

97. A Common IXivisor of two or more quantities is a 
quantity which will exactly divide each of them. 

98. The Greatest Common I>ivisor of two or more 
quantities is the greatest quantity that will exactly divide eac^i 
of them ; it is composed of ^.11 the common prime factors of the 
quantities. 

The term, greatesty in this connection, is used in a qualified 
sense, and has reference to the degree of a quantity, or of its 
leading term, not to its algebraic or its arithmetical value. Thus, 
if ic — 3 and a^ + 4a; + 2 are the prime factors common to two 
or more quantities, then according to the above definition, 
(a:* + 4a: + 2) (a; — 3) = a.-* + a;3 _ loa; — 6, is the greatest com- 
mon divisor. But this product is not necessarily greater in value 
than one of the prime factors. For, if a; = 4, then we have 
a:8 + 4a; + 2 = 34, and a;« + a?« — lOa; — 6 = 34. 

99. Several quantities are said to be prime to each otlier when 
they have no common factor. 
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Case I. 

100. When the given quantities can be factored by 
inspection. 

It is eyldent (81> 2) that no factor of the greatest common 
divisor can have an exponent greater than the least with which 
it enters the given quantities. Hence the following ohvioas 

Rule. — I. Find ly inspection, or otherwise, all the different 
prime factors that are common to tlie given quantities, and affect 
each with the least exponent which it has in any of the quantities, 

II. Multiply together the factors thus ohtaitied, and the product 
will be the greatest common divisor required. 

xsxamPljss von ttlacticb. 

1. Find the greatest common divisor of a* — 2a^ + or*, and 
a* — 2a^ + ch^. 

Factoring, we have 

a' — "Sto^ij^ + aa:* = a (a* — 2o^ + a:*) = a (a — xf {a + x)\ 
aS — 2a«a; +ah?^a^ {a^ _ 2ar + a^) :=za^(a — x)\ 

The lowest powers of the common factors are a and (a — xf ; 

and we have 

a (a — a;)2 = 0^ — 2a^ + acfi 

the greatest common divisor required. 

2. Find the greatest common divisor of %a^b(?, 6at^(fi, and 
lOa'Jc^. Ans. 2abc^. 

3. Find the greatest common divisor of 5a:^yV, Ga^ys^, and 
12a^ys^. Ans. T^yA 

4. Find the greatest common divisor of a;*— y' and a^-^^xy + y*. 

Ans. x — y. 

5. What is the greatest common divisor of a^m. — r i^m^ and 
2a(?m — 2(?bm ? Ans. m(a-' b). 

6. What is the greatest common divisor of a^jfi — 3a^ + a^x 
and 3axs^ — aa^s^ — a^^, Ans. a (i;* — 3a? + 1). 

7. What is the greatest common divisor of lea:* — 1, a; — 4x^, 
and 1 — 8a? + 16a^? Ans. 4a; — 1. 
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Case n. 

lOl. When the iri^en quantities cannot be &ctored by 
inspection. 

103« The greatest common divisor is found in this case by a 
, process of decomposing the quantities by division. But in order 
to deduce a rule for the method, it will be necessary first to 
establish certain principles relating to exact division. 

103. First, suppose -4 to be a quantity which is exactly divisible 
by another quantity, D, and let q represent the quotient. Then, 

A 

K we now multiply the dividend by m, we shall have 

^ = qm (84, I), 

in which qm is entire. Thus we have shown that if D divides Ay 
it will also divide Am, Hence, 

1. If a quantity mil exactly divide one of two quantities, it will 
divide their product. 

Again, let A and B represent any two quantities, and 8 their 
sum. Now suppose both A and B are exactly divisible by i>, 

A B 

and let -^ = g^, and -jr = q\ We shall have 

A + Bz=8. 
Dividing each term by i>, 

in which -^ must be entire, because its equal, q-\-q% is entire. 

Hence, 

%. If a quantity will exactly divide each of two quantities, it will 
divide their sum. 

Finally, let d represent the difference of A and B, and sup- 
pose A and j5 to be divisible by />, q and q' being the quotients^ 

as before, we shall have 

A-^B = d. 

Dividing each term by />, q — q' = jy9 

in which -=^ is entire, because q — q' ia entire. Hence, 
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Z. If a quaiUity will exactly divide each of two quantities, it 
will divide tJieir difference. 

104. We may now show, by the aid of these principles, what 
relation the greatest common divisor of two quantities bears to 
the parts of these quantities when decomposed by division. 

Suppose two polynomiak to be arranged according to the powers 
of the same letter, and let A represent the greater and B the less. 
Then let us divide the greater by the less, the last divisor by the 
last remainder, and so on, till nothing remains. If we represent 
the several quotients by q, q', q", etc.,. and the remainders by B, 
R'y B'\ etc., the successive operations will appear as follows : 

(1.) (^.) (3.) 

B)A{q R)B{q' R) B {q" 

Bq B£ B'f 

B B' 

To investigate the mutual relations of A, B, By and B\ we ob- 
serve that in division the product of the divisor and quotient, 
plus the remainder, if any, is equal to the dividend. Hence, 
from the operations above, we have the three following conditions: 

B'q" = B, 

Bq' + R = B, 
Bq -tB =A. 

Now from the first equation it is evident that B' divides B 
without remainder ; it will therefore divide Bq' (103, 1). And 
since B' divides both Bq' and itself, it must divide their sum, 
Bq' + B'y or B (103, 2); consequently, it will divide Bq 
(103, 1). Finally, since it divides both Bq and B^ it must 
divide their sum, Bq + B, ox A (103, 2). Hence, 

I. The last divisor, B', is a common divisor of B, B^ and A, or 
of all the dividends. 

Again, the dividend minus the product of the divisor and quo- 
tient, is equal to the remainder. Therefore, from the first and 
second operations above, we have 

A — Bq z=zB, 

B^Bq'^ B'. 
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Now any expression which will divide By will divide Bq (103> 
1) ; hence^any expression which will divide both ^ and B^ will also 
divide A —Bq^ or R (103, 3). Whence it follows that the greatest 
common divisor of A and B will divide Ry and is therefore a com- 
mon divisor of B and R. For like reasons, referring to the second 
equation, the greatest common divisor of ^ and ^S will also divide i?', 
and is therefore a common divisor of R and R'. But i\iQ greatest 
common divisor of R and R' is R' itself. Consequently, R' is the 
greatest common divisor of R and B, and also of B and A. Hence, 

II. The last divisor y R\ is the greatest common divisor of the 
given quantitiesy and also of the dividend and divisor in each 
subsequent operation. 

1. What is the greatest common divisor of 12a^— 2a;8— 7a;— 3 
and 3ic8 — 2a? — 1 ? 

FmST OPEBATION. 



12a;8 — 2a?» — 7aj — 3 
12a^ ■-> 8ay^ — 4a; 

^^ — 3a; — 3 
6a:^ — 4a; — 2 



3a^ — 2a; — 1 



4a; + 2 



ot — 1 iBt Bern. 

8EC0NI> OPERATIOIT. 

a; — 1 



3a«- 


-.2a;- 


-1 


3a?»- 


-3a; 






a;- 


-1 




X" 


-1 



3a; 4- 1 



Ans. a; — 1. 

The process here employed for finding the greatest common 
divisor of two polynomials, is subject to two modifications^ 
which we will now investigate in their order. 

1st. Suppbessing Monomial Factoes. 

It is evident that any monomial factor common to the given 
polynomials, may be suppressed in both, and set aside as one fac- 
tor of their greatest common divisor. We may then apply the 
process of division to the resulting polynomials, and obtain the re- 
maining factor or factors of the greatest common divisor required. 

Again, if either polynomial contains a factor which is not com- 
mon to both, this factor can form no part of the greatest common 
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diyiBor required, and may therefore be suppressed. And since the 
greatest common divisor of the given polynomials is the same as 
that of the dividend and divisor in each operation following the 
first (II), ifc is evident that we may suppress the monomLd factors 
in every remainder that occurs. And it should be observed, that 
if all the monomial factors of the given quantities have been pre- 
viously suppressed, no monomial factor of any one of the remain- 
ders can belong to the greatest common divisor sought, or be com- 
mon to any two successive remainders (II). This modification of 
the process wUl be illustrated by the example which follows : 

2. What is the greatest common divisor of Vtofi + 22x» + Ca? 
and Gx5 _ is^j _ 36a: ? 

The first polynomial contains the monomial factor %z^ and the 
second contains the monomial factor 3a;. We therefore suppress 
these factors, setting aside Xy which is common, os one factor of 
the greatest common divisor sought. We then apply the process 
of division to the resulting polynomials, as follows : 

FmST OPERATION. 

27^ — 5a;> — 12 



6a:* + lla;»+ 3 
6a^ _ 15a;» — 36 

26:^ + 39 

Suppressing the factor 13 in this remainder, we have 22^ + 8 
for the next divisor. 

BBCOin) OPERATION. 

2a;^ + 3 



a?» — 4 



2x4 — 5ar« — 12 
2g* + Za? 

'^ — 8a?« — 12 

-■8a;a-]2 

Taking the last divisor, and the common factor, Xy which was 
set aside at the beginning, we have 

(2a;* + 3) xx = 22? + 3a;, Ans. 

2d. Intboducing Monomial Factors. 

It may happen at any stage of the process, that after suppress- 
ing every monomial factor of the divisor, its first term will not 
be exactly contained in the first term of the dividend. In such 
cases, the dividend may be multiplied by such a factor as will 
render its first term divisible by the first term of the divisor. No 
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factor thus introdnced can be common to the diridend and divisor^ 
since by hypothesis all the monomial factors of the divisor hare 
preyiously been suppressed. Consequently^ if the process of 
diyision be continued under this modification^ the lost dirisor 
must be the greatest common divisor sought. This point will 
be illustrated by the following example : 

3. What is the greatest common divisor of 2«* — 13ic^ + IKafl 
+ ea: — 9 and 4a« — 18x» + 1 9a; — 3 ? 

We first multiply the greater polynomial by 2, to render its 
first term divisible by the first term of the other polynomial. 






FIRST OPERATION. 

4a:3— 18a?+ 19a? 



— 3 



a;. -1 



2^ + 34a« + 12a; — 18 
18a:3 + 19a:? — 3a; 

— 6a;» -f 15a;2 + 15a; — 18 

— 2a;»+ 6a;»+ 6a;— 6 

— 4a;* + 10a;? + 10a; — 12 KewpiepueddMdeBd. 

— 4a;» + 18a:» — 19a; + 3 

— 8a;» + 29a;— 15 

In the above operation, we suppress the factor 3 in the first 
remainder, and multiply the result by 2; to render the first term 
divisible by the first term of the divisor. We thus obtain 
— 4a;» + 10a:» + 10a; — 12 for the second dividend. As the two 
partial quotients, x and — 1, have no connection, they are sepa- 
rated by a comma. 

Multiplying the last divisor by 2 for a new dividend, wo pro- 
ceed as follows : 

SECOKD OPERATION. 



8a;* — 36a;«+ 38ar— 6 
8a;« — 29a;a+ 15a; 



— 8a?» H- 29a; — 15 



a;, -f 7 



— 7a;»+ 23a;— 6 

— 66a:2 -f 184a; — 48 Newprepared dividend. 

— 56a:a + 203g — 105 

— 19a; + 57 

Dividing this remainder by — 19, we have a; — - 3 for t&e nexfc 
divisor* 
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THIRD OFERATION. 


— 8x3 + 29a; — 15 


a; — 3 


— 8a;3 + 24a; 


— 8a; + 5 


5a; — 15 


5a; — 15 





Thus we find that the greatest common divisor is a; — 3. Had 
we suppressed +19 instead of — 19^ in the final remainder of the 
second operation^ we should have obtained — x + 3, or 3 —a; for the 
greatest common divisor. It should be remembered, however^ 
that the term greatest, in this connection, has reference to ex- 
ponents and coefficients, and not to the algebraic value (98). 
Consequently either a; — 3, or 3 — a; may be considered the 
greatest common divisor of the given polynomials. And it is 
immaterial what sign is given to any monomial factor which we 
may suppress or introduce at any stage of the work. 

105. From these principles and illustrations we deduce the 
following general 

Bulk — I. Arrange the two polynomials with reference to the 
same letter; then suppress all the monomial factors of each, and 
if any factor suppressed is common to the two polynomials, set it 
aside as one factor of the common divisor sought. 

II. Divide the greater of the resulting polynomials by the less, 
and continue tlie division till the first term of tlve remainder is of 
a lower degree than the first term of the divisor ; observing to sup- 
press the monomial factors in every remainder, and to introduce 
into any dividend, if necessary, such a factor as will render its 
first term exactly divisible by the first term of the divisor. 

in. Take the final remainder in the first operation as a new 
divisor, and the former divisor as a new dividend, and proceed as 
before; and thus continue till the division is exact. The last 
divisor, multiplied by the common factor, if any, set aside at the 
beginning, will be the greatest common divisor required. 

IV. If more than two polynomials are given, find the greatest 
common divisor of the first and second, and then the greatest com^ 
man divisor of this result and the third polynomial, and so on. 
Th^ laU mil be (h& greaiest common divisor reqpired. 
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JBXAMPI,Ba won PBACTJCX, 

Find the greatest common divisor^ 

1. Of a:* — 2a;» — 4a;» + ll-c — 6 and ic8 — 8a?» + 17a? — 10. 

Am. a^ — 3a; + 2. 

2. Of 6a;» + a^ — 44a; + 21 and 6a;» — 26a:^ + 46a; — 42. 

Arts, dx — 7. 

3. Of a:« — 6aa? + 10a*c — 3a» and 3aa;» — 14a2a; + 15a^. 

Arts, X — 3a. 

4. Of a;* — 8a;8 + 14a? + 16a; — 40 and a;* — Sa?* + 19a; — 14. 

5. Of a« 4- 5a« + 5a + 1 and a« + 1. Ans. a + 1. 

6. Of 2a*— 5a»J— 3aW+7a^+3J*and 4a»— 2a2J— 4a&2_3J«. 

Ans. 2a — 3ft. 

7. Of 3a;3 — ^y + dxf — 2y^ and 4:1^ — 7a;y + Sf. 

Ans. X — y. 

8. Of 4a* — 2a;* 4- 4a;8 — 27a:» + 4a; — 7 and 2a;* + 6a? — 19a? 
+ 4a; — 6. Ans. 2a? — 4a? + a; — 1. 

9. Of a^c — 4a'cm + 3a^wi' and a*e? •— Qa^dhn + 6<?m*. 

Ans. c{a^ — m). 

10. Of a;* — 4a? — 16a? -f 7a; + 24 and 2a? -- 15a? + 9a; + 40. 

Ans. a? — 5a; — 8. 

11. Of 15a? + 71a? + 60a? — 56 and 3a? — 17a? — 20a? + 84. 

Ans. 3a? -f 7. 

12. Of 3a*+14a«m2— 5m*, 6a*--14a«m«+4m*, and 3a*— 22a%»« 
+ 7m*. Ans. 3a' — m\ 

13. Of 2a8a?— 2a2Ja?y+aft22ry2— Syanda2fta?y— 2aWa;^+jy. 

Ans. ax — by. 

14. Of 9a*+12a8+10a«+4a+l and3a*+8a»+14a»+8a+3. 

Ans. 3a» + 2a + 1. 

LEAST OOMMOl^ MULTIPLE. 

106« A Multiple of any quantity is another quantity ex- 
actly divisible by the given quantity. 

It follows from this definition that if one quantity is a multiple 
of another, the multiple must be equal to the product of the other 



LEAST OOKHOlSr UULTIFLE. 61 

quantity by some entire factor. Thus, it A iatL multiple of B, 
then A = Bniy in which m is entire. 

107. A Common Multiple of two or more quantities is 
one which is exactly diyisible by each of them. 

108. The Least Common Multiple of two or more 
quantities is the least quantity which i^. exactly diyisible by each 
of them. 

Case I. 

109. When tlie quantities can be flftctored by inspec- 
tion. 

From the principles of exact division, we may make the fol- 
lowing inferences : 

1. A multiple of any quantity must contain all the factors of 
that quantity. 

2. A common multiple of two or more quantities must contain 
all the factors of each of the quantities. 

3. The least common multiple of two or more quantities must 
contain all the factors of each of the quantities, and no other 
factors. ' 

Hence the following 

BuLE. — I. Find by inaction all the different prime faciors 
that enter into the given quantities, and affect each with an expo- 
nent ,egual to the greatest which it has in any of the quantities, 

II. Multiply together the factors thus obtained, and the product 
will be the least common multiple required. 

JEXjtMrZJBS JFOB FBACTICJB. 

1. What is the least common multiple of a* + ab, cM — W, 
and a«c — 2a*c + J«e? ? 
Factoring, we have 

€? + ab = a (a + S), 

a^d'-W =zd{a — b){a + b), 

a^c — 2abc + S^e? = <? (a — J)«. 
The highest powers of the different prime factors are a, df, c, 
(a — b)^, and {a + b) ; and we have 

acd {a — by {a + J) = a^cd — c^bed — a^i^cd + aVcd, Am. 
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2. Find the least common multiple of 2a^be, 5a>c^, lOalM, and 
ISaJci Ans. 30a*fi»A?. 

3. Find the least common multiple of da^y, 1^^, lOxyj^, 
and 5a^^z. ^»5. 30a;»y«2». 

4. Find the least common multiple of o^ + xy, xy — j^, and 
^ — y*- iijw. ic'y — .ry*. 

5. Find the least common multiple of a;* — a*, a^—a% a^+a\ 
and a:* — 2a^Ji^ + a*. ^^5. afi — a^ — a^a:^ + a«. 

6. Find the least common multiple of a^—x, a^—l, anda;*+ 1. 

7. Find the least common multiple of a:*+2a^+l, a;*— 2a:2-f 1, 
a?+2a?+l, a^— 2a:+l, a;+l, and a;— 1. ^««. a:8^2a;*+L 

8. What is the least common multiple of 4^* + 2a;, 6a;* — 4a:, 
and 6a:« + 4a;? Ans. 36a* + 2a;8 — 8a;. 

9. What IB the least common multiple of a^ — 4^, {x + 2a)», 
and {x — 2ay ? 

10. What is the least common multiple of «*—**, a»— J«, cfl—i^, 
and a — * ? uItw. o^ + o^J + a«J3 _ flf«j4 ^aV^^i^, 



Case n. 

101. When the quantities cannot be factored by in- 
spection. 

The rule for this case maj be deduced as follows : 

1. If two polynomials are prime to each other, their product 
must be their least common multiple. 

2. If two polynomials have a common divisor, their product 
must contain the second power of this common divisor ; their 
least common multiple may therefore be obtained by suppressing 
the first power of the greatest common divisor in the product, or 
in one of the given quantities before multiplication. 

3. If we find the least common multiple of two polynomials, 
and then the least common multiple of this result and a third 
polynomial, and so on, the last result will evidently contain idl 
the factors of the given polynomials, and no other factors. It 
will, therefore, be the least common multiple of the polynomiala 
(109. 3). 
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Hence the following 

EuLE. — ^L When only two polynomials are given : 

Find the greatest common divisor of ilie given polgnomidls; 
suppress this divisor in one of the polynomials^ and multiply the 
result by the other polynomial 

IL When three or more polynomials are given : 

Mnd the least commoji multiple of any two of the polynomials; 
then find the least common multiple of this result and a third 
polynomial; and so on, till aU the polynomials have been used. 
The last result will be the Uctst common multiple required. 

KoTE. — ^It wiU generally be found preferable to commence witii the 
greatest and next greatest of the given quantities. 

MXA3rPL£!8 F O It BJtACTICB. 

Find the least common multiple 

1. Of a^ + a;* — 4x + 6 and aJ» — 5a:» + 8a; — 6. 

Ans. a:* — 2a:« — Ta:* + 18a; — 18. 

2. Of a;» — 2a;* — 19a; + 20 and 7?^\2x + 35. 

Ans. a;* — 9a;8 — 5a;a + 1533? ~ 140. 

3. Of 6a»»i* — aiw? — 1 and %a^m^ -f 3am» — 2. 

Ana. ecfim* -f llo^m* — 3«m* — 2. 

4 Of 2a;« — Sa:^ — aj+1 and afl^ba^-^ 7a; — 2. 

Ans. 2a^'-9Q!fi + 9cfi + 3X'- 2. 

6. Of 3a;^ + 6a« — 5a? — 10 and Ga^-^^a^-- 10. 

Ans. 6ai» + 12a;* — 4a;8 — 8a;3 _ loa; — 20. 

6. Of aja + 7a: + 10, a;* — 2a; — 8, and a;* + a; — 20. 

Ans, a^ + dx^ — 18a; — 40. 

7. Of o« - Sab + 2Sa, a' — oJ — 2i», and o» - b^. 

Ans. a^ — 2a% — a5* + 2J'. 

8. Of 2a;a — 7a;y + df, 2o^ — 5a;y + 2f, and a« — 6xy + 6y«. 

Ans. 2x^ — na?ij + Vtxy^ — 6y» 
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FRACTIONS. 

DEFINITIONS AND NOTATION. 

Ill* We have seen (12) that division may be indicated by 
writing the dividend and divisor on opposite sides of a horizontal 
line. The term Fraction, in Algebra, relates to this mode or 
form of indicating division. Hence, 

112. A Fraction is a quotient expressed by writing the 
dividend above a horizontal line, and the divisor below. Thus 

^ is a fraction, and is read, a divided by b. 

113. The Denominator of the fraction is the quantity 
below the line, or the divisor. 

114. The Numerator is the quantity above the line, or the 
dividend. 

115* Any fraction may be decomposed as follows: 

a 1 X a /1\ 

Hence, 

1. The value of a fraction is equal to the reciprocal of the de- 
nominator multiplied by the numerator. 

2. In any fraction, the reciprocal of the denominator may be 
regarded as a fractional unit ; and the numerator shows how 
many times this unit is taken in the fraction. Hence, 

3. A fraction is a fractional unit or a collection of fractional 
unitSy the value of each depending upon the denominator. 

116. An Entire Quantity is an algebraic expression 
which has no fractional part ; as a^ » dxi/. 

117. A Mixed Quantity is one which has both entire 
and fractional parts; as a' + t* 
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GENERAL PEINCIPLES OF FRACTIONS. 

118. Since a fraction is a form of expressing division, it is evi- 
dent that all the operations in fractions must be based upon the 
general relations subsisting between the dividend, divisor, and 
quotient. These principles relate, first, to change of value; 
second, to change of sign. 

1st. Change of Value. 

119. By modifying the language of 84, we may express the 
mutual relations of the numerator and denominator of a fraction, 
as follows: 

I. Multiplying the numerator multiplies the fraction, and 
dividing the numerator divides the fractiori, 

II. Multiplying the denominator divides the fraction, and 
dividing the denominator multiplies the fraction. 

IIL Multiplying or dividing both numerator and denominator 
by the same quantity does not alter the value of the fraction. 

2d. Change op Sign. 

120. The Apparent Sign of a fraction is the sign written 
before the dividing line, to indicate whether the fraction is to be 
added or subtracted. Thus, in 

a^ — aa^ 
^ "^ 4a - 2i 

the apparent sign of the fraction is plus, and indicates that the 
fraction is to be added. 

121. The JReal Sign of a fraction is the sign of its numeri- 
cal value, when reduced to a monomial, and shows whether the 
fraction is essentially a positive or a negative quantity. Thus, in 
the fraction just given, let a = 2 and a: = 3. Then 

fl8„ga :g_ 4:--18 _ — 14_ „ 
4a — 2a; "" 8 — 6. ~ 2 

The real sign of this fraction therefore is minus, though its 
apparent sign is plus. 

122. Each term in the numerator and denominator of a frac- 
tion has its own particular sign, distinct from the real or apparent 

6* E 
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sign of the fraction. Now the essential sign of any entire quan- 
tity is changed, by changing the signs of all its terms. Hence, 

I. Changinff all the signs of either numerator or denominator 
changes the real sign of t/ie fraction (85, 1). 

IL Changing aU the signs of both numerator and denominator 
does not alter the real sign of the fraction (86, II). 

III. Changing the apparent sign of the fraction changes the 
real sign. 

REDUCTION. 

123* The Reductiofi of a fraction is the operation of 
changing its form without altering its value. 

Case L 
124. To reduce a firaction to its lowest terms. 

A fraction is in its lowest terms, when the numerator aqd de- 
nominator are prime to each other. And since it does not alter 
the yalue of a fraction to suppress the same factor in both numer- 
ator and denominator (119, III), we have the following 

» 

BuLE. — I. Resolve the numerator and denominator into their 
prime factors, and cancel all those factors which are common. 
Or, 

II. Divide both numerator and denominator hy their greatest 
common divisor. 

EXAMPLES EOR PB ACTIVE. 

a* — 1 

1. Beduce -=-- — « to its lowest terms. 

a' -f a* 

0^-1 _ (gg~l)(a8 + l) a»~l 

a« + «^ "" a%a^ + 1) "" a^ ' "^^^ 

2. Beduce 7-5 — jr-^ — 5 — --=- to its lowest terms. 
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The greatest common divisor of the numerator and denomina- 
tor, as foand by 105, is a — 1; hence, 

(3^2 — 2a — 1) -7- (a — 1) = 3a + 1, 

(4a» — 2a? — 3a + 1) -i- (a — 1) = 4a» + 2a — 1; 

and we have for the reduced fraction, 

4a? + 2a - V ^^• 
Bednce each of the following fractions to its lowest terms : 

7sfivz . 7? 

3, jr- — -j— Ans, x-s- 
%ixyH 3y^ 

A a?— 1 . Z^l 

4. ; — • Arcs, • 

^ d^ — aV . a*— aJ 

a' + 2ad + J> a + * 

- 7? — ^V . u^ 

6. — : 77- • Aus* 



a,-* — ¥ a;^ + *» 

„ 2a:8— 16a;-.6 , 2 

'^^ 2^3- 24a: - 9" ^""''Z 

^T3"a"^ + 3aJ2+ }fi ^^'^' a + b 

a* — 3a2a; -f 3aa? — «» . a»— 2aa? + a:8 

10. 2-^—0 ^^^ ;—^ — 

a^ — Q^ a -h a; 

6a M- 7ax — dx^ . 3a — x 

.^ q;» — ar* — a; -fl . a;^+ 1 

or — a^ — x'+x X 

13^ (x + yY-afl-^ ^^ S(i>? + ay + y*) 

{x + i/Y — a? — 1/>' ' 3 

1A (3g» - 1) (2a;» - 1) - aJiCSa^ - 7) . 1 

^*' (3a;» _ 1)» +{3?- Zxf ^"*- ?+l' 
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Case IL 

125. To reduce a firaction to aa entire or mixed 
quantity. 

The division indicated by a fraction may be at least partially 
performed, when there is any term in the numerator whose literal 
part is exactly divisible by some term in the denominator. Hence, 

SuLE I. — Divide the numerator by the denominator as far as 
possible; the quotient will be the entire quantity. 

IL Write the remaiixder over the denominator, annex the frac- 
tion thus formed to the entire part, with its proper sign, and the 
whole result will be the mixed quantity. 

Bednce the^foUowing fractions to entire or mixed quantities: 

^ ab + X A X ^ 

1. — i Ans. a + T" 



2. — "^ Ans. a-\ 

a a 

3 8«y + «» + y. ^«,.6i + i4-^. 

y y 

X — y 

OX OX 

6. 5 ■■ — Ans.dX'^2 -J 

7. :3 — / . J Ans. 3a; + 6 + 



a;» — 4a;4-8 -*.--•- , i ^_^^q 

^ 56a:«+ 126a; — 140 j ^ a ^ 

o. r; r-rr: • AnS, oX — O — 



7a; 4- 21 a; + 3 

sfi 4- 'tfi 2ifi 

9. — -i-^. Ans. a^ + 0^ + 0^ -{-xy^ + y^-i ^— 

X — y a; — y 
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Oasb III. 

126. To reduce a mixed quantity to the form of a 
fraction. 

This case is tlie conyerse of the lasi^ and may be explained by it. 

Hence the following 

EuLE. — Multiply the entire part hy the denominator of the frao* 
tion ; add the numerator if the sign of the fraction be plus, but 
subtract it if the sign be minus, and write the result over the 
denominator. 

JEXAMJPZXa TOB BBACTIC E. 

Beduce the following mixed quantities to fractions : 

b + ab + (fi 



1. 


1 + a+y 


2. 


2b ^^-^ 



Ans. 



Ans. 



b 
2bc — dx + a 



c c 



b h 

± io ■ 3a + g .„. 135 + 3a 

4. lit H J — • Ans, 



b " b 

_ . 2a; — 6 . 13a; + 6 

o. ox :; — • Ans. 



3 3 

6. 3a — 9 :-x— • Ans. 



a+9 • a+3 

7. a; + y -I — - — Ans. 



x—y x—y 



(« - 2)» * - 3 
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a — h a — b 

10. 1 + 2y + 2y» + 3j^ + ?^±^. ^»'-\~' 



a; 2; 



12. .. + 5xy + ^ + ^g^. Ans.^^^. 



Case IV. 

127. To transfer a tsu^tor from the denominator to the 
numerator* or the reverse. 

Let us take any frsction* as j—, and multiply both numerator 

and denominator by y^, observing that any factor having zero 
for its exponent is equal to unity (88, 1), and may therefore be 
omitted. We shall have 

oaf* __ asf^tf* ga;«y-» ^ aof^y^ 

If we multiply both numerator and denominator of the same 
fraction by ar»», we shall have 

aaf^ aaf*"""* aofi a 

ly^ hy^x"^ byx""* hyoT'^ 

In like manner we may transfer any factor having a negative 
exponent. For example, let us take the fraction, --r— , and mul- 
tiply both numerator and denominator by a?* ; we shall have 

By the same principle, also, any fraction may be reduced to the 
form of an entire quantity ; thus, 

/j.m ^xf^y^ Tf^xf^ af^y^ 

y" "" y""*^ "" y® "" i "" ^'' 

In all operations of this kind, the intermediate steps may be 
omitted, and the results obtained by the following 
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BuLE. — ^I. To transfer any factor from the denominator to the 
namerator, or the reverse : — Change the sign of its exponent. 

11. To reduce any fraction to the form of an entire quantity : — 
Transfer all the factors of the denominator to the numerator, 
observing to change the signs of the exponents of the factors trans- 
ferred. 

JBXAMPZBS von J>JtACTICJE. 

In each of the following fractious^ transfer the unknown fac- 
tors> or factors containing unknown quantities^ to the numerator. 

ax . axxr^ 

A, ■= ;• AnS* —z • 

6?war* hm 

3. J-. Ans.^^^^:^. 
axgz a 

4. —. r. Ans. -^ ^ — 

aix-^y) a 

5. ?^^. Ans/^"^. 

^- 3^3- ^^^-Ta- 

1. ^ — )- (is- Ans. — \ ^. 

5cm (a — x)^ 5cm 

4Lm {x — yY (1 — a;) * 4m 

In each of the following fractions, transfer the known'factors 
to the denominator, and the unknown factors to the numerator: 

^- -6^' -^' bar^b-^c-^' 

{x — o)-» (a — by {a — by 
U i^^-. An». '^ . 
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In the following fractions, transfer the factors having negatiye 
exponents. 

Bednce each of the following fractions to the form of an entire 
quantity : 

15. — =-— Ans. ba^iar^srK 
arz 

16. ^. Ans. narhnr^x^. 

17. ~ Am. 4L'^(^bar^K 

18. ^^^ . Ans. 4aV^ {a - x)-^. 
{a — xf ^ ' 



Case V. 

128. To reduce two or more firactions to a common 
denominator. 

We have seen (124) that a fraction may be reduced to lower 
terms by division. Conversely, a fraction must be reduced to 
higher terms by multiplication, and each of the higher denomi- 
nators it may have must be some multiple of its lowest denomi- 
nator. * Hence, 

1. A common denominator to which two or more fractions 
mav be reduced, must be a common multiple of their lowest 
denominators ; and 

2. The least common denominator of two or more fractions, 
must be the least common multiple of their denominators. 

c d 

1. Seduce -^ and ~t«, to their least common denominator. 
' a^b air 
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We find by inspection that the least common multiple of the 
given denominators is c^V. And 

If, therefore, we multiply both numerator and denominator of 
the first fraction by Vy and of the second by a, we shall reduce 
the two fractions to their least common denominator, oR^. Thus, 

c X ^* = Wc, new numerator of first fraction ; 
d X a=zad, new numerator of second fraction. 
TT c d df^c ad J 

From these principles and illustrations we deduce the following 

EuLE. — I. Find the least common multiple of all the denomina- 
tors, for the least common detxominator, 

U. Divide this common denominator by each of the given denom- 
inators, and multiply each numerator hy the corresponding quo- 
tient Tlie products will be the fiew numerators. 

Note. — ^Mixed nnmbers should first be reduced to fractions, and all 
fractions to their lowest terms. 



BXAMBIsBS FOR JPMJ.CTICS* 

In each of the following examples, reduce the fractions and 
mixed quantities to their least common denominator : 

2a , 36 . 4gc dbx 

X 2c ' 2cQi 2cx 

^ 2a ^ da + 2b . 4ac dab + 2J3 

« 5flp 35 , . , . lOac 9bx 24:cdx 

^' 35' 2?^^^^^- ^^'- "6^^ 6^ "6^' 

. a x + 1 - y 

4. ^, , and —^ — 

c X + a 

J acx + a^c (bx + b)(x + a) bey 

^"^^^ bcx + abc' bcx + abc ' b^^Wc 

5. a^ + - and r« Ans. -^ > — ^ — • 

y ay-^1 ay^ — if ay^^y 
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0. — -—I, — ^-T, ana -^ =5- 



-^'*** ""15 m"* "Tila' S~> 



a3 — J2' a2 — ^ ' «»— d* 



7. 7, -i — 7, and 



a? — r a^ — r jr* — 1 

>in, fl(a^ + a^ + a; + l) &(a^ + l) c 



8. , ^ + ^t' . and ^-^ + ^ 






^n^. 



a;B— 5a4_|.>j8_5^^a._5' ic5_5a^^a4j_5a^^a;_5 



ADDITION. 

139. We have seen (115) that a fraction is equal to the 
reciprocal of its denominator multiplied by the numerator. 
Hence, if two or more fractions have a common denominator, 
they will haye a common fractional unit, which may be made 
the unit of addition. Thus, 

a , b 1 ,1 , 1 /.ix a+b 

c c c c c ^ ^ c 

Or thus, 

c c c 

The intermediate steps may be omitted ; hence the following 

EuLE.— I. Reduce the fractions to their least common denomi- 
nator. 

11. Add the numerators, and write the result over the common 
denominator. 

Notes. — 1. If there are mixed quantities, we may add the entire an4 
fractional parts separately. 

3. Any fractional result should be reduced to its lowest terms. 



ADDITION. 
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L Add — , — , and -• 

o 7 • o 

2. Add f and ^^^. 

h c 

3. Add ^ and 5^-±^. 

3 a + a; 

4. Add ?-±4 and " - * 



jln«. 



63a; 4- 30a; + 35a; 128a; 



105 



Arts. 



105 
ac-hai + P 



be 



Ans. 



a9 + ah: + 3ri^ + 3a^ 



3{a + x) 



fl — J 



a + b 



Ana. 



5. Add 2a H ^— and 4a H Ans. 6a + 



a^ — ^ 
14a — 13 



20 



o K^A K .a? — 2 ^. ,2a; — 3 . ^, 5a;»— 4a;— 9 
6. Add 5a; H ^ — and 4a; H = Ans, 9a;H — 



5a; 



15a; 



7. Add 



a 



a + c^ a — <f 



2c , (? 

and 



a + c 



Ans. 



a + c 



a — c 



8 Add ^y-^y' 3^ + ^y* and "^tzi^. Ans ^ "^ ^^ 



9. Add 



a -{-b 



b-^-c 



(j-.c)(c — a)' (c — a)(a — J) 



, and 



c •{• a 



(a — d) (S — c) 

Ans. 0. 

in A 1.1 a^ — 6 y + g , r+ a5 

^"- ^^^ (a-*)(a-l)' (d + 1) (^ - ay ^"""^ Ji:Z^)^:+T) 

* -4w5. 0. 

be ac 3 ab 

-y and 



11. Add 



12. Add 



(a-J){a-c)' (J--(;)(ft-a)' ' — (c-a)(c-5) 

Ans. 1. 



a; — 3 



a; — 2 



a«.--3a; + 2' a;8— 4a; + 3 



, and 



a;-l 



13. Add 



X 



a^ 



X + V Q^+^X + i 



> and 



a;2_ sx + 6 
. 3a:» — 12a; + 14 

^^- a;3 - 6a;» + lia; - 6' 

a:8 _ 2a:2 _ 3a; 



a;3 + Ga;? + 11a; + 6 

-^^•a8+6a; + 6 
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SUBTRACTION, 

130. If two fractions have a common denominator, they will 
haye the same fractional unit ; and the one may be subtracted 
from the other, by taking the difference of the numerators. Thus, 

a b 1 1-1, .. a — h 

= -xa xft = -x(a — ft)= • 

c e c c c ' c 

Or thus, 

ah * -L * / T\<^^"& 

= acr^ — bc^ = (a — b)cr^ = • 

c c ^ ^ c 

Hence the following 

BuLE. — ^L Reduce the fractions to their least common denomi- 
nator. 

n. Subtract the numerator of the subtrahend from the numera- 
tor of the minuend, and write the result over the common denomi- 
nator. 

1. From -=- subtract — • Ans. -^• 

2. From -^ subtract — 5 — • Ans, — ~ — 

3. From subtract — : — • Ans. ^ 



x — y X'\-y ^ — f^ 

L From Za H ^g — ^^^ ^ H s — 

^ ^ a -^ b , ^ a — b . ^ab 

6. From 7 take — —v* Ans. 



a^b a + b a^—t^ 

6. From x + ^^ take ^±^. Ans. x^^^,^ 

7. From 3a; + t take x ^^^^ 

c 

^ ^^ 2x^^ Ha; + 12 ^^ Za^^&x^U "^"^^ P3i6' 
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9. From . .^? t ^ .,. take « + ^* 



a' + 3ab + W c^ + bab + ^V 

2(fl - i) 

10, From . ,. ^.•"'?. , ,,. take ^^ " * 



7ai(a — J) — 2(a» — V) 3aJ(a + i) — 2(a3+ 6^) 

Arts, -pt — i^* 
a2 — 6^ 

MULTIPLICATION. 

131. Any fraction may be multiplied by an entire quantity in 
two ways: 

1st. By multiplying its numerator ; or 

2d. By dividing its denominator (llO, I and II). 

132. A general rule for the multiplication of fractions is fur- 
nished by the following example : 

1. Multiply rr by y 



OFEBATIOir. 



Y X 3 = db-^ X cd'^ = acb-'^d"^ = ^-i- 
a bd 

By observing the result, we find that the new numerator is the 
product of the given numerators, and the new denominator is the 
product of the given denominators. Hence the following 

BuLE. — I. Reduce entire and mixed quantities to fractional 
forms. 

II. Multiply the numerators together for a new numerator ^ and 
the denominators for a new denominator, canceling all factors 
common to the numerator and denominator of the indicated 
product* 

xxAjirrzjss ran mACxiCE. 

1. Multiply T by — Ans. — 

a Multiply ^ by ^^^. Ans. ^. 

7* 
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3. Multiply — jj^^ by -• ^iw. — ^^— • 

4. Multiply — jr by • Ans, —' 

^ ^ 2ij ^ a-^x y 

5. Multiply gr^jy by - ^^g~ • ^««. Cy. 

6. Multiply -^-^ by ^^— ^. .In*. -^--^ 

7. Multiply — ^- by ^^_^^ Arts. 3(a + ^). 

8. Multiply « + T by a — |- -4w«. ^ — ^^ ^. 

9. Multiply ^^ by ^^-^. ^«,. ^^:r6- 

rA «__ */2 /g /» 

10. Multiply together ^, — ; — -, and • Arts. a. 

X X '\' y X — y 

11. Multiply , ... by o . ^ oo^x , .^.wv ^«5. 



a — 5>i -^ Sa* + 32ai + 3-^^ 2a + 46 

12. Multiply together —z: — , — ■—=, and 3a. Arts, kt— -tt' 

cS^ -^ 1?^ a^ —"" "& CLX 

13. Multiply together -^"xy? ^^Z^ *°^ ^ "*" 



a — x 



^n.."'<«-^>. 



2 



14. Multiply together ^g_y , J-^-^ and oTT^* '^'*** ** + * 

15. Multiply together — ^, ^^. ai»d ^--^. 
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16. Multiply together , ^^^ ~ '^ ^ , ^(^ + '^ ^ and ^-^. 

ax 

17. Multiply ^^ — ■ ^ ' — - by 7 7 — '—jr r- 

Ans. — 1. 

DIVISION. 

133. Any fraction may be divided by an entire quantiiy in 
two ways : 

1st. By dividing its numerator ; or 

2d. By multiplying its denominator (119, 1 and II). 

We may, however, derive a general rule for the division of frac- 
tions, from the following example : 

a 



1. Divide t by ^• 



OPEEATION. 



a c ' . j_. ai~^ ad 

By inspecting this result, we find that the new numerator may 
be obtained, by multiplying the numerator of the dividend by the 
denominator of the divisor; and the new denominator maybe 
obtained, by multiplying the denominator of the dividend by the 
numerator of the divisor. Hence the 

EuLE. — ^I. Reduce entire and mixed quantities to fractional 
forms. 

n. Invert the terms of the divisor, and proceed as in multipli- 
cation, 

jsxAJtrrzsa ron pbacticb. 

^ -rk» 'J 5a; , J J 6x c 6cx 

1. Divide — by -• * Ans. — x t = — r- 

a ^ c a ao 

2. Divide — - — by — --=•. Ans, ^ ' ^ » 

c "^ a -\- ^ 
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8. Divide by -^ ^- ^ns, — ^^ ^ ' 

6. Divide —= — -r- by Ans. -r-- —-5. 

7. Dmde — ^— by -^^. ^n.. 3^^-^. 

o T%- 'ji 9a?-- 3a: , a;« 9a; — 3 

8. Divide by —• Ans. 

5 "^ 5 X 

o -r,. . , 6a: — 7 , a: — 1 . 18a: — 21 

9. Divide — — — by — ^ — Ans. — = — = — 

a: + 1 "^ 3 a? — 1 

10. Divide ~-o— by Ans. tt-s* 

3^2 •'7 6a* 

11. Divide -5 — s 5 by — -^- -i- — Ans. cfi + of. 

a^ — 2aa: + a:^ -^ a — a; 

12. Divide ^-^-^ by |?. ^n.. ?»^:=:^. 

5-^5 y 

13. Divide -~Y- oy r-r— -^^« — • 

a + '' a + m 

X CL Qj^ ~~ tfi 

14. Divide a by x • Ans. ^• 

^ x-\-y a; — y x 

16. Divide :r7r"z 0-5 510 by ^ 5- •-— -4w5. —7 — 'sri* 

lOa^ — 3fl2 — 3 J8 -^ J -- 3a a ao — Qcr 

-^ ~ ., a' 1 , a 11 .^^ g + g 

17. Divide -« + -by-a — Ans. —- — 

a;8 • a "^ a:* a: a x 

iQ n- -^ a-1 . S-1 , c-1 ,, ^ /l_i_l.l\ 

18. Divide -\ 1 1 by 2 — (-+jr + -)- 

ale ^ \a c/ 

Ans. 1. 
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EEDITOTION OF COMPLEX FORMS. 

134. A fraction is said to be simple, when both nnmerator and 
denominator are entire ; otherwise it is said to be complex. 

135. To reduce a complex to a simple fraction, we may regard 
the quantity above the line as a dividend, and the quantity below 
it a3 a divisor, and proceed according to the last rule. 

A more convenient method may be derived from the following 
observations : 

1. If a fraction be multiplied by its own denominator, the 
product will be the numerator. 

2. If a fraction be multiplied by any multiple of its denomina- 
tor, the product must be entire. 

Hence, to simplify a complex fraction, we have the following 

BuLE. — Multiplyboth numerator and denominator by the least 
common multiple of the denominators of the fractional parts. 



a 



1. Simplify 



1- " 



a -{- X 



Multiplying both numerator and denominator by (a— ») (a+a:), 
or by its equal a^ — a^, we have 



« -1 



a — x a^ + ax — a^-i-x^ ax + x^ a + x , 

— — = -s r -T = = J Ans» 

- ^ a a^'-'T^^a^ + ax ax^x^ a — x^ 

a •\-x 
2. Simplify \. An,. ^±-^. 

.... «+T 
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— + ■— 

3. Simplify -r --. Ans. -j — --^t— 

^— 1 X + 1 

4. Simplify — — ITT' Ans. -) — ; — [ , ) — v 

6. Simplify :; r-T^' ^*w. ^^ , "^ , * 

hc^ ac^ ab . ^2 + }2 + ^a 



6. Simplify -7 r— J[«5. 



ab ac be d^t^-^-a^c^ + ^c^ 



flf + J o — ft 

7. Simplify ^^4—^- •4»*- ^^^' 

•^ fl + ft , g — ft flw + ftd 

ga 4. y g2 _ y 

8. Simplify — —T -i--r- - Ans. 



a -h b a — b a^ + P 

a-^ b a + b 



9. Simplify — Tj ^* iln*. -)^ — rf- 

1.1 t/ia;*— U 



y~l+y+l 

g+1 ft+lg+1 d+1 
10. Stap% ^ ± ± '-. 



c + d a + ft 



abed 
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SECTION 11. 

SIMPLE EQUATIOIsrS. 

136. An Equation is an expression of equality between two 
quantities. Thus, 

is an equation^ signifying that the sum of x and y is equal to a, 

137. The First Member of an equation is the quantity on 
the left of the sign of equality ; and 

The Second Member is the quantity on the right of the 
sign of equality. Thus, in the equation, 

« — 3y = a — S, 

the first member is a; — 3y, and the second member is a — h. 
The two members are sometimes called the two sides of the equa- 
tion. 

138. It is important to observe that the kind of equality sub- 
sisting in an equation is algebraic ; that is, the two members must 
have the same essential sign, as well as the same arithmetical value. 

139. The Unkiiown Quantity of an equation is the let- 
ter to which some particular value or values must be given, in 
order that the statement contained in the equation may be true. 
And such value or values are said to satisfy the equation. An 
equation may contain two or more unknown quantities. 

140. A Moot of an equation is any value which, being sub- 
stituted for the unknown quantity, wiU satisfy the equation. 

For example, in 

a;3 + 2a; = 35 

let us substitute 5 for 2; ; we shall then have 

63 + 2 X 5 = 35, 

25 4- 10 = 35, 

35 = 35. 
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Hence, 5 is a root of the equation, because if substituted for x, 
it will render the two members equal. Again, let a; = — 7. We 

have 

(- iy + {-7 X 2) = 35, 
49 — 14 = 35, 
35 = 35. 
Hence, — • 7 is also a root of the given equation. 

141. A Numerical Equation is one in which all the 
known quantities are expressed by figures, as, Ss^—ofi+2x = 17. 

142. A Literal Equation is one in which some or all of 
the known quantities are expressed by letters ; as aa^—dbx^bd. 

143. An Equation of Condition is one which must exist 
between certain known or arbitrary quantities, in order that cer- 
tain other equations may be true. Thus, the two equations, 

X -\- c = 6a, 

X — c =■ (X, 
cannot both be true at the same time, unless 

c = 2a; 
that is, the last equation expresses the condition which will ren- 
der the other two equations true; it is therefore called an 
equation of condition. 

144. An Identical Equation is one in which the two 

members are the same algebraic expression, or are reducible to 

the s^me. Thus, 

a^ -^x = a* — dx, 

a^ — a^=z{x + a){x-' a), 
are identical equations. 

145. Equations are said to be of different degrees or dimen- 
sions. 

The Degree of an equation is denoted by the greatest num- 
ber of unknown factors occurring in any term. Hence, 

1. If an equation involves but one unknown quantity, its degree 
is denoted by the highest exponent of this quantity in any term< 

2. If an equation involves more than one unknown quantity, 
its degree is denoted by the greatest sum which the exponents of 
the unknown quantities give in any term. 



Thus, for example : 

I — ^ i ^'^ equations of the first degree ; 

• _ g, 5- are equations of the second degree ; 

aa^ + ha^ 4- ex =z 2a^b ) 

146. A Simple Equation is an equation of the first 
degree. 

147. A Quculratic JEquation is an equation of the second 
degree. 

148. A Cubic Equation is an equation of the third degree. 



TEANSFOEMATION OP EQUATIONS. 

149. The Transformation of an equation is the process 
of changmg its form without destroying the equality of its 
members. 

From the nature of an equation^ it is eyident that all the 
operations to which it can be subjected without destroying the 
equality, are embraced in the axioms (39) ; they may be stated 
as follows : 

1. The same or equal quantities may be added to both mem- 
bers (Ax. 1). 

2. The same or equal quantities may be subtracted from both 
members (Ax. 2). 

3. Both members may be multiplied by Qie same or equal 
quantities (Ax. 3). 

4. Both members may be divided by the same or equal quan« 
titles (Ax. 4). 

5. Both members may be raised^ by inyolution^ to the same 
power (Ax. 8). 

6. Both members may be reduced, by eyol^tion, to the same 
root (Ax. S). 

8 
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Case L 
150. To transpose the terms of an equation. 

Transposition is the process of changing a term from one 
member of an equation to the other, without destroying the 
equality. 

To exhibit the law of transposition, let us consider the three 
following examples : 

1. Let X + a = b. 

If we subtract a from both members of this equation, the result 

will be 

x=zb — a; 

and we perceive that the term, + a, has been removed from the 
first member, and appears as — a in the second member. 

2. Let a: — fl = J. 

K we add a to both members of this equation, the result will bo 

x:=b -{- a; 
and we perceive that the term, — a, has been removed from tho 
first member, and appears as + ^ in the second. 

3. Let a — a; = J. 

Subtracting a from both members of the equation, we have 

— a; = — a + J. 

If we now multiply both members of this result by — 1, we 

shall have 

x = a — b; 

and by comparing this last result with the given equation, we 
observe that + a has been removed from the first to the second 
member, but the signs of both the other terms of the equation 
have been changed. 

Hence, for changing the sign or place of any term of an equa- 
tion we have the following 

EULE. — ^I. Any term may be transposed from one member of an 
equation to the other by changing its sign (1, 2). 

II. Any term may be transposed without changing its sign, 
provided the signs of all the other terms be changed (3). 

III. The sign of any term may be changed without transposition, 
ly changing the signs of all the terms simultaneously (3). 
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MXAMBIsES von rBACTICJB. 

In the foUowlDg equatioDs, transpose the unknown terms to 
the first member^ and the known terms to the second (I) : 

1. a^x + bc = ab — 2ax. Ans. o?x + 2aa; = aJ — Jc. 

2. 3J^ — 2a; — 6 = 3c — Sfla; — rfx. 

Ans. 6ax + da; — 2x = 3(? — 3 J* + 5. 

3. 4c^ — a + 3J = a; — aJ — 2ca;. 

-4/25. 4:c;^ — x + 2cx zzza — db — ab. 

4* 5a5' — a; + 4c(Z = aa; — r ca; + a^. 

-47W. cx — ax — z^a^ — bdl? — 4cdl 

In the following^ transpose the unknown terms to the first 
member, and the known to the second (II) 

6. ax + lc:=za^ + fx. Ans. (^x-^ax^bc — aK 

6. 4:C(P — a^x — 3cm =iaX'—mK 

Ans. a^x + ax = AccP — 3cm + m*. 

7. aa; — 7 + 5cd = Jc + a^cx — 4ml 

Ans. a^cx — aa; = bed — 7 — fo + 4m'. 

8. a« — c^ — 3(fe = c»(fti; — 5 J^. 

-4»5. c^d^a- + c%? + 3da; = a? + 6J». 

Case IL 
151. To clear an equation of fractions. 

We have seen (135, 2), that if a fraction be multiplied by any 
multiple of its denominator, the product will be entire ; conse- 
quently, if several fractions be multiplied by a common multiple 
of their denominators, all the products will be entire. 

Let us take the equation, 

10 15 "" 

Multipljring every term by 30, which is the least common muU 
iiple of the denominators, we have 

9a; — 4a; = 360, 

in which all the terms are entire. 
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..,. X X-^C X + c 

Multiplying every term by a'J*, observing that the product 
obtained from the second fraction is to be subtracted^ we have 

Kr — ar + ac = &r + Jc. 

Hence the following 

Rule. — Multiply all the terms of the equation by tlie least com- 
mon multiple of tlie denominators, observing tJiai when a fraction 
lias the minus sign before it, the signs of the terms derived from 
its numerator must be changed. 

Notes. — 1. The papil shoiJd obsenre that in maltipljing any fraction 
it will be most convenient to divide the multiplier bj the denominator 
and multiply the numerator by the quotient. 

2. It will be obvious, also, that the equation will be cleared of frac- 
tions, by multiplying by the several denominators, successively. 

JBXjIMPZES rOB BUACTIC E. 

Clear the following equations of fractions : 
• 1. I + ^ _ ^ = 10. Ans. 6x + 82; - 9a; = 120. 

2. ^_??+i = ?-ZL^. ^n«. 18a;-.6a:-9 = 2a:-10. 
7 14 21 

3. 1 ; — = :3 i- Ans. ax + a^ + cx-^ac^d. 

x-^a X -j- a ar — cfl • 

. x — a 2a;--3tf x + ac 

»ff ————— — • - ■ ■ •"" ■■ 

e a& c^ 

Ans, a^ex ^cfic^ 2ax + 3fl? = A? + «A 

ax — bx ex — ax bx — ex 



5. 



Sc 10a 4ac 

Ans, 6ah: — 5abx — 4ac^x + 4tacx = lObx — lOca;. 

^ 6x 3a; 3 — a; ^ 5a; — 2 _ 

Ans. 100a; — 45a; + 30 — 10a; --* 60a; + 24 =? 480. 

''• ^. = 7^ + :L + 7k' Ans.x^a^ + l^ + i?. 

aw OCX OCX atfx 
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SOLUTION OP SIMPLE EQUATIONS. 

152. The Solution of an Equation is the process of 
finding the value or values of the unknown quantity, or the roots 
of the equation. 

153. A root of an equation is said to be verified^ if the two 
members of the eqtiation prove to be equal after the root has been 
substituted for the unknown quantity. 

154. A simple equation may be solved, by transforming it in 
such a manner that the unknown quantity shall stand alone, and 
constitute one member of the equation ; the other member will 
then be the value of the unknown quantity, or the root of the 

* equation. 

Let it be required to find the value of x in the equation 

5a; ~ 2 a; — 7 __ ^ , bx .. 
3 T" " "^ 6 " * ^ '* 

Clearing of fractions, 

20a; — 8 — 3ar + 21 = 48 + 10a; . . . (2). 

By transposition, 

20a; — 3a; — lOar = 48 + 8 — 21 . . . (3). 

Uniting similar terms, 7a; = 35 . , . (4). 

Dividing both members by 7, a; = 5 . . . (5). 

To verify this value of a;, substitute it for x in equation (1) ; 

we shall have 

25 — 2 5 — 7 .25 

3 4 ^ 6 

Beducing each term to its simplest form, we obtain 

7i + | = 4 + 4i; 
whence, by addition, we have 

the value of x is therefore verified. 

155. It should here be observed that an equation of the first 
degree, containing but one unknown quantity, cannot have more 
than one root. For, whatever the equation may be, suppose it to 

8* 
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be cleared of fractions, and the unknown terms transposed to the 
first member, and the known terms to the second. Then if we 
represent the algebraic sum of the coefficients of x by a, and the 
second member by J, the equation will take this general form : 

a:r = & . . • (1). 

Now, if possible, suppose that this equation has two roots, r 
and r\ Then since every root must satisfy the equation (140), 
we shall have, by substituting r and r' successively in (1), 

or = ft . . . (2), 

ar'=ft.. . (3); 

whence, by Ax. 7, we shall have 

ar-=Lar*., . (4) ; 

or, by transposing and factoring, 

fl(r~r') = 0... (5). 

But equation (5) i3 impossible, since, by supposition, r — r' is 
not zero, and a is not zero. Hence, 

An equation of the first degree cannot have more tlian one root. 

156. From these principles and illustrations we derive the fol- 
lowing 

Rule. — I. If necessary, clear the equation of fractions, a7id 
perform all the operations indicated. 

II. Transpose the unknown terms to the first member and the 
knoivn terms to the second, and reduce each member to its simplest 
form, factoring, when necessary, with reference to the unknown 
quantity. 

III. Divide both members by the coefficient of the unJcnoicn 
quantity, and the second member will be the value required, or the 
root of the equation. 

The three principal steps in the reduction of a simple equation, 
containing but one unknown quantity, may be briefly stated as 
follows : 

Isfc. Clearing of fractions. 
. 2d. Transposing and uniting terms. 

3d. Dividing by the coefficient of x. 
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There are certain cases in which the preceding rule may be 
modified, with advantage, by special artifices. 

1. When the equation contains similar terms, or fractions 
having a common denominator, these should be united as far as 
possible before clearing of fractions. Thus, 

Gi.en 56 + ^i:=ll5 + i^ = 10O-i+i2; 

transposing and uniting tenns, 2. + 5^ = 44 ; 

clearing of fractions, 14a; + a; — 7 = 308 ; 

15x = 315 ; 
a; = 21. 

2. When the equation contains fractions whose numerators or 

denominatoi's are polynomial, we may clear the equation of its 

simpler denominators first, uniting the entire quantities at each 

step, if possible. Thus, 
'. 6a; + 7 . 7a; -13 2a; + 4 

multiplying by 9, 6« + 7 + ^^zfT = ^^ + ^^ 5 

2\x 39 

transposing and uniting, -J5 — —zr- = 5 ; 

clearing of fractions, 21a; — 39 = 10a; + 6 ; 

11a; = 44; 
whence, by division, x=z4:. 

3. When the equation contains but a single numerical term, 
we may simply indicate the multiplication of this term, in the 
clearing of fractions, until the final step in the solution is reached. 
Thus, 

Given 1 + 1 + ^ + ^ = 88; 

multiplying by 84, 21a; + 12a; + 7a; + 4a; = 88 x 84 ; 

44a: = 88 x 84; 
dividing by 44, x= 2x84; 

X = 168. 
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xxAMrz:Es won wracticb. 

Find the value of x in each of the following equations : 

1. 7a: — 16 = 3x -- 4. Am. x=z3. 

2. 3z + 9=z6x + l. Ans. a; = 4. 

3. 4a; + 7 = a; + 21 — a + as. Ans. x = 5|^. 

4. 5a; + 16 = a? + 62. Ans. x = d. 

6. 5ax — {? = J — Sax. Ans. x = J" ^ « 

8a 

^ 5 

6. <zx + b=z9x + c. An8.x = --• 

a — 9 

X X 

7. 7 + - = 10. Ans. X = 24. 
4 u 

3a7 X 

5. y = J + 24. Jn5. a; = 19|. 

^ 3a; + 5 15a? — 1 . 

y. — 3 — = — g • -4n5. x=7. 

^^ a; + 1 , 3a? — 5 9a; . 

10. — ^1 1 r — = Yg« Ans. X = 20. 

,, 2a; + l , 7a;-15 17a; + 3 3 . 

11. —2—+ — 5 = — 8 -2 Ans.x=z5. 

^^ X X 5x 6x 3x ^^ 

2 "^ 3 "*■ 12 ~ T "^ T ~ ^' ^ ~ ^^' 

^« 17a; — 12 5a; - 16 10a; — 3 6a; — 7 ^ 

lo. 5 5 =: — - — . ^w«. a; = 16. 

o 4 6 2 

tA oi , 3.r — 11 5a; — 5 , 97 — 7a; . 

14. 21 H jg — = — g — + — ^ Ans. a; = 9. 

-- 7a; + 16 a; + 8 a; . ^ 

15. — ^^_^.^_jj = -. ^»&a;=:8. 

.^ 9a; + 20 4a? — 12 , a; . 

16. — ^g— = -g—-^- + -. ^n^.a? = 8. 

-„ 20a; 36 5a; + 20 4a; , 86 . 

^^- "25' + 25 + 9^^ri6 = y+25' ^fw. a? = 4. 
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9^ 



,- See x — 1 . 30a; + 13 

18. -J- ^ = ex J— 

21. 2x 5 1- 15 = z^ • 



Ans, re = 5. 



Ans. x = 9. 



Ans. x = 13. 



Ans. X = 12. 



22. 



23. 



24. 



5a; + 5 

x + % 

70? + 9 
4 

7 + 9ar 



29 = ^^-30. 
X — 2 



-{'-^)='- 
-('-^1='- 



25. i+i + i+ ? = t=i + !jri + 8. 



^n«. a; = 2. 



^9t^. X ^ 5, 



Ans. x=- 



1 
5 



2 



6 



^wa. a; = 1. 



''- l+f+i+l=^^- 



^n«. a; = 60. 



^^- I + i+!=i3'>- 



^7W. X = 120. 



2»- i+f+S=^°- 



Ans. X = 120. 



jp /p /«• 

29. 2 "'" 3 "^ 7 ^^ ^^* 



-4n5. a: = 84 



''• f+f+5+S+fi=««o- 



31. a'o; + 2ac — c^ = a^ + A 



Ans. X = 1260. 



u4n«. x=z 



a — e 

a + c 



32. 4te — 2a = 3a J — 6 J%b. 






33. a{x^b)+b{x--c)+c{x^a)=:0. Ans. ^^^^+«/+K 
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84. a* ^ — 1) + am (a; — 2) = m\ Ana. x = 

b — az 



36. 



37. 



38. 
39. 
40. 

41. 
42. 

43. 



a -h m 



35. ax + ex + x = b + 



Ans. X = 



a 
b 



a -{■ X c — X __ a^ 
~b~' "^ IT' - ■* 



Ans. x=z^ 



a -r c 
be 



b'-d 



X- ^ X 



X X _ ^ 



a — 1"^ J — 1 a + 1 i + 1 

^n5. a;- 2(a2_2 + J«) 

Ans. x = -• 

c— 1 

Ans. x=zabc. 



a; — 1 a: 



' + ' 



XXX 

- + -T + -=:ab + ac + be. 
a c 

x-—b — c . a? — a — c , a? — a — J « 

a c 

Ans. x=za + b + c 

1.25a? — 6.125 + .25a: = .625a:. Ans. a: = 7. 

3.164a: — 4.266 = .24a: + .08a:. Ans. x = 1.5. 

2.4a: — .12 4.6a: — 3.6 .64a: — .048 



2.8 



.7 



Am. X = .8. 



PROBLEMS 

PRODUCING EQUATIONS WHICH CONTAIN ONE UNKNOWN QUANTITT. 

157. A Frobleni, in Algebra, is a question requiring the 
values of one or more unknown quantities from given conditions. 

158. The Solution of a problem is the process of finding 
the values of the unknown quantities. 

159. Every problem in Algebra contains a statement of the 
relations between certain known and certain unknown quantities. 
"When these relations are such as to furnish one or more equal- 
ities, the process of solution consists in expressing these equalities 
algebraically^ and in solving the equations thus obtained. 
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160. There are two classes of problems which may be solved 
by the nse of a single equation. 

Ist. Questions referring to a single unknown quantity. 

2d. Questions referring to two or more unknown quantities, 
so related that when one is known, the others may be determined 
directly by the given conditions. 

The following are examples of the first class : 

1. What number is that the sum of whose third and fourth 
parts is 21 ? 

Let X represent the number ; then by the conditions, 

clearing of fractions, 4a; + 3a: = 21 x 12, 

7a; = 21 X 12, 
whence, a? = 36, Ans. 

2. A and B have each the same annual income. A's yearly 
expenses are 1800 and B's $1000, and A saves as much in 5 years 
as B saves in 7 years ; how much is the annual income ? 

Let X = the income ; 

then X — 800 = A's annual savings ; 

and a; — 1000 = B's " " 

Now by the conditions of the problem, we have 
6 (a; — 800) = 7 (a; — 1000) ; 
whence, 6a? — 4000 = 7a: — 7000, 

2a: = 3000, 
X = 1500, Ans. 

The following are examples of the second class : 

3. Three men form a copartnership with a joint capital of $7200. 
A put in a certain sum, B put in three times as much as A, and C 
put in as much as both A and B ; how much did each man furnish ? 



Let 


X = A's share; 


then 


3a: = B's " , 


and 


4a: = C's " . 


By the conditions. 


8a: = $7200 ; 


whence. 


X = $900, A's share. 


- 


3a: = $2700, B's share,. 




ix — $3600, C's share. 
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4. There are two numbers whose difference is 6 ; and if ^ of the 
less be added to \ of the greater^ the snm will be equal to ^ of the 
greater diminished by ^ of the less. Beqnired the two numbers. 

Let X = the less ; then a; + 6 = the greater. 

By the conditions of the problem, 

X X + 6 ^x -{- 6 x^ 
3 "^ ~6~ "" ~3 5 ' 

clearing of fractions, 6a: -if- 3aj + 18 = 5a? + 30 — 3a; ; 
whence, 6a; = 12 ; 

x=i2, the less, 
a; + 6 = 8, the greater. 

These examples illustrate the three essential steps in the solu- 
tion of any problem requiring but one equation ; and we may 
derive from them the following 

GENERAL EULE. 

I. Represent one of the unknotvn quantities by some letter or 
symbol, and then from the given relations find an algebraic expreS' 
sionfor each oftJie other unknown quantitiesy if any, involved in 
the question. 

II. Form an equation from some condition, expressed or im- 
pliedy by indicating the operations necessary to verify the value 
of the unhnovm quantity represented by the symbol 

III. Solve the equation thus derived. 

The three steps in this process may be named as follows : 

1st. The notation. 

2d. The equation. 

3d. The solution of the equation. 

EEMARES. 

1. By the first two steps, the conditions of the problem are 
translated from common into algebraic language. This is caUed 
the statement of the question. 

2. The chief diflBculty in the solution of a problem is generally 
experienced in obtaining the statement. This arises in part from 
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the fact that among the problems which may be proposed, there 
exists an indefinite variety of conditions ; and the operator is 
left very much to his ingenuity, both in adopting suitable nota- 
tion for any problem, and in deriving the equation. 

3. Algebraic problems present two kinds of conditions. Explicit 
and Implicit An explicit condition is one which is distinctly 
and formally expressed in the language of the problem. An 
implicit condition is one which is not directly expressed, but only ] 
implied, or left to be inferred from other conditions. 

4. In any determinate problem there are as many conditions 
as there are quantities to be determined. And if we represent 
one of the unknown quantities by an arbitrary symbol, and then 
proceed to derive expressions for the other unknown quantities, 
if any, each from a separate condition, there will always remain 
a final condition, either explicit or implicit, from which to derive 
the equation, 

rnOBLBMS FOB SOLUTION. 

1. What number is that from which if 6 be subtracted, and 
the remainder multiplied by 11, the product will be 121 ? 

Ans. 17. 

2. A man holds a lease for 20 years, and \ of the time past is 
equal to \ of the time to come ; how much of the time has passed ? 

Ans. 12 years. 

3. What number is that which being increased by |, \, and J 
of itself is equal to 250 ? Ans. 120. 

4. Divide 77 into two such parts that if one part be divided 
by 7 and the other by 3, the sufn of the quotients will be 15. 

Ans. 56 and 21. 
6. Ttie sum of two numbers is 75, and their difference is equal 
to -J- of the greater ; what are the numbers ? Ans. 45 and 30. 

6. After paying away J and \ of my money, I had %Q% left ; 
how much had I at first ? Ans. $120. 

7. After paying away ^ of my money, and -J- of what remained, 
and losing \ of what was then left, I still had $24 ; how much 
had I at first ? Ans. $60. 

9 
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8. What number is that from which if 5 be subtracted^ {- of 
the remainder will be 40 ? Ant. 65. 

9. A man sold a horse and a chaise for $200, and ^ of the 
price of the horse was equal to \ of the price of the chaise. What 
was the price of each ? Arts, Chaise, $120 ; horse, $80. 

10. Divide 48 into two such parts, that if the less be divided 
by 4, and the greater by 6, the sum of the quotients will be 9. 

Ans. 12 and 36. 

11. An estate was divided among 4 children in the following 
manner : The first received $200 more than J of the whole, the 
second $340 more than \ of the whole, the third $300 more than 
\ of the whole, and the fourth $400 more than \ of the whole ; 
what was the value of the estate? Ans. $4800. 

12. What number is that from which if 91 be subtracted, J of 
the remainder will be equal to -^ of the number ? Ans. 130. 

13. Four men take stock in a railroad company, amounting in 
the aggregate to $73500. A takes a certain sum, B takes three 
times as much as A, G takes three times as much as A and B 
together, and D takes ^ as much as B and C. How much of the 
stock does A take ? Ans. $3500. 

14. Divide 105 into two parts which shall be to each other as 
3 to 4 

Since the parts are to each other as 3 to 4, let 

3aj = the less part ; then Ax = the greater ; 
hence 1x = 105, a: = 15 ; 

Zx = 45, the less ; 
Ax =: 60, the greater. 

15. A and B shared between themselves a bequest of $2000, in 
the ratio of 7 to 9. How much did each receive ? 

Ans. A, $875 ; B, $1125. 

16. A farmer made a mixture of rye, oats, and peas, using 3 
bushels of rye as often as 4 of oats and 5 of peas. The whole 
amount of grain used was 72 bushels ; how many bi^shels were 
there of each kind ? 

Ans. Bye, 18 bushels ; oats, 24 bushels ; peas, 30 bushels. 
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17. From two casks of equal size were drawn quantities which 
ore in the ratio of 6 to 7 ; and it appears that if 16 gallons less 
had heen drawn from that which now contains the less, only one 
half as much would have heen drawn from it as from the other. 
How many gallons were drawn from each ? Arts. 24 and 28. 

18. It is required to divide the numher 204 into two such parts 
that \ of the less heing taken from the greater, the remainder 
will he equal to f of the greater subtracted from 4 times the less. 

Ans. 154 and 50. 

19. A man bought a horse and chaise for 341 dollars. Xow if 
f of the price of the horse be subtracted from twice the price of 
the chaise, the remainder will be the same as if -j}^ of the price of 
the chaise be subtracted from 3 times the price of the horse. 
Bequired the price of each. Ans, Horse, 1152 ; chaise, $189. 

20. A certain sum of money was put at simple interest ; in 8 
months it amounted to $1488, and in 15 months it amounted to 
$1530. What was the sum at interest ? 

It is often convenient, in the solution of a problem, to avoid 
the multiplication of large numerals. This may bo done by 
representing a given number by a letter, as follows : 

Put a = 1488; then a + 42 = 1530. 

Let X = the sum at interest ; 

then a — x=z interest for 8 months ; 

and a + 42 — a; = " " 15 " 

Equating two ezpressions for the monthly interest, 

g — a? __ a + 42 -^x 
~8~"" 15 ' 
whence, 15a — 15a; = 8a + 336 — 8a:, 

7a; = 7a — 336, 

and a: = a — 48 = $1440, Arts. 

21. A prize having been captured by a privateer, the sum of 
$7560 was awarded to the officers, and the residue was divided 
equally among the crew, consisting of 27 men. If the officers 
had received $9560, and the crew had consisted of 25 men, each 
private would have received the same sum for his share ; what 
was the value of the prize ? Am. $34560. 
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22. A merchant allows $1000 per annum for the expenses of 
his family^ and annaallj increases that part of his capital which 
is not so expended by a third of it ; at the end of three years his 
original capital is doubled. What had he at first ? 

Anz, $14800. 

23. A man having a lease for 99 years^ was asked how much of 
it had already expired ; he answered that \ of the time past was 
equal to f of the time to come. Required the time past and the 
time to come. 

Ati^. Time past, 54 years ; time to come, 45 years. 

24. In the composition of a quantity of gunpowder, the nitre 
was 10 pounds more than \ of the whole, the sulphur was 4J 
pounds less than \ of the whole, and the charcoal was 2 pounds 
less than \ of the nitre. What was the amount of the gunpow- 
der? Ans. 69 pounds. 

25. Divide $183 between two men, so that ^ of what the first 
receives shall be equal to ^ of what the second receives. 

Ans. 1st, $63 ; 2d, $120. 

26. Divide the number 68 into two such parts, that the differ- 
ence between the greater and 84 shall be equal to 3 times the 
difference between the less and 40. Ans, Greater, 42 ; less, 26. 

27. Four places are situated in the order of the letters, A, B, 

C, D. The distance from A to D is 34 miles ; the distance from 
A to B is to the distance from C to D as 2 to 3 ; and \ of the 
distance from A to B, added to one half the distance from C to 

D, is three times the distance from B to C. What are the 
respective distances? An8. 12, 4, and 18 miles. 

28. A man driving a flock of sheep to market, was met by a 
party of soldiers, who plundered him of \ of his flock and 6 
more. Afterward he was met by another company, who took \ 
what he then had and 10 more ; after that he had but 2 left 
How many had he at first ? Arts, 45. 

29. A boy engaged to carry 100 glass vessels to a certain place, 
on the condition that he should receive 3 cents for every one he 
delivered, and forfeit 9 cents for every one he broke. On settle- 
ment, he received 240 cents ; hoiv many vessels did he break ? 

Am. 5. 
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30. A person's entire indebtedness to A, B, and 0, was $270. 
His indebtedness to B was twice as much as to A, and his 
indebtedness to C was twice as much as to A and B. How much 
did he owe each? Ans A, $30 ; B, $00 ; C, $180. 

31. A company of 4 laborers received $315. B received H 
times as much as A, C received IJ times as much as A and B, 
and D received 1 J times as much as A, B, and C. What did each 
laborer receive? Ans. A, $24; B, $3G ; C, $80; D, $175. 

Note. — Let Ox represent A's share, and 9a; B's share. 

32. A gamester, after losing \ of his money, won 4 shillings ; 
he then lost J of what he had, and afterward won 3 shillings ; he 
then lost } of what he had, and found that he had only 20 shillings 
remaining. How much had he at first? Ans. 30 shillings. 

33. A gentleman spends f of his yearly income for the support 
of his family, and f of the remainder in improvements on his 
premises, and lays by $70 a year. What is his income ? 

A71S. $630. 

34. Divide the number 60 into two such parts that the product 
of the two parts may bo equal to 3 times the square of the less 
part. Ans. 15 and 45. 

35. My horse and saddle are together worth 90 dollars, and my 
horse is worth 8 times as much as my saddle. What is the value 
of each ? Ans. Saddle, $10 ; horse, 80. 

36. Divide $462 between two persons, so that for every dime 
which one receives, the other may receive a dollar. 

Ans. $42 and $420. 

37. The rent of an estate is 8 per cent greater this year than 
last. This year it is 1890 dollars ; what was it last year ? 

Ans. $1750. 

38. The sum of two numbers is 840, and their difference is 
equal to i of the greater. What are the numbers ? 

Ans. 504 and 336. 

39. A person, after spending 100 dollars more than \ of his 
income, had remaining 35 dollars more than J of it Required 
his income. Ans. $450. 

40. Divide $1520 among A, B, and G, so that B shall have 
$100 more than A, and $270 more than B. 

Ans. A, $350; B, $450; C, $720. . 
9* 
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41. A and B haye the same income. A contracts an annual 
debt amounting to ^ of it ; B lives upon ^ of it ; at the end of 
two years B lends to A enough to pay off his debts, and has 32 
dollars to spare. What is the income of each ? Ans, $280. 

42. A sets out from a certain place, and travels at the rate of 
7 miles in 5 hours ; and 8 hours afterward B sets out from the 
same place in pursuit, at the rate of 5 miles in 3 hours. How 
long and how far must B travel before he overtakes A ? 

Ans. 42 hours ; 70 miles. 

43. A can perform a certain piece of work in 8 days, and B 
can do the same in 12 days ; in how many days can both, work- 
ing together, do ifc ? Arts. 4^. 

44. A person has just 6 hours at his disposal ; how fietr may he 
ride in a coach which travels 8 miles an hour, that he may return 
home in time, walking back at the rate of 4 miles an hour? - 

Ans. 16 miles. 

45. A can dig a trench in one half the time required by B, 
B can dig it in two thirds of the time required by 0, and all 
together can dig it in 6 days ; find the time that each alone 
would require. Ans. A, 11 days ; B, 22 days ; C, 33 days. 

46. A and B start from opposite points and travel toward each 
other, A at the rate of 3 miles an hour, and B at the rate of 4 
miles an hour. At the same time, G sets out with A and travels 
at the rate of 5 mile's an hour. After meeting B he 'turns back 
and travels until he meets A; he then finds that the whole 
time elapsed since starting is 10 hours. How far apart were A 
and B at the beginning ? Ans. 72 miles. 

47. Two farmers owning a flock of sheep, agree to divide them. 
A takes 72 sheep ; B takes 92 sheep, and pays A $35. Eequired 
the value of the flock. Ans. S674. 

48. A crew which can row at the rate of 12 miles an hour in 
still water, finds that it takes 7 hours to come up a river a certain 
distance, and 5 hours to go down again. At what rate does the 
river flow? A7is. 2 miles per hour. 
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SIMPLE EQUATIONS 

CONTAINING TWO UNKNOWN QUANTITIES. 

161* We have seen that every simple equation containing only 
one unknown quantity can be satisfied with one value, and only 
one value, of the unknown quantity (166). But if we consider 
a single equation containing two unknown quantities, we shall 
find that for every value which we please to give to one of the 
unknown quantities, we can determine a corresponding value of 
the other unknown quantity, such that the set of values will 
satisfy the equation. 

Thus, let 2x + 3y = 17 . . .* (1). 

Put x = l, and substitute this value in the given equation ; 
we have 2 + 3y = 17, 

y = 5. 

Now the set of values, is = 1, y = 6, will satisfy the equation ; 
for, by substitution, we have 

2 + 15 == 17. 

In the same manner, we may obtain the following sets of values, 
each one of which will satisfy equation (1) : 

1. x = l, y = 5. 

2. x = 2, y = ^. 

3. a: = 3, y == 3f 

4. a; = 4, y = 3. 

It is evident that there is no limit to the number of sets of 
values that may be obtained. The equation, and also the quan- 
tities, in such cases, are said to be indeterminate. Hence, 

163. An Indeterminate Equation is one which is sat- 
isfied by an infinite number of values of the unknown^iuantities. 

A single equation containing two unknown quantities is inde- 
terminate. 

163. If we take two equations with two unknown quantities, sa 

2a; + 5y = 31 . . . (1), 

3a; + 2y = 19 . . . (2), 

it is evident that we may obtain as many sets of values as we please, 
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which will satisfy each equation, considered separately. Thus, 
proceeding as before, we find that the set, 

will satisfy the first equation ; and a different set, 

a; = 4, y = 3i, 

will satisfy the second equation. 

Now suppose we are required to satisfy both equations with the 
same set of values for x andy. 
Multiplying (1) by 3, and (2) by 2, 

6x + Uy = 93 . . . (3), 
6a? + 4^ = 38 . . . (4). 
Subtracting (4) from (3), 

lly = 55 . . . (5); 
whence, y = 5 . . . (6). 

Substituting this value of y in (1), 

2a; + 25 = 31... (7); 
whence, x= 3 . . . (8). 

Thus we have a single set of values, 

a; = 3, y = 5, 

which will satisfy both equations. For, let these values be sub- 
stituted in the given equations ; we shall have 

6 + 25 = 31, 
9 + 10 = 19. 
Equations thus related are said to be simultaneous. Hence, 

164. Simultaneous Equations are those which must 
be satisfied by the same values of the unknown quantities which 
enter them. 

When two or more simultaneous equations are given, the values 
of the unknown quantities are determined by a process called 

ELIMINATION. 

165. Elimination is the process of combining equations 
in such a manner as to cause one or more of the unknown quan- 
tities contained in them to disappear. 

There are four principal methods of elimination : 
1st, By addition and subtraction ; 2d, By comparison ; 3d, 
By stibstitution ; 4th, By indeterminate multipliers. 
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Case I. 

166* Elimination by addition and subtraction. 

1. Given dx + 2y = 23, and 4a? — 3y = 8, to find the values 
of X and y. 

OPERATION. 

3a; + 2y = 23 . . . (1), 
4a: — 3y = 8 . . . (2). 

Multiplying (1) by 4, and (2) by 3, 12a? + 8y = 92 . . . (3), 

12a? — 9y = 24 . . . (4) ; 

subtracting (4) from (3), 17y = 6a . . . (5) ; 

whence, y = 4 . . . (6). 

Thus, we have eliminated a?, and found the value of y. 

Again, multiplying (1) by 3, and (2) by 2, 

9a? + 6y = 69 . . . (7), 
8a? — 6y = 16 . . . (8) ; 

adding (7) to (8), 17a; = 85 ; 

whence, • a? = 5. 

We have thus eliminated y, and found the value of x. Hence, 

Etjle. — ^I. Multiply or divide the equations by such numbers 
or quantities that the coefficients of the quantity to be eliminated 
shall be made equal in the two equations, 

II. If t/iese coefficients have like signs, subtract one of the pre* 
pared equations from the other, member from member; if they 
have unlike signs, add the equations, memper to member. 

Notes. — 1. In preparing the given eqnatlons by multiplication, find the 
least common multiple of the coefficients of the letter to be eliminated, and 
divide this multiple by each coefficient ; the quotients will be the least mvJr 
tipliira that can be used. If the coefficients are prime to each other, it is 
evident that each equation must be multiplied by the coefficient in the 
other equation. 

2. It is generally convenient to clear the equations of fractions, before 
applying the rule. This is not necessary, however. For if any letter has 

fractional coefficients in the two equations, the fractions may be reduced to 
a common denominator ; it will then be necessary to render the numexatora 
equal by multiplication or division, according to the rule. 
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Case IL 

167. Elimination by comparison. 

1. Given 3a; + 6y = 42, and 2x + if ^14^ to find the yalnea 
of z and y. 

OPERATION. 

3a; + 6y = 42 (1), 

2x+ y = 14 (2). 

42 5i/ 

From (1), by transposition, etc., x = — ^ — ^ . . . (3). 

" (2), « a; = ii^ ...(4); 



therefore, by Ax. 7, 



42 — 5y _ 14 — y ^ 
3 "~ 2 ' 



clearing of fractions, 84 — lOy = 42 — 3y ; 

whence, 7y = 42, 

Substituting the yalnc of y in (3), a; = 4. 

Hence, we have the following 

BuLE. — I. Find the value of the mme unknown quantity ^ %n 
terms of the other ^ from each of the given equations. 

II. Form an equation by placing these two valueB equal to each 
other. 

Case III. 
168. Elimination by substitution. 

1. Given 'Ax + 2y = 16, and 5a; — 3y = 14, to find the valaes 
of X and y • 

OFEBATION. 

8a; + 3y = 16 (1), 

5ig — 3ff = 14 (2). 

Erom(l), y = li^...(3). 
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Substitatmg this yalne of y in (2), 

- 48 — 9a? ^. 
6z ^ — = 14; 

cleariDg of fractions, 10a; — 48 + 9a; = 28 ; 

whence, rr = 4 

Substituting the yalne of rr in (3), y = 2. 

Hence the following 

Rule. — I. Find the vaJue of one of the unknown quantities, in 
terms of the other, from either of the given equations. 

U. Substitute this value for the same unknown quantity in 
the other equation. 

Case IV. 

169. Elimination by indeterininate multipliers. 

1. Given %x + Zy =. 23, and 5a; + 2y = 30, to find the yalnes 
of X and y, 

K we multiply the first equation by a quantity, m, which is as 
yet undetermined, we have 

27na; + Zmy = 237/i . . . (1), 

5a; +. 2y = 30 ... (2). 

Subtracting (2) from (1), and factoring with reference to x and 
y, we haye 

(2m — 5)a; + (3m — 2)y = 23m — 30 . . . (3). 

It is evident that (3) is true, whatever be the value of m. We 
may therefore assume m to be of such a value that the coefficient 
of one of the unknown quantities shall become zero ; this will 
eliminate that unknown quantity, by causing the term contain* 
ing it to disappear. Thus, assume 

2m — 6 = . . . (4) ; 

whence, m = « • • • (6). 

But if 2m — 5 = 0, the first term of (3) is 0, and that eqnik 

tion becomes 

(3m — 2)y = 23m — 30 ... (6) ; 

23m — 30 ,-,. 
whence y = g^^g • . . (7). 
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If we now substitute in (7) the value of tn, as given in (5), we 

shall have 

_ 23 X I — 30 __ 115 ~ 60 _ 65 _ 

y- 3xi-2 "" 15-4 "ll""^"* ^^^• 

In like manner we may eliminate x from (3). To accomplish 

this, assume 

3;;! — 2 = 0... (9); 

2 
whence, m = ^ . . . (10). 

But if 3wi — 2 = 0, (3) becomes 

(2m — b)z = 23m — 30 . . . (11) ; 

whence, x = — r -::- . . . (12). 

Substituting in (12) the value of m, as expressed in (10), 

23x|-^30 _ 46-90 _-^44^ 
^- 2xf-5 ~4~15 - _ii-^"'K^^h 

This method of elimination is due to the French writer, Bezout. 
It is called the method of indeterminate multipliers, because the 
multipliers which we employ are at first undetermi7ied. Strictly 
speaking, the multipliers thus used are not indetermi7iate ; for, 
in order to effect the eUmination of the unknown quantities, they 
must have ceri;ain definite values, which values are always deter- 
mined in the course of the operation. 

Kecurring to the operation above, we notice that m has two 

values, thus: 5 ,^. 

m = -... (1), 

m=z^... (2). 

The first value of m is the one by which x was eliminated ; the 
second, the one by which y was eliminated. Besume the given 
equations, 2a; + 3y = 23 . . . (1), 

5^ + 2y = 30 . . . (2). 

It will be readily seen that if the first equation be multiplied by 
the first value of m, the coefficients of x will be alike in the two 
equations ; and if the first equation be multiplied by the second 
value of m, the coefficients of y will be alike in the two equations. 
It is obvious, therefore, that the method of indeterminate multipli- 
ers is but a modification of the method of addition and subtraction. 
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BecurriDg again to. the above operation^ it is evident that if the 
sum instead of the differencey of equations (1) and (2) had been 
taken^ the elimination might have been effected with equal facil- 
ity. Hence, 

EuLE. — I. Multiply one of the given equations hy the indefinite 
factor m, and then take the sum or difference of this result and the 
other equation, factoring with reference to the unknown quantities. 

IL Put the coefficient of one of the unknown quantities in this 
last equatioii equal to zero, and determine the value of m; then 
substitute this value in the equation containing m, and the result 
will he an equation of hut one unknowti quantity. 

170. In the reduction of simultaneous equations containing 
two unknown quantities, sometimes one of the preceding methods 
of elimination is preferable, and sometimes another, according to 
the special relations of the coefficients. 

EXAMBIiBS FOn JPnACTICE. 

1. Given \ ^^ . ,v ^^a/^c to find a; and y. 

( 12a; -I- 7y = 100 ) •^ 

Ans. a? = 6 ; y = 4. 

2. Given i „ ? '^ ^ f to find x and u. 

Ans. a; = 3; y = 2. 

3. Given i . «« f to find x and y. 

( a; + 4y = 38 ) ^ 

Ans. a: = 10 ; y = 7. 

4. Given i -. T o a/» f to fi^^d x and y. 

( 2a: + 9y = 96 ) ^ 

Ans. a:=: 12: t/ = 8. 

6. Given ■} « «t ^^/%r to find a; and y. 
1 3a? — 26y = 10 ) ^ 

Ans. a; = 20; y = 2. 

6. Given j J' ~ ^.^ r to find x and y. 

( a; — 5y = — 97 ) ^ 

Ans. a; = 28 ; y = 25. 

7. Given j^ _i2 — ..if to find a; and y. 

Ans. i» = 2' y^z 
10 
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8. Given j?t?""?U tofinda;andy. 
( 3a? + 4y = 17 ) 



9. Given "i g _ 



6y = 



10. Given i .^ , / 



11. Gl™. |»^I^^ 



3y = 



^ >• to find iT and y. 

-4n5. a? = 5 ; y = — 6. 

= 9 ) 

— . « f to find X and y. 

^yw. ic = — 2^; y = — 5J. 

?• to find X and y. 

^n^. a; = 300 ; y = 350. 



12. Given 



?-y = 20l 
^ ' - to 



12^ 8 



= 10 



find X and y. 



^ns. a; = 60 ; y = 40. 



13. Given -< 



5 4..?- 

2"^3"~ 



8 



3 5 



- to find a; and y. 



- — ^= — 1 



^n«. a; = 6 ; y = 15. 



14. Given ^ 



ix-t 



= H 



= 7 



" to find X and y. 



^»«. « = 2; ys=5. 



15. Given ■< 



| + 8y = 194 
I + 8* = 131 

O 



y to find X and y. 



j4n^. a^=:16; yc=24. 



16. Given -< 



| + 3y 
f + 3a: 



= 21 



, V to find a; and y. . 
29 

Ans. a; = 9 ; y = 6. 



1 
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17. Given - 



I + 7a? = 51 



to find X and y. 



Ans. z=7 ; y = 14. 



18. Given - 



r4 4 

^ y 

4 2 

- — - = 14 

a: y * 



' to find X and y. 



^n^. x:=2; y = 4. 



19. Given ^ 



147 147 



= 28 



X y 
I a? y " 



to find a; and y. 



20. Given , 



4a? + 17 . 68 
T — = a? + 



.5y + 27 _ 



« + y 



= y + 



54 



» — y 



^w«. a? = 3 ; y = 7. 



. to find X and y. 



^W5. a? = 13 ; y = 3. 



21. Given 



a?-— 



?yiL^=oo_ 



23 — a? 
» + fcl8 



20 
30 



59 — 2a? 1 

2 
73 — 3y 

3 



' to find a? and y. 



iliM. a? = 21 ; y = 20. 



22. Given - 



r 6a^->24ya+ l30_,^.,^,.,1 

2a?-4f/4-3 =^^+^y+^ I 
' n if/v ^r^ ^., h to find a? and y. 

9a;y — 110 , 151— 16a? _q ^ 



23. Given 



-110 ^ 151-16a? _^^ 
I 3a?-4 + 4y-l ""^^ ^ 

^n^. a? = 9 ; y == S. 

' a? + 8y 7g — 21 _ 3a? — 15 8a? — 9y ^ 

3 6 "" 4 12 

2a? + y ^ 9a?— 7 _ 3y + 9 ^ 4a?4-5y 

2 8 "^ 4 16 



to find X and y. 



4ni^ a? s= 9 ; y s=: 4. 
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24. Oiren \ , .^ » f to find x and y. 



h'd—M 



a'd — a^ 
a'b — ab'' 



25. Oiven - 



a^ b 

- + ^ 
ab ab 



— lab 



= a + i 



to find X and y. 



Ans. xz=za^; y = aW. 



26. Given ^ 

I 



ax + cy=: 



1 



j^ ca? + ay = 



/+^i tofindo^andy. 



ae 



a 



An8.xz=-^;y = -- 



c 



SIMPLE EQUATIONS 
coiTTAiNnra more thak two itnknowk quaktities. 

17JL If we have three or more simnltaneons equations, they 
may be solyed by successive eliminations, as follows : 



2x+ 4y+ iz = IS 

Given ^3x+ dy + 2z = n 

6x+ 6y+ 5z = 32 



Multiplying (1) by 3, 

(2) by 2, 
subtracting (5) from (4), 
multiplying (1) by 5, 

(3) by 2, _ 
subtracting (8) from (7), 
multiplying (6) by 4, 

(9) by 3, 
subti-acting (11) from (10), 
whence, 
substituting value of z in (9), 



ex + 12y + 12z = 54 

6a; >f 6y + 4g = 34 

6y+ 8z^20 

10a; + 20y + 20z = 90 

10a; + 12y 4- lOz = 64 

Sy + lOig = 2 6 

24y + Z2z = 80 

24y + 30g = 78 

2«= 2 

«= 1 



..(1) 
..(2) 
. . (3) 
..(4) 
..(5) 
..(6) 
..(7) 
..(8) 
..(9) 
.(10) 
.(11) 
.(12) 



iC 



y= 2 

■TEdues of y and g in (1), » =3 3. 
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INTEREKCES. 

1. If we have n equations, and proceed as above to combine 
one ol them with each of the others, eliminating the same letter 
by each combination, we shall have tj — • 1 derived equations con- 
taining all of the unknown quantities except the one eliminated, 

2. If then we combine one of these derived equations with 
each of the others, eliminating another letter, we shall have 
n — 2 derived equations, containing all of the unknown quan- 
tities except the two eliminated. 

3. Since each succeeding group of derived equations consists 
of one less equation than the preceding group, it follows that if 
this process of successive elimination be continued, the (w— l)th 
group will consist of a single equation ; and this will contain all 
of the unknown quantities except the w •— 1 eliminated quan- 
tities. Hence, 

4. If the number of original equations equals the number of 
unknown quantities, the final equation will contain but a single 
unknown quantity, the value of which may be found. By sub- 
stituting this value in one of the equations of the preceding 
group, the value of a second unknown quantity may be deter- 
mined ; and so on. 

5. But if the number of original equations is less than the 
number of unknown quantities, the final equation will contain 
more than one unknown quantity, and will be indeterminate 
(163) ; consequently, the given equations will be indeterminate. 

6. In the solution of two or more simultaneous equations of the 
first degree, by successive eliminations, the value of each letter is 
determined finally by a simple equation containing only that letter. 
And since every such equation can have only one root (165), it 
follows that any group of simultaneous equations can be satisfied 
by only one set of values of the unknown quantities. 

173, From the foregoing inferences we derive the following 
KuLE.— I. Combine one of the given equations with each of the 
others, eliminating the sameunhnoion qtiantitg by each combination; 
then combine one of the new equations toitk each of the others, elim- 
inating a second unknown quantity, and thus continue till a final 
equation is obtained, containing but one unknown quantity. 
10* H 
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II. Solve this final equafion, and find the value of the unknown 
quantity which it involves; substitute this value in an equation 
containing two unknown quantities, and thus find the value of a 
second; substitute these values in an equatixin containing three 
unknown quantities^ and thus find the value of a third; and so 
on, till the values of all are found. 



PRACTICAL BUGGESTIOS^S. 

This rule may be modified in certain cases, as follows : 

1. Instead of combining the first equation with each of the 
others, we may pursue any order of combination, or adopt any 
one of the four methods of elimination, which seems best suited 
to the mutual relations of the coefficients. The following exam- 
ple will illustrate the precept just given : 

(x+ y+ z= 9...(1), 
Given •< a; + 2y + 3z = 16 . . . (2), 
t a? + 3y + 4g = 21 . . . (3). 
Subtracting (1) from (2), y + 2z= 7... (4); 

(2) from (3), y+ g= 5 . . . (5); 

(6) from (4), « = 2 ; 

substituting the value of z in (5), y=z 3 ; 

" values of y and z in (1), rr = 4. 

2. If two or more of the equations, taken together, do not con- 
tain all the unknown quantities, it is generally most convenient 
to employ these equations first, in the process of elimination. Thus, 

(2u'^ x + Sy + 2z=zld... (1), 

Given 3tt + 5a:-4y = 23 . . . (2), 

\4u + 3x = 32 . . . (3), 

2uj-6x =30 . . . (4). 



i€ 



<i 



Multiplying (4) by 2, 
bringing down (3), 
by subtraction. 


4m + 10a; = 
4«+ 3a; = 

7a; = 


:60; 
:33; 
:28; 


sabstitating in (3), 

" (2), 
" (1), 




x = 

y- 

Z: 


: 4; 
= 5; 
= 3; 
= 2. 
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3. When the coefficients sustain to each other relations of 
equality or symmetry, it is often conyenient to employ an auxil- 
iary quantity, as in the two examples which follow : 



1. Given - 



u + V -^ X + y 
u + V + X + z 
u + V + y -}- z 
u + X + y + z 
Iv + X -{- y + z 



U . . . (1), 
16 . . . (2), 

16 . . . (3), 

17 . . . (4), 

18 . . . (5). 



Since in each equation one letter is wanting, let 



u + V.+ x + y4-z = 8; 



then s — z = 14:, 






z 


a — y = 15, 




Hence, by substitu- 


y 


« — a; = 16, 




ting the value of - 


X 


5 — v = 17, 




8 in each equation. 


V 


« — M = 18. 






,u 


By addition, 5^ — « = 80, 








5=20. 








' 


(X 


+ 4y + iz= 300 .. . (1), 


2. GiTen • 


lff + 'lx + 7z= 450... (2), 




iz 


+ 9x + 9y= 490 .. . (3). 


Assume 




x + y + z=zs; 




equation (1) becomes 




4s— 3a:= 300 . . . (4); 


• (2) " 




75-. 6y— 450... (5); 


" (3) " 




9«— Sz z=z 490... (6); 


Mnltiplying (4) by 8, 




325 — 24x = 2400...(7); 


(5) by 4, 




28« — 24y = 1800...(8); 


(6) by 3, 




278 — 24« = 1470 . . . (9). 


Adding (7), (8), and (9), 




875 — 245 = 5670 ; 
C35 = 5670 ; 






(4). 


8 = 90. 




Sabstitnting Tolae of s in 


a?= 20; 




<< « « 


(5), 


y= 30; 




« « « 


(6). 


, 2j = 40. 





6, 
5, 
4, 
3, 
2. 
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1SXA3trZBa JFOR rSACTICB, 

Required the values of the unknown quantities in the follow- 
ing equations : 



2x + 4:y — 3z = 

1. '{^z — 2y + 5z=z 
Cx + 7y — z = 

3x + 9y + 8z 

2. -{ 6x + 4:t/ — 2z 
Ux + 7^ — 62; 

^x + y + Z=: 

3. -ja^ + y — 5? = 

Ix + y + z=z26 
a: — y = 4 
x — z = 6 



x-^y — « = 6 

6. •{ 3y — a; — « = 12 

7j5 — y — a; = 24 




Ans. i V = 





Arts. •< V = 




3, 

7, 
4. 

2, 
3, 
1. 






x = 39, 

^«5. •{ y = 21, 

« = 12. 



Note.— In the last example, assume x-k-y + z = 9, and add this equation 
to each of the given equations. Then determine « as in Ex. 2, p. 115. 



6. 



> • 



7. 



' 2x = u + y + z ' 
3y z=iu + x + z 
4z =zu -{- X + y 
w = a; — 14 



t* + 3a: — y— z = ^^ 
2u-'2x-\-y + 3z = S 
3w— a? + y — 42; = 8 
4:U + a; — y — 22; = 7J 



Ans. 



u 

X 



.. 



Ana. 



12; = 



26, 
40, 
30, 
24. 



3, 

4, 

7, 
1. 



6a; — y + 72; = 61 

8. -( 4a; + 3y + 32; = 8 

3a; — y — 55; = 3 
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9. 



la 



11. 



12. 



13. 



14. 



15. 



16. 



= 52 
= 50 
= 48 
= 46 
= 44 



> • 



u + v+x-\'Z+2y 
u + V + y -^ z -I- 2a; 

U + X -{- y + Z -f2v:; 
V+X + lf + Z+2u:i 

2a; + y— 22 = 40 

4y— a; 4-3;?= 35 

du+ i = 13 

y+ u+ t:=15 

3a; — y + 3^ — w = 49 , 

a; -f y — 5; = 1 ' 
8a: + 3y— 62 =1 ^. 
dz — 4a; — 2^ = 1 . 

' 2i* + 2.r + 2y + z = — 
3t^ + 3a; + 3i? + 2y = 
4w + 4y + 4j? + 3a; = — 

. 6a; + 5y + 5j2J 4- 4w = 

? 4. y 4. ^ - 62 
2 ^ 3 ^ 4 - ^"^ 

1 + ^ = 3 

X z 

y « 

a; + a = y + j? 
y + a = 2a; + 22; 
2; + a = 3a; + 3y 

x + y -{-2z =2{b + c) 
X + z +2y=z2{a + c) 
y + z + 2a; ;= 2 (a + S) 



3 
3 
2 

2J 



•• 



> • 



> . 



Ans. 



Ans. 



u = 

V = 

X = 

y = 

2J = 

X = 

y = 

z = 

tt = 

^ = 



4, 
6, 

8, 
10, 
12. 

20, 
10, 

5, 
4, 
1. 



^n^ 




a;= 24, 
Ans. \ y= 60, 



^n^. 



z = 120. 



a; = 1, 

y = i, 
1 



5; = 



2 



^n^. 



X — YfCtf 

Ans. ^ y = -^a, 

x=ia + b— c, 
y^ia + C'-b, 
« =2 J + c-r a. 
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17. 



18. 



19. 



20. 



21. 



7a: — 8y = a 
5y — 11a: = a 
9y — &z =a 



a;= 4a, 

Arts. -{ y = 9«, 

z = 16a. 



a i ft a 
a? + y = -5 — 75 



* • 



Ans, 



X=z 



y = 



2ab 
a — b 

%db 
a + b 



ax -{-by + cz =ab + ac + bc 
c^ + Vh/ + (?z=z Sabc 



X — c V — c V — d z — a 
be ac ac ab 



'• Ans. ' 



be 

X=z 

a 
ac 

y=T 

ab 

z = — • 
c 



cx + y + az 


z=2a 


(?x + y + a^z 


= 2ac 


OCX — y + acz 


=:a» + c« 



Ans. 



X = 



a + 1 



y=:a — c, 
c — 1 



z = 



ah; + ay + az = a 



— /»« 



ax + a^y + az = a' 
ax + ay + ah = cfl 



Ans. 



Xz= — 



z 



a 

a + 1 

a+~2' 

1 



a + 2' 

^ (a + ly 

a-i-2~" 



PROBLEMS 

PRODUCING EQUATIONS CONTAINING TWO OR MORE UNKNOWN QUANTITIES. 

173. Two or more equations are said to be independent, when 

they are not derived one from the other, and cannot be redaced 

to the same form ; as 

Zx+ y = 17, 

2x + dy = 23. 

Equations derived from the same problem are independent, when 
they express different conditions of that problem. 
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174. We have seen that a group of equations will be deter- 
minate, when the number of equations is equal to the number of 
unknown quantities, but not otherwise (173, 4 and 5). Hence, 

A problem will be capable of solution only when its conditions 
furnish as many independent equations as there are unknown 
symbols employed in the notation, 

1. Find two numbers, such that twice the first plus three times 
the second is equal to 105 ; and three times the first plus twice 
the second is 95. Ans. First, 15 ; second, 25. 

2. Find three numbers, such that the first with ^ of the sum 
of the second and third shall be 120 ; the second with \ of the 
sum of the third and first shall be 90 ; and the sum of the three 
shall be 190. Ans. 50, 65, 75. 

3. A sura of money was divided among three persons, A, B, 
and C, as follows : the share of A exceeded \ of the shares of 
B and C by $120 ; the share of B exceeded f of the shares of A 
and C by $120 ; and the share of C exceeded f of the shares of 
A and B by $120. What was each person's share ? 

Ans. A's, $600 ; B's, $480 ; C's, $360. 

4. A and B, working together, can earn $40 in 6 days ; A and 
G can earn $54 in 9 days ; and B and C can earn $80 in 15 days. 
How much can each person earn in one day ? 

A'iis. A, I3| ; B, $3 ; 0, $2f 

5. A man has 4 sons. The sum of the ages of the first, second, 
and third is 18 years ; the sum of the ages of the first, second, 
and fourth is 16 years ; the sum of the ages of the first, third, 
and fourth is 14 years ; the sum of the ages of the second, third, 
and fourth is 12 years. What are their respective ages ? 

Ans. 8, 6, 4, and 2 years. 

6. Three persons engaged in throwing dice, on certain con- 
ditions. In the first game, A forfeited to B and C, respectively, 
as many shillings as each of them had ; in the second game, B 
forfeited to A and C, respectively, as many shillings as each of 
them then had ; in the third game, C forfeited to A and B, respec- 
tively, as many shillings as each of them then had ; they had then 
16 shillings apiece. How many shillings had each at first ? 

Ans. A, 26; B, 14; C, 8. 
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7. A gentleman left a sum of money to be divided among fonr 
serrants, so that the share of the first should be i of the sum of 
the shares of the other three, the share of the second ^ of the 
sum of the other three, and the share of the third J of the sum. 
of the other three. On making the division, the fourth had 14 
dollars less than the first. Bequired the sum divided, and the 
several shares. 

Ans. Sum divided, 1120 ; shares, $40, $30, $24, and $26. 

8. A person has two horses and two saddles, the saddles being 
worth $15 and $10, respectively. Now the value of the better 
horse with the better saddle is 4 of the value of the other horse 
and saddle ; but the value of the better horse with the poorer 
saddle is || of the value of the other horse and saddle. What 

are the values of the two horses ? Ans. $65 and $50. 

« 

9. A vintner, in mixing sherry and brandy, finds that if he 
takes 2 parts of sherry to 1 of brandy, the mixture will be worth 
78 shillings per dozen ; but if he takes 7 parts of sherry to 2 of 
brandy, the mixture will be worth 79 shillings per dozen. What 
are the sherry and brandy worth per dozen ? 

A)is. Sherry, 81 shillings ; brandy, 72 shillings. 

10. Two persons, A and B, can perform a piece of work in 16 
days. They work together for four days, when A is called off, 
and B is left to finish it, which he does in 36 days. In what 
time would each do it separately? 

Ans. A, in 24 days ; B, in 48 days. 

11. What fraction is that, whose numerator being doubled, 
and denominator increased by 7, the value becomes | ; but the 
denominator being doubled, and the numerator increased by 2, 
the value becomes |? Ans. ^. 

12. Two men were wishing to purchase a house together, 
valued at 240 dollars. Says A to B, "If you will lend me f of 
your money I can purchase the house alone ; " but says B to A, 
"If you will lend me f of yours, I can purchase the house 
alone.'^ How much money had each ? Ans. A, $160 ; B, $120. 

13. A pleasure party, having chartered a boat for a certain 
sum, found, on settling, that if their number had been 4 more, 
they would have had a shilling apiece less to pay ; but if their 
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number had been 3 less^ they would have had a shilling apiece 
more to pay. What was their number, and what had each to pay? 

Ans, 24 persons ; each paid 7 shillings. 

14. A certain number consists of two places of figures, units 
and tens ; the number is equal to 4 times the sum of its digits, 
and if 27 be added to the number, the order of the digits will be 
inverted. What is the number ? 

Note 1. — Let x' represent the digit in tlie place of tens, and p the digit in 
place of units ; then lOx + y will express the number. 

Ans. 36. 

15. A number is expressed by three figures whose sum is 11 ; 
the figure, in the place of units is double that in the place of 
hundreds ; and if 297 be added to the number, the result will be 
expressed by the same figures with their order reversed. What 
id the number? Ans. 326. 

16. Divide the number 90 into three parts, such that twice 
the first part increased by 40, three times the second part in- 
creased by 20, and four times the third part increased by 10, may 
all be equal to one another. 

Ans. First part, 35 ; second, 30 ; third, 25. 

17. A person placed $100000 out at interest, a part of it at 5 
per cent., and the rest at 4 per cent. ; the yearly interest received 
on the whole was $4640. Required the two parts of the princi- 
pal. Ans. $64000 and $36000. 

18. A person put out a certain sum of money at interest at a 
certain rate. Another person put out $10000 more than the first, 
at a rate per cent, greater by 1, and received an income greater 
by $800. A third person put out $15000 more than the first, at 
a rate per cent, greater by 2, and received an income greater by 
$1500. Required the three principals, and the respective rates 
of interest. 

Note 3. — To avoid the inconvenience of large numbers in the operation, 
puta = 5000; then 3a = 10000, 3a = 15000, j^ = 1500, and ^ = 800. In 
the final result, the value of a may be restored. 

^^ i Principals, $30000, $40000, $45000. 

I Bates, 4, 5, ^, per cent. 

11 
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19. If B's age be subtracted from A's, the difference will be 
G's age ; if 5 times B's age and twice G's age be added together, 
and from their sum A's age be subtracted, the remainder will be 
147 ; and the sum of the three ages is 96. Required the ages of 
A, B, and C, respectiyely. Atis, A% 48 ; B's, 33 ; G% 15. 

20. Find what each of three persons. A, B, and C, is worth, 
knowing, 1st, that what A is worth added to 3 times what B and 
G ore worth, is equal to 4700 dollars ; 2d, that what B is worth 
added to 4 times what A and G are worth, is equal to 5800 dollars; 
3d, that what G is worth added to 5 times what A and B are 
worth, is equal to 6300 dollars. Ans. A, 1500; B, $600; G, $800. 

21. A grocer sold 50 pounds of tea at an adyance of 10 per 
cent, on the cost, and 30 pounds of coffee at an adyance of 20 
per cent, on the cost, and receiyed for the whole $27.40, gaining 
$2.90. What was the cost per pound of the tea and coffee ? 

Ans. Tea, $.40 ; coffee, $.15. 

22. Five persons. A, B, G, D, E, play at cards ; after A has 
won one half of B's money, B one-third of G's, G one-fourth of 
D's, D one-sixth of E's, they haye each $30. How much had each 
to begin with? Ans. A, $11; B, $38; G, $33; D, $32; E, $36. 

23. Three brothers desired to make a purchasie, requiring $2000 
of each. The first wanted, in addition to his own money, i of 
the money of the second ; the second wanted, in addition to his 
own, i of the money of the third ; and the third wanted, in addi- 
tion to his own; i of the money of the first. How much money 
had each? Ans. 1st, $1280 ; 2d, $1440 ; 3d, $1680. 

24. A courier was sent from A to B, a distance of 147 miles ; 
after 28 hours had elapsed, a second courier was sent from the 
same place, who oyertook the first just as he entered B. Now the 
time required by the first to travel^ 17 miles, added to the time 
required by the second to travel 56 miles, is 13| hoars. How many 
miles did each travel per hour ? Ans. 1st, 3 miles ; 2d, 7 miles. 

25. Find two numbers, such that if '^ of the greater be added 
to i of the less, the sum shall be 13 ; and if ^ of the less be sub- 
tracted from t of the greater, the remainder will be nothing. 

Ans. 18 and 12. 
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26. Find three numbers of such magnitades^ that the first added 
to ^ of the sum of the other two, the second added to ^ of the sum 
of the other two, and the third added to J of the sum of the other 
two^ may each be equal to 51. Ans, 15, 33, and 39. 

27. Said A to B and 0, "If each of you will give me 4 sheep, 
I shall haye 4 more than both of you will have left." Said B to A 
and 0, "If each of you will give me 4 sheep, I shall have twice as 
many as both of you will have left.'* Said C to A and B, " If each 
of you will give me 4 sheep, I shall have three times as many as 
both of you will have left." How many sheep had each ? 

Ans. A, 6; B, 8; C, 10. 

28. What fraction is that, to the numerator of which if 1 be 
added, the fraction will be i; but if to the denominator 1 be 
added, the fraction will be } ? Ans. r^, 

29. What fraction is that, to the numerator of which if 2 be 
added, the fraction will be \\ but if to the denominator 2 be 
added, the fraction will be ^ ? Ans. f. 

30. Four persons, A, B, C, D, were engaged together in mowing 
for 4 successive days. The first day A worked 1 hour, B 3 hours, 
C 2 hours, and D 2 hours, and all together mowed 1 acre ; the 
second day A worked 3 hours, B 2 hours, C 4 hours, and D 11 
hours, and all together mowed 2 acres ; the third day A worked 
5 hours, B 4 hours, C 12 hours, and D 5 hours, and all together 
mowed 3 acres; the fourth day A worked 9 hours, B 7 hours, C 6 
hours, and D 8 hours, and all together mowed 4 acres. How 
many hours would each alone require to mow 1 acre ? 

Am. A, 5 hours; B, 6 hours; 0, 12 hours; D, 15 hours. 

31. If A give B $5 of his money, B will have twice as much 
money as A has left; and if B give A $5, A will have thrice as 
much as B has left. How much has each ? 

Ans. A, $13 ; B, $11. 

32." A corn factor mixes wheat flour, which cost him 10 shil- 
lings per bushel, with barley flour, which cost 4 shillings per 
bushel, in such a ratio as to gain 43f per cent, by selling the mix- 
ture at 11 shillings per bushel Required the ratio. 

Ans. The ratio is 14 bushels of wheat flour to 9 of barley. 
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83. There is a number consisting of two digits, which number 
divided by 5 gives a certain quotient and a remainder of 1^ and 
the same number divided by 8 gives another quotient and a re- 
maiDder of 1. Now the quotient obtained by dividing by 5 is 
twice the value of the digit in the tens' place, and the quotient 
obtained by dividing by 8 is equal to 5 times the digit in the 
units' place. What is the number ? Ans. 41. 

34. The four classes in a certain college are to compete for four 
prizes, amounting in the aggregate to $119, and the prize money 
is to be raised by contribution, on the following conditions, 
namely: that the members of the class whose candidate obtains 
the 1st prize shall each pay one dollar, and the class whose can- 
didate obtains the 2d prize shall pay the remainder. Now it is 
found that if a senior gets the 1st prize and a junior the 2d, each 
junior will pay )^ of a dollar; if a junior gets the 1st prize and a 
sophomore the 2d, each sophomore will pay ^ of a dollar; if a 
sophomore gets the 1st prize and a freshman the 2d, oach fresh* 
man will pay } of a dollar ; and if a freshman gets the 1st prize 
and a senior the 2d, each senior will pay -^ of a dollar. Of how 
many members does each class consist ? 

. ( Freshman, 104 ; Sophomore, 93 ; 
(Junior, 88; Senior, 75. 

35. Find four numbers, such that if 3 times the first be added 
to the second, 4 times the second be added to the third, 5 times 
the third be added to the fourth, and 6 times the fourth be added 
to the first, each sum shall be 359. Ans, 95, 74, 63, 44. 

GENERAL SOLXITION OF PROBLEMS. 

175. In the preceding problems, the given quantities have been 
expressed by numbers, and it has been required simply to deter- 
mine the values of the unknown quantities from the numerical 
relations thus expressed. 

If, however, the given quantities in any problem be represented 
by lettersy the solution will give rise to a formula, showing not 
only the value of the unknown quantity, but indicating the pre- 
cise operations to be performed in order to obtain this value. 
This is called a g$neral solution of the problem. 
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176. When any paxticnlar problem has been proposed, we may, 
by simply varying the numbers, form other problems of the same 
kind or class; and the solutions of all the problems of the class 
will require exactly the same operations. Hence, 

177. The General Solution of a problem is the process of 
obtaining a formula which shall express, in known terms, the 
yalues of the unknown quantities in the given problem, or in any 
problem of its class. 

178. An Arhitrairy Quantity is one to which any value 
may be assigned at pleasure, in a general formula or equation. 

179. For illustration, let the following questions be proposed: 

1. What number is that whose third part exceeds its fourth 
part by 6 ? 

Instead of confining our attention to the particular numbers 
here given, we may first investigate the problem under a general 
form, as follows: 

Whai number is thai whose vcfi^ part exceeds its n*^ part 2y af 
Let X represent the number; then by the conditions, 

X X 

= a . . , (1) ; 

m n, ^ '' 

ctearing of fractions, nx-^mx^^^ amn • . • (2) ; 
whence, x = . . . (3). 

Equation (3) is the formula which indicates the operations to 
be performed in solving all questions of this class. 
If in this formula we put m=3, n=4, and a=6, we shall have 

^= 4-3 =^^' 

the number required by the particular question as at first proposed. 

2. What number is that whose fifth part exceeds its seventh 
part by 12? 

To obtain the number by the formula, let m = 5, n = 7, and 
a = 12; then 

12 X 5 X 7 01A vi 
ag= y _ g — = 210, Ans. 
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1. Diyide the iSnmber n into two such parts that the greater 
increased hy a shall be equal to the less increased by h. 

Ana. Greater, — i-^ ; less, ^ 

2. In the last example, what will >e the two parts if 7» = 84, 
a = 16, and ft = 58 ? Ans. 63 and 21. 

3. The sam of three numbers is s ; the second exceeds the first 
by a, and the third exceeds the second by b. Eequired the num- 
bers. . s — 2a — h 8 + a — h s -\- a -^^h 

Ans. ^ , g , g 

4. My indebtedness to three persons, A, B, and C, amounts to 
a dollars; and I owe B, n times the sum which I owe A, and C, 
m times the sum which I owe A. What is my indebtedness to A ? 

Ans. Iq— ; 

1 + n + m 

5. In the last example, what is the sum due to A when 
a = 1786, r. = 2, and m = 3 ? Ans. $131. 

6. A person engaged to work a days on these conditions : For 

each day he worked he was to receive b cents, and for each day he 

was idle he was to forfeit c cents ; at the end of a days he receiyed 

d cents. How many days was he idle ? . db — d^ 

•^ Ans. 'j—r — days. 

7. My horse and saddle are together worth a dollars, and my 

horse is worth n times the price of my saddle. What is the value 

of each? . a jji * « -• ». na 

Ans. Saddle, $ =-; horse, $ r-. 

^ n+V w 4- 1 

8. The rent of an estate is n per cent, greater this year than it 
was last. This year it is a dollars ; what was it last year ? 

Ans. =7777— — dollars. 
100 + n 

9. A person after spending a dollars more than \ of his income, 
had remaining b dollars more than J of it. Eequired his income. 

Ans. — ^Tj — '- dollars. 
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10. A person after spending a dollars more than — th of his in- 
come, had remaining h dollars more than -th of it. Bequired his 

income. . mn{a + V) , ,, 

^.fis* — ^— — — Qoiiars. 

mn — m — n 

11. If A can perform a certain piece of work in a days, and B 

can do the same in h days, and C the same in c days, in how many 

days can all together perform the work ? 

. abc , 

Ans, -r-. ri- days. 

ab -}- ac + DC '' 

12. In the last example, what will be the time required, when 
a = 6, ^ = 8, and c = 12? Ans. 2| days. 

13. K from a times a certain number, c be subtracted, the re- 
mainder 'will be equal to b times the number increased by d, Ee- 
quired the number. . c + d * 

' a — b 

14. A farmer would mix oats worth a cents a bushel with peas 
worth b cents a bushel, to form a mixture of c bushels worth d 
cents a bushel. How many bushels of each kind must he take ? 

Atis. Oats, — r-; peas, -^^ t-' 

a — a — 

15. There were a boys in one party, and b boys in another, 
and each party had the same number of nuts. Each boy in the 
first party snatched m nuts from the second party, and ate them; 
then each boy in the second party snatched m nuts from the first 
party, and ate them. Each party then divided the nuts remain- 
ing to it equally among its members, when the boys in the two 
parties found that they had the same number of nuts apiece ; how 
many nuts had each party at first? Ans. m{a + b), 

16. Find fonr numbers, such that if a times the first be added 
to the second, b times the second be added to the third, c times 
the third be added to the fourth, and d times the fourth be added 
to the first, each sum shall be m. 



Ans. 



1 f ^(^<^^— g^+^— 1 oj fn(acd—ad+a — 1) 
^^^' abcd-^1 ' ^^' " abcd^l ' 

q;, m{abd- ^ai-\'b—l) ,,, m{abc—bc+c—l) 
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17. A sent n pupils regularly to a certain school during a term 
of a days, and B sent m pupils regularly to another school for a 
term of b days. The two schools had the same number of pupils 
in attendance, and raised the same amount of money by rate-bill. 
There were c days' absence allowed for at the school to wbicli A 
sent, and d days' absence at the school to which B sent; and A 
and B found that they had equal sums to pay. What was the 
number of pupils attending each school ? . bcm — adn 

ao\m — n) 

18. Divide the number m into four parts, such that the second 

shall be a times the first, the third a times the second, and the 

fourth a times the third. ^ -. _x ^ ^ 

Ans. 1st part. 



a^ + a^ + a +1 

19. The sum of two numbers is «, and their difference is d, 

Bequired the numbers. . ^ . s •\' d ^ s — d 

^ Ans. Greater, — ^ — ; less, — - — • 

20. There are three numbers, such that the sum of the first 
and Seconals a^ the sum of the first and third is d, and the sum 
of the second and third is c. What are the numbers ? 

Ana. 1st, —^ ; 2d, — ^ ; 3d, —^ 

21. There is a number consisting of two digits ; the number is 
equal to a times the sum of its digits; and if e; be added to the 
number, the order of the digits will be reversed. Eequired the 
two digits. 



Am. -^ 



Digit in units' pla<5e, JAj^_^V 
Digit in tens' place, qq^ I^ la) 



22. Find what each of three persons, A, B, and 0, is worth, 
knowing, 1st, that what A is worth added to I times what B and 
C are worth is equal to/?; 2d, that what B is worth added to m 
times what A and are worth is equal to g^ ; 3d, that what C is 
worth added to n times what A and B are worth is equal to r. 

We give here a solution of this example, partly to illustrate the 
method of simplifying algebraic formulas by the use of auxiliary 
quantities. 
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Let z = A'b money, y = B's money, « = C's money. 

ix + ly +lz =i? (1), 

Then, by the conditions, <y + mx + mz=q (2), 

iz + nx + ny = r (3). 

Assume, x + g + z = 8 (4). 

Is —p 



Multiplying (4) by 2, m, and n, suc- 
cessively, and subtracting (1) from the 
first product, (2) from the second, and -* 
(3) from the third, and reducing the 
respective remainders, we have 

Adding (5), (6), and (7), we obtain 



« = 



/-I 



ms — g 



z = 



n« — r 
» — 1 



(5), 
(6), 
(7). 



_ h — p .ins — 9 .^s — r 



(8), or 



s 



= (^1 + s^ + s^i)- (A + £-1 + iil) • • • «• 



Now the parenthetical expressions in equation (9) are known 
quantities. Hence, to simplify the results. 



Put 



a = i T + -- 7 + 



I — 1 w — 1 n — 1 

r 



* = .^ + rr^ + 



I — 1 m — 1 n — 1 



(10), 

(11). 



Equation (9) then becomes 



^ = 05 — i (12); 



whence. 



€i 



i€ 



€i 



*t 



tt 



a 



Sz=, 



a — 1 



(13). 



Sabstitnting the valne of s in (5), x = 



_»-p(«-l). 



(6), y = 



(7), « = 



(l-l){a-\y 
m& — y ( g — ■ 1) 

Tij — r (a — 1) 

(»-i)(«-i)* 
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DISCUSSION OP PROBLEMS INVOLVING SIMPIiE 

EQUATIONS. 

180. The Discussion of a problem consists in attributing 
certain yalues and relations to the arbitrary quantities which 
enter the equation^ and in interpreting the results. 

181« When a problem has been solyed in a general manner^ 
we may proceed to make an unlimited number of suppositions 
upon the arbitrary quantities inyolved in the formulas, and thus 
obtain a variety of results. But our experience with algebraic 
equations would lead us to expect that the problem might not be 
rational, or possible, under every hypothesis. Now the principal' 
object in the discussion of a problem is to examine the peculiar 
or anomalous forms which present themselves, and ascertain 
whether the problem is rational or absurd, or how it is to be 
understood, under the suppositions which lead to these peculiar- 
ities. We shall commence with the 



INTEBPRETATION OF NEGATIVE EBSULTS. 

1. What number must be added to a that the sum may hei? 

Let X represent the required number. Then, by the condi- 
tions of the question, 

a + x=zb (1); 

whence, a; = J — a . . . (2). 

This is a general solution, a and b being arbitrary quantities. 
First, suppose a = 20 and J = 28 ; then by the formula, 

a; = 28 — 20 = 8, 
a result which satisfies the conditions ; for, we perceive that 8 is 
the number which must be added to 20, or a, to make 28, or ft. 
Second, suppose a = 20 and J = 12 ; then by the formula, 

a: = 12 — 20 = — 8, 
a negative result. 

In order to ascertain the meaning of the minus sign in this 
case, let us enunciate the question according to the supposition 
that gave this result ; thus. 

What number must be added to 20, that the sum may be 12 ? 
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Now as 20 is greater than 12, no number can be added to 20, 
arithmetically, to make 12. The problem is therefore impossible 
under the second hypothesis, if understood in an arithmetical sense. 

We shall find, however, that if we change the words added to, 
and sum, to their opposites, the result will be a rational ques- 
tion, of which 8, the absolute value of x, is the answer. Thus, 

What number must be subtracted from 20, that the difference 
may be 12 ? Ans. 8. 

We observe, moreover, that the negative result, —8, will satisfy 
the equation of the problem, under the second hypothesis. Thus, 

20 + (-8) =12; 
or, 20 — 8 = 12. 

« 

That is, 12 is really the algebraic sum of 20 and — 8. 

2. A man dying left two sons, the elder of whom was a years 
of age, and the younger b years of age. In how many years after 
the death of the father was the elder son twice as old as the 
younger son ? 

Let X represent the number of years ; then by the conditions, 

a + x = 2{b + x) ...{I); 

whence, a; = a — 25 ... . (2), 

Since a and b are arbitrary quantities, suppose a = 30 and 
b = 12. Then by the formula, 

a: = 30 — 24 = 6. 

This result will satisfy the conditions arithmetically ; for, if 
the elder son was 30, and the younger son 12 years old, at the 
death of the father, then in 6 years the age of the elder was 30 + 6 
= 36 years, and the age of the younger was 12 + 6 = 18 years. 

Again, suppose a = 30 and b = 18. Then by the formula, 

a; = 30 — 36 = — 6. 

To interpret the negative result in this case, we observe that- 
the problem under the second hypothesis is impossible, if under- 
stood in the exact sense of the enunciation. For, when the elder 
son was 30 and the younger son 18 years old, the younger, son 
was already more than one half as old as the elder ; and as their 
ages are equally increased by any lapse of tiipie, it is evident that 
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the elder son conld never become twice as old as the younger son, 
after the death of the father. Let us therefore modify the gen- 
eral problem as follows : 

A man dying left two sons, the elder of which was a years of 
age, and the younger h years of age. How many years hefore the 
death of the father was the elder son twice as old as the younger? 

If we let X represent the number of years, then the solution 
will be as follows : 

a — a? = 2 (^ — rr) ... (1); 

whence, a; = 2J — a (2). 

Now suppose, as before, that a = 30 and h = 18. Then by 

the new formula, 

a; = 36 — 30 = 6, 

a result which will satisfy the modified conditions ; for, six years 
iefore the death of the father, the age of the elder was 30— .6=24, 
and the age of the younger was 18 — 6 = 12. 

Prom the foregoing discussions we draw the following infer- 
ences : 

1. When the solution of a problem by a simple equation gives a 
negative result, the minus sign indicates that the problem is iinr- 
possible, if understood in the exact sense of the enunciation, 

2. The impossibility thus indicated consists in adding a qtian- 
tity when it should be subtracted; or in treating a quantity as 
reckoned or applied in a certain direction^ when it should be reck- 
oned or applied in an opposite direction. 

3. In all such cases, an analogous problem may be formed, 
involving no impossibility, by changing the terms of the absurd 
condition to their opposites ; and the answer to the new question 
will be found by simply changing the sign of the negative resuU 
already obtained. 

182* The foregoing discussions give a more extensive signifi- 
cation to the plus and minus signs, and lead to a more general 
view of positive and negative quantities, than was presented in a 
former section. 

Let us recur to the problem of the two sons. In the solution 
of this problem, we employ the signs, + and — , in the state- 
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menty merely to indicate addition and subtraction. But in the 
resulty these signs have a yery different use ; they enable us to 
distinguish the circumstances or conditions of the quantities 
which they affect. Thus, under the first hypothesis, the period 
of time represented by x occurred after the death of the father, 
and in the result is found to be affected by the plus sign ; but 
under the second hypothesis, the period represented by a: occurred 
before the death of the father, and in the result is found to be 
affected by the minus sign. 

Thus we perceive that plus and minus, in Algebra, are not «ym- 
iols of operation merely, but also symhoh of relatioriy serving to 
distinguish quantities in opposite conditions or circumstances. 

It should be observed, however, that this enlarged use of- the 
plus and minus signs is not entirely conventional or arbitrary, 
but is necessarily involved in the more extended signification 
given to the terms addition and subtraction, in Algebra. Indeed, 
we shall never meet with a negative result in the solution of 
problems, so long as the language conforms, in the exact arith- 
metical sense, to the facts of the case. 

JEXAMPZJES FOR IPJRACTICX. 

1. What number is that whose fourth part exceeds its third 
part by 12? Ans. —144. 

The question is impossible, if understood in an arithmetical 
sense. Let the pupil modify the enunciation, and solve the new 
problem. 

2. A man when he was married was 30 years old, and his wife 
15. How many years must elapse before his age will be three 
times the age of his wife ? Ans. — H^ years. 

That is, their ages bore the specified relation 7^ years beforCy 
not after, their marriage. 

3. The sum of two numbers is 5, and their difference d ; what 

are the numbers ? . n j. s d ^ s d 

Ans. Greater, ^ + 2 ^ ^®®^^ 2 "" 2* 

How shall the result be interpreted when 5=120 and df=:160 ? 

4. Two men, A and B, commenced trade at the same time, A 
having 3 times as much money as B. When A had gained $400 

12 
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and B 1150^ A had twice as mach money as B ; how much did 
each have at first ? Ans. A was in debt $300^ and B $100. 

5. A man worked 7 days, and had his son with him 3 days^ 
and received for wages 22 shillings, and the board of his son and 
himself while at work. He afterward worked 5 days, and had 
his son with him one day, and receiyed 18 shillings. What were 
his daily wages, and what the daily wages of his son ? 

Ans. The father received 4 shillings per day, and paid 2 shil- 
lings for his son's board. 

6. A man worked for a person 10 days, having his wife with 
him 8 days, and his son 6 days, and received 110.30 as compen- 
sation for all three ; at another time he worked 12 days, his wife 
10 days, and son 4 days, and received $13.20 ; at another time 
he worked 15 days, his wife 10 days, and his son 12 days, at the 
same rates as before, and received $13.85. What were the daily 
wages of each ? 

Ans. He received $.75 for himself, $.50 for his wife, and paid 
$.20 for his son's board. 

7. A man worked 10 days for his neighbor, his wife 4 days, 
and son 3 days, and received $11.50; at another time he served 
9 days, his wife 8 days, and his son 6 days, at the same rates as 
before, and received $12.00 ; a third time he served 7 days, his 
wife 6 days, and his son 4 days, at the same rates, as before, and 
he received $9.00. What were the daily wages of each ? 

Ans. Husband's wages, $1.00 ; wife's, ; son's, $.50. 

8. What fraction is that which becomes f when 1 is added to 
its numerator, and 4 when 1 is added to its denominator ? 

Ans. In an arithmetical sense, there is no such fraction. The 

algebraic expression, — =— will give the required results. 

"~— Xo 

How shall the enunciation be modified, to form an analogous 
question involving no absurdity ? 

9. Four merchants. A, B, C, D, find by their balance sheets 
that if they unite in a firm, receiving the assets and assuming the 
liabilities of each, they will have a joint net capital of $5780. If 
A, B, and unite on the same conditions, their joint capital wiU 
be $7950 ; if B, C, and D unite, their joint capital will be $2220 ; 
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and if T3, J), and A nnite^ their joint capital will be $7320. Be- 
quired the net capital or the net insolvency of each. 

10. Two men were traveling on the same road towards Boston, 
A at the rate of a miles per hour, and B at the rate of b miles per 
hour. At 6 o*clock A was at a point m mUes from Boston, and 
at 10 o'clock B was at a point n miles from Boston. Find tiie 
time when A passed B upon the road. 

Ans. T hours after 6 o'clock. 

a-—b 

11. What time of day will be indicated by the preceding for- 
mula, if m = 36, w = 28, a = 5, and J = 3 ? Ans. 4 o'clock. 

12. There are two numbers whose difference is a; and if 3 

times the greater be added to 5 times the less, the sum will be b. 

What are the numbers ? . ^ . J + 6a, b — 3a 

Ans. Greater, — ^ — ; less, — -^ — • 

How shall this result be interpreted if a = 24 and J = 48 ? 

KOTHING AND IlfTFINITY. 

183. The limits between which all absolute values are com- 
prised are nothing and infinity ; and the symbols by which these 
limits are denoted are and bo. 

184. In certain algebraic investigations it is convenient to em- 
ploy these symbols in connection with each other and the ordi- 
nary symbols of quantity. They may thus sustain the relations of 
divisor, dividend, quotient, or factor. Such relations, however, 
cannot really exist except between symbols of quantity. Hence, 
in Algebra, does not always signify merely aS^ence of value; 
nor does oo represent infinity, in the highest sense of the word. 

The more complete definition of these symbols may be given as 
follows : 

185. The symbol 0, called nothing, or zero, may be used to 
denote the absence of value, or to represent a quantity less than 
any assignable value. 

186* The symbol oo, called infinity, is used to represent a 
quantity greater than any assignable vedue. 
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A A 

IKTEBPBETATIOK OF THE F0BM8 -77. —, -r, AND 7:* 

00' A 

187. In order to understand the signification of the expressions 

A A ,0 
CT ' ^' A' 0' 

we"may consider the symbols and 00 as resulting from an arbi- 
trary or varying quantity, made to diminish until it becomes in- 
definitely smally or to increase until it becomes indefinitely great. 

188. Let T represent a fraction, a and b being arbitrary quan- 
tities. And let it be remembered that the yalue of a fraction 
depends simply upon the relcUive values of the numerator and 
denominator. 

1. If the denominator h i& made to diminish, becoming less and 
less continually, while the numerator a remains unchanged, the 
value of the fraction must increase, becoming greater and greater 
continually (llO, 11) ; and thus when the denominator b becomes 
less than any assignable quantity, or 0, the value of the fraction 
must become greater than any assignable quantity, or 00. Hence, 
we conclude that 

^ = 00. That is, 

A finite quantity divided by zero is an esgpreesion for infinity. 

2. If the denominator b is made to increase, becoming greater 
and greater continually, while the numerator a remains unchanged, 
the value of the fraction must diminish, becoming less and less 
continually (llO, II); and when the denominator b becomes 
greater than any assignable quantity, or od, the value of the frac- 
tion must become less than any assignable quantity, or 0. Hence, 

— = 0. That is, 

00 

A finite quantity divided by infinity is an expression for zero 
or nothing, 

3. If the numerator a is made to diminish, becoming. leas and 
less continually, while the denominator b remains unohanged, tiie 
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valne of the fraction mtist dimmish continually (llO^ I) ; and 
when a becomes less than any assignable quantity, or 0, the yalue 
of the fraction also must become 0. Hence, 



^ = 0. That is, 

Zero divided iy a finite quanfifff is an expression for nothing 
or zero. 

4. K both a and i are made to diminish simultaneously, but in 
such a manner as to preserve their relative value, then the value 
of the fraction will remain unchanged, however small the terms 
become (llO^ III) ; and when both a and b become less than 

any assignable quantity, or 0, we shall have the expression ^ 

representing the value of t. And since this value may be any 

quantity whatever, we conclude that ^ represents an indetermi- 
nate quantity. That is, 

Zero divided iy zero is a symbol of indetermination. 

Note. — If it should be difficult for any one to conceive how both terms 
of a fraction may, by being diminished, become nothing at the same time, 
and yet preserve the same relative value to the last, it may be useful to 

consider the following iUustrations : 

e 
Take the fraction ^, in which d represents the diameter of a circle, and c 

the circumference. Now the diameter and circumference of a circle have 
the same ratio to each other, whatever the dimensions of the drcle. Hence, 
if the circle be made to diminish until it shall become a point, or vanish^ 

both terms of the fraction, -^ will diminish, and become at the same in- 
stant, the value €fthe fracUon remtdmng the same th/rovghout, and reducing 
to the form, ?, at the instant the drde vanishes. Now the ratio of the 

diameter to the circumference of a circle is known to be 8.1416 — ; hence, 
in the present case, we shaU have 

2 = 3.1416. 


Again, let * represent the side of a square and d the diagonal. Then we 
have the well-known ratio d _ 

If the square is supposed to diminish by insensible degrees, both d and $ 
will vaxush at the same instant, and we shall have finally 





12* 
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PROBLEM OF THE COURIEBS. 

189. The anomalous forms which have been explained in the 
last article will now be viewed iii connection with a general prob- 
lem, involying certain relations of motiony timey and distance. The 
discussion will also confirm our interprefcation of negative results. 

Problem. — ^Two couriers, A and B, were traveling along the 
same road and in the same direction, namely, from C toward C; 
the former going at the rate of a miles per hour, and the latter at 
the rate of b miles per hour. At 12 o'clock, A was at a certain 
point P, and B was d miles in advance of A, in the direction of C. 
It is required to find whefi and wJiere the couriers were together. 

c; P d C 

I I 

This problem is entirely general, and we do not know from the 
enunciation whether the couriers were together after, or before 12 
o'clock ; nor whether the place of meeting was to the right, or to 
the left of P. But in order to effect a statement of the problem, 
we will suppose the required time to be after 12 o'clock. Then 
we must regard time after 12 o'clock as positive, and time before 
12 o'clock as negative ; also, distance reckoned from P toward C 
as positive, and distance reckoned from P toward C as negative. 
Accordingly, 

Let t = the number of hours after 12 o^clock ; 

X = the distance from P to the point of meeting. 

And since A traveled at the rate of a miles per hour, and B at 
the rate of S miles per hour, we have 

x=:at = distance traveled by A after 12 o'clock; 
bt= " " " B " ** « . 

But since A and B were d miles apart, at 12 o'clock, we have 

at — bt = dy 
^ = ^...(1); 

. ^ = JT^J•••(2)• 
We may now disoass this problem with reference to the time 
t, and the distance x, which are the two unknown elements. 
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I. Suppose a > J. 

Under this hypothesis the values of both t and x will be posi- 
tive, because the common denominator, a — by is positive. Now 
since t is positive, we conclude that the two couriers came together 
after 12 o'clock; and as x is positive, we infer that the point of 
meeting is somewhere to the right of P. 

These conclusions agree Avith each other, and are consistent 
with the conditions of the problem. For, the supposition that a 
is greater than b implies that A was traveling faster than B. A 
would therefore gain upon B, and overtake him sometime after 12 
o'clock, and at a point situated in the direction of G. 

n. Suppose a < J. 

Then in equations (1) and (2) the denominator, a — by is neg- 
ative, and consequently both t and x will be negative. 

This impUes that t and x must be taken in a sense contrary to 
that in which they were employed under the hypothesis (I), 
where they were positive ; that is, the time when the couriers 
were together was before 12 o'clock, and the place of meeting was 
situated to the left of P. 

This interpretation, also, agrees with the conditions of the 
problem, under the present hypothesis. For, if a is less than i, 
then B was traveling faster than A ; and as B was in advai\ce of 
A at 12 o'clock, he must have passed A before that time, some- 
where to the left of P, in the direction of C 

in. Suppose a = J. 

TTnder this hypothesis we shall have a — 5 = 0, and 

. d , arf 

r = ^ = 00, and a; = -rr- = oo. 

Now, according to these results, /, the time to elapse before the 
couriers are together, is greater than any assignable quantity, or 
infinity ; therefore they can never be together. And likewise x^ 
the distance from P to the supposed point of meeting, is greater 
than any assignable quantity, or infinity ; hence there can be no 
such point, however distant from P. 

This interpretation is in accordance with the conditions of the 
problem, under the present hypothesis. For, at 12 o'clock the two 
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oonriers were d miles apart ; and if a = J, they were traveling at 
equal rates, neither approaching nor separating. Hence, they 
conld always continue in motion, and remoye to any distance 
from. P, without meeting. 

IV. Suppose d = 0, and a > ft or o < ft. 
Then we shall have 

t = r = 0, and X = =^ = 0. 

a — ft a — ft 

That is, both the time and distance are nothing. These results 
must be interpreted to mean that the couriers were together at 
12 o'clock, at the point P, and at no other time or place. 

And this interpretation is also confirmed by the conditions of 
the problem. For, if rf = 0, then at 13 o'clock B must have been 
with A, at the point P. And if « > ft or a < ft, the couriers 
were traveling at different rates, and must be either approaching 
or receding from each other at all times except at the moment of 
passing ; hence, they could be together only at a single point. 

V. Suppose e? = 0, and a = ft. 
We shall then have 

^ = ^ and « = Q- 

Here the values of both t and x are represented by the symbol 
of indetermination, which signifies that the time and the distance 
may be anything whatever; and we infer that the couriers must 
be together at all times, and at any distance from P. 

And this conclusion is evidently confirmed by the conditions 
of the problem. For, if rf = 0, the couriers were together at 12 
o'clock; and if a = ft, they were traveling at equal rates, and 
would never separate. 

190* To the foregoing interpretations, there is an apparent 

exception in the case of the expression ^« For, a fraction which 

is not indeterminate will reduce to this form, if its terms contain 
a common factor that becomes zero under the hypothesis. 
Thus, in the solution of a problem, suppose 

_ q»-ft« .-V 
^ — a^ — ft2 ' " ^ ^' 
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If we put a=zl, which implies that a — i =: 0, then 

_0 

and the yalne of x appears to be indeterminate. Let ns, how- 
eyer, cancel the common factor^ a^i, from both terms of the 
fraction in equation (1) ; we shall obtain, 

X = --7 . . . U). 

a + ^ ' 

If in this reduced equation, we make a = S, as before, we shall 

have a determinate yalue for x. Thus, 

X = — • 
2 

Hence the following practical direction : 

In the discussion of a problem, a fractional result should ie 

reduced to its lowest terms before making the hypothesis, 

191* We are sometimes liable to an error in the reduction of 
an equation, in consequence of a false assumption respecting the 
yalue of an expression reducible to the form of indctermination. 
1. Let us take the equation, 

6a? + y _ 6a; — 12 ,. 

x + 2 " a?--2 ^^' 

6a; H- 7 
Eeducing second member, . — — ^ =6 (2); 

clearing of fractions, 6a: + 7 = 6a; + 12 (3); 

transposing and factoring, (6 — 6) a? = 5 (4); 

5 5 

whence, x = ^-—^ = o ' ' ' ^^^' 

or (188, 1), a;= 00. 

This result is erroneous. To obtain the true root of equation 
(1), multiply both members by {x + 2) (a; — 2) ; we shall obtain, 

6a« — 5a; — 14 = 6iB3 — 24; 
whence, 6a; = 10, 

or, a: = 2. 

Now we obserye that if this true yalue of a; be substituted in 

the second member of equation (1), it will reduce to the form ^; 
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and the mistake in our first solution was made in assuming that 

= 6, a conclusion which would be correct in all cases 

x — 2 

except when a; = 2. 

2. If we make two assumptions that are inconsistent, respect- 
ing the values of quantities reducible to the form of indeteimi- 
nation, the result will be an algebraic absurdity. 

Thus, take the identical equation, 

8 + 20 = 8 + 20 (1). 

By transposition, 8 — 8 = 20 — 20 (2); 

dividing by 4 - 4, 4^4= 4^" • • • • (^)5 

factoring, 4£4 = [^4: ' ' ' ^^^' 

suppressing common factor, 2 = 5 (5). 

Equation (5) is absurd. But this equation is not correctly 
derived from (3) or (4). In (3), both numerators and both 
denominators are zero. Hence (3) may be written, 

0_0 

0""0' • 
a result which involves no absurdity, and certainly gives no 
authority for saying that 2 is equal to 5. 

_ • 

193. To afford the pupil further exercise in the interpreta- 
tion of anomalous forms, we give the following 

EXAMPLES, 

1. A cistern has four pipes communicating with it. If all be 
opened together, and left running for 15 hours, the cistern will 
be filled ; but if the first run only 5 hours, the second 8 hours, 
the third 7 hours, and the fourth 3 hours, the cistern will be 
but one half full ; if the first run 3 hours, the second 4 hours, 
the third 3 hours, and the fourth 1 hour, only ^ of the cistern 
will be filled ; and if the first run 4 hours, the second 2 hours, 
the third 3 hours, and the fourth 2 hours, only J of the cistern 
will be filled. In what time would the cistern be filled by each 
pipe alone ? 
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2. A can earn 5 dollars, and B 3 dollars, per day. In 2 days 
A will have a certain sum, and in 4 days B will have 2 dolliu*s 
more than this sum. How many days hence will A and B have 
the same sum ? 

3. An astronomer being asked the period of a comet's reyolu- 
tion, answered, that if from 3 times the period 10 years be sub- 
tracted, and to 4 times the period 8 years be added, the former 
result would be equal to J of the latter.* Eeqaired the period. 

4. Two teachers, A and B, have the same monthly wages. A 
is employed 9 months in the year, and his annual expenses are 
$450^ B is employed 6 months in the year, and his annual 
expenses are 1300. !N^ow A lays up in two years as much as B 
does in 3 years. Bequired the monthly wages of each. 

FOBMULA FOE TIME APPLIED TO CIRCULAB MOTION. 

* 194« The Problem of the Couriers gave us the formula, 

in which a and h are the respectiye rates of motion, d the dis- 
tance to be gained, and t the time to elapse before the couriers 
will be together. 

But the relations of these quantities will not be changed, if 
we suppose the path of motion to be a curve, instead of a straight 
line. The above formula will therefore apply to the hands of a 
clock moving around the dial-plate, or to the planets moving in 
the circle of the heavens. It will thus afford a direct solution to 
the following problems : 

1. The hour and minute hands of a clock are together at 12 
0^ clock J when are they next together f 

The circumference of the dial-plate is divided into 12 spaces. 

The minute hand moves over these 12 spaces while the hour 

hand moves over one of them ; and when the minute hand has 

gained upon the hour hand a whole circumference, the two hands 

• will be together. 

Taking one of these spaces for the unit of distq,nce, and one 
hour for the unit of time, we have 
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a = 12, ft = l, and rf = 12, 
to snbstitate in the formola. Hence, 

^ = j^3-j = jj = lh. 5nL 27^8. 

2. At whai time between 2 and 3 (f clock will the hour and 
minute hands of a clock he together f 

In this case, the minute hand mast evidently gain two revolu- 
tions, or 24 spaces. Hence, £?=24 ; and we have by the formula., 

t=z^ = 2h. 10m. 54JV8. 

3. What time between 2 and 3 o'clock will the hour and minute 
hands be at right angles to each other f 

In this case the minute hand must gain 2^ reyolutions ; that 
is, d = 12 X 2i = 27. Hence, 

< = ^ = 2h. 27m. le^s. 

4. What time between 5 and 6 o'clock mil the two hands of a 
clock be in the same straight line f 

Here the minute hand must gain 5^ revolutions ; and df=12 x 
5^ = 66. Hence, 

That is, the hands make a right line at 6 o'clock, a result 
manifestly true. 

We will now apply this formula to certain motions of the 
heavenly bodies. It is known that the moon has a real motion 
around the earth from west to east. The sun also has an 
apparent motion in the same direction, in consequence of the real 
motion of the earth around the sun. The time of new moon is 
when the moon is in the direction of the sun from the earth, or 
when the moon is passing the sun, in her motion. With this 
explanation we present the following problem : 

6. Tlie average daily motion of the moon around the circle of 
the heavens is 13.1764°, and the apparent daily motion of the sun 
in the same direction is .98565°. Required the time from one new 
mx>on to another. 
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To apply the formula, we have ^=360% a = 13.1764:^ 
h = .98565°, and a — J = 12.19075°. Hence, 

6. The planet Venus, as seen from the sun, describes an arc of 
1° 36' per day, and the earth, as seen from the same point, describes 
an arc of 59'. At what intervals of time will these two bodies \ 
come in a line with the sun and on the same side of it? 

Here <? = 360° = 21600', a = 1° 36', and J = 59'. Hence, 
a — b = 37', and we have, 

. 21600 .oQ Q ;i 1 

t = —Kiy— = 583.8 days, nearly. 

The data in the last example were not taken with extreme 
accuracy, the object being mainly to illustrate a method. More 
exact data would liave given 583.92 days. 
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195. An Inequality is an expression signifying that one 
quantity is greater, or less, than another ; as 

a > S, and c <d. 

In every inequality, the part on the left of the sign is the first . 
member, and the part on the right the second member. 

196. In treating of inequalities, the terms greater and less, 
must be understood in their algebraic sense, which may be defined 
as follows : 

Of any two quantities, as a and b, a is the greater when a — b 
is positive, and a is the less when a — h is negative. 

197. From this definition it follows, that 

Any negative quantity is less tJian zero ; and of two negative 
quantities, the greater is the one which has the. less number of units. 

Thus, — 2 < 0, because — 2 — 0=r— 2, a negative result ; 
and — 3 > ■— 5, because — 3 — (— 5)= + 2, a positive result. 
13 K 
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198. Two inequalities are said to subsist in ffie same sense, 
when the first member is the greater in both^ or the less in both. 
Thus a> d and c^ d, or u<z and a? < y, are inequalities which 
subsist in the same sense. But the inequalities, m> n and 
p<q, subsist in a contrary sense. 



PEOPEKTIES OF IinSQUALITIES. 

199. Inequalities are frequently employed in mathematical 
investigations; and to facihtate their use, it is necessary to 
establish the following properties : 

I. An inequality will continue in the same sense, if the sanie 

quantity he added to, or subtracted from, each member. 

For, suppose 

a > J. 

Then according to 196, a — J is positive. Hence, 

(a ± c) - ( J ± c) 

is positive, and consequently, 

a ± c > J ± c. 

It follows obviously from the principle just established, 

1. That a term may be transposed from one member of an 
inequality to another, by changing its sign. 

2. That if an equation be added to an inequality, member to 
member, or subtracted from it in like manner, the result will be 
an inequality subsisting in the same sense. 

II. If an inequcdity be subtracted from an equation, member 

from member^ the sign of inequality will be reversed. 

For, suppose 

x = y and a>b; 

then we shall have 

(x— a) — (y — J) = & — a, 

a negative quantity (196) ; hence, 

i» — a < y — J. 

III. If the signs of all the terms of an inequality be changed^ 
the sign of inequality will be reversed. 
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For to change the signs of all the terms is equivalent to sub- 
tracting each member from = 0. 

IV. If two Of more inequalities subsisting in the same senses be 
added, member to member, the resulting inequality will subsist in 
the same sense as the given inequalities. 

Forif a>b, a'>V, a">b", , 

then from I969 

a — J, o' — b'f a" — J", •*.••, 

are all positive ; and the sum of these quantities^ 

a - ft + a' - y + a" - b", or {a + a' + a") - (J + J' + b"), 

is therefore positive. Hence, 

a + a' + a''>b + b' + V\ 

It is evident that if one inequality be subtracted from another 

established in the same sense, the result will not always be an 

inequality subsisting in the same sense. Thus, it is evident that 

we may have 

fl > J and a! > b\ 

in which a --a' may be greater than b — b\ less than b — J', or 
equal to J — S'. 

V. If one inequality be subtracted from another subsisting in a 
contrary sense, the result will be an inequality subsisting in the 
same sense as the minuend. 

For, if a > ft . . . (1), 

and a'<ft'...(2); 

then fl — ft is positive and a' — ft' is negative ; therefore, a— ft — 

{a' — ft'), or its equal {a — a') — (ft — ft') must be positive, and 

we shall have 

a — a' > ft — ft', 

an inequality subsisting in the same sense as (1). 

If (1) be subtracted from (2), member from member, it can be 
shown, in like manner, that 

a' — a < ft' — ft. 

YI. An inequality will still subsist in the same sense, if both 
memiers be multiplied or divided by the same positive quantity. 
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For suppose m to be essentdallj positive, and 

a> J. 
Then since a — d is positive, we shall have both m{a'^b) and 

— (a — J) positive. Therefore, 

ma>mb and — ->— . 

mm 

YII. J^ both members of an inequality be multiplied or divided 
by the same negative quantity , the sign of inequality will be reversed. 

For, to multiply or divide by a negative quantity will change 
the signs of all the terms, and consequently reverse the sign of 
inequality (III). 

VIIL If ttvo ineqtialities subsisting in the same sense be multi- 
plied together y member by member^ the sign of inequality remaifis 
the same wJien more than ttoo of the members are positive, but is 
reversed when more than two of the members are negative. 

That is. 
Multiply a>J, — a>— J, — «>— J, a> J. 
By a' > b', — g^ > -. b', g^ > — b' , a> — V. 

Products, aa' > bb', aa' < 65', — aa' < bb', aa' > — bV. 

The first two results are evident from the fact that when the 
two members of an inequality are both positive, the greater mem- 
ber has the greatest numerical value ; but when the two members 
are both negative, the greater member has the least numerical 
value. 

The other two results are evident from the fact that any posi- 
tive quantity is greater than any negative quantity. 

It will be found that if two of the four members are positive 
and two negative, the result will be indefinite. 

SOLUTIOIS' OP INEQUALITIES. 

200* The Solution of an inequality consists in transforming 
it in such a manner that one member shall be the unknown quan- 
tity standing alone, and the other member a known expression. 
The inequality will then denote one limit of the unknown quan- 
tity. 



BOLUTIOK. 149 

201. The principles just established may now be applied in 
the solution of inequalities of the first degree. 

Thus, let it be required to find the limit of x in the inequality, 

a? 2a; 3a; 9 

Multiplying both sides by 20, 

10a; + 8a; > 15a; + 45 ; 
transposing and collecting terms, 

3a; > 45 ; 
diyiding by 3, 

a;>15. 



MXAMrZHS WOM PBAOTXCB. 

3x 
1. 5a; > — + 14. Afis, a; > 4. 

2a; 2a; 2a; 
^» -r q" -^ "k — '^* Ans. a; < 3. 

5a; 5 11 7x 

3. "g" + 4 < y + 12* ^^' ^ ^ ^^' 

. Sx x — 1 ^ ^ 20a; + 13 . ^ „ 

4. -J ^ — <^6x :j • Ans. a; > 5. 

4 /C 4 

5. ax "-by ex + d. Ans. x > -^ — 

a — c 

X ^^ Cb X 

6. — 7 — < 1 Ans. X < a. 

b a 

7. (a — a;) (m — a;) — a (w — c) < a^ • An^. a; > — 

203* If there be given an inequality and an equation, con- 
taining two unknown quantities, the limit of each unknown 
quantity may be found, by a process of elimination. 

1. Giyen 2a; + 5y > 16 and 2a; + y = 12, to find the limits of 
a; and y. 

13* 
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If we subtract the eqaation from the mequaliiy^ the result will 
be an inequality subsisting in the same sense (199, I, 2), and x 
will be eliminated. Thus, 

From 2a? + 5y > 16 . . . (1), 

subtract 2a: + y = 12 . . . (2); 

4y> 4; 

y> 1. 

If we substitute 1 for y in the equation, the first member will 
be made less than the second ; and we shall haye 

2a: + 1 < 12, 

whence, x < 5^. 

The limit of a; may be found in a difFerent manner, as follows: 

From equation (2), y = 12 — 2a:. 

Substituting this value of y in (1), we have 

2a: + 60 — 10a: > 16, 

whence, - 8a: > — 44, 

or, X < 6 J. 

Thus we may eliminate between equalities and inequalities, 
either by addition and subtraction, or by substitution. Let it be 
remembered, however, that when an inequality is subtracted from 
an equation, the sign of inequality will be reversed (199, 11). 

MXAMPZBs iron pbactiob, 

1. Given 2a: + 4y > 30 and 3a: + 2y = 31, to find the limits 
of X and y. Ans. x<6; y>H* 

2. Given 4a: — 3y < 15 and 8a: + 2y = 46, to find the limits 
of x and y. Ans. a: < 5J ; y > 2. 

3. Given 7x — lOy < 59 and 4a: + 5y = 68, to find the limits 
of X and y. . Ans. a: < 13 ; y > 3^. 

4. Given 5a: + 3y > 121 and 7a: + 4y = 168, to find the limits 
of X and y. Ans. a: < 20 ; y > 7. 

- ^. a: — 4 y — 10^ . , 3a: — 24 x — y ^^ ^ 

5. Given — 2_ — > i and — - — + —^ = 13, to 

find the limits of x and y. Ans. x < 22^ ; y < I74. 
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SECTION III. 
POWERS AND ROOTS. 

INVOLUTION. 

203. A Fower of a qiHintity is the product of factors each 
of which is equal to that quantity. A quantity is said to be 
raised or involved when any power of it is found. 

204. Involution is the process of raising a quantity to any 
given power. 

205. Inyolution is indicated by an exponent, which expresses 
the name of the power^ and shows how many times the quantity 
is taken as a factor. 

Thus, let a represent any quantity ; then, 

TUhe first power of a is a = o* ; 

aa=za^\ 

aaa = a^ ; 

odaa = a* ; 

aaa . . . = a» ; 

206. The Square of a quantity is its second power ; and 
the Cfibe of a quantity is its third power. 

207. A Perfect Power is a quantity that can be exactly 
produced by taking some other quantity a certain number of 
times as a factor. Thus, oi? — %xy + y^ is a perfect power, 
because it is equal to (a; — y) (a: — y), 

POWEBS OF MONOMIALS. 

208* A simple factor may be raised to any power by giving 
it an exponent which expresses the name or degree of the required 
power. And if a quantity consists of two or more factors, it is 
evident that as often as the quantity is repeated, each factor will 
be rei>eated. Thus, 

{aby = aJ X a5 = aa X SJ = c?V. 
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And in general^ if abc . . . , k represent the product of any 
number of factors^ and n any exponent^ we shall have 

{abc i)* = a*i*c* **. That is, 

ITie n^ power of the product of two or more factors is equal to 
the product of the rfi^ powers of those factors. 

209. If it be required to involve a quantity, which is already 
a power, the exponent of the quantity will be taken as many 
times as there are units in the exponent of the required power. 
Thus, {ary = a*" X a"* = a'^+'» ,= a^ ; 

{a^Y = a^ X a^ X a"^ =^ a^^^+^ = a*». 
And in general, a"* raised to the n^ power will be 

(a'")'» = a"»». That is. 

If the m^ power of a quantity he raised to the n^ power^ the 
result will he a power of the quantity expressed by the product of 
m and lu 

210. "With respect to signs, it is obvious that if a positive 
quantity be involved to any power, the result will be positive. 

But if a negative quantity be involved, the successive powers 
will be alternately positive and negative ; for, it has been shown 
that the product of an even number of negative factors is posi- 
tive, and the product of an odd number of negative factors is 
negative (67). 

Tp deduce this law of signs in an experimental way, let it be 
required to involve — a to successive powers. By the principles 
of multiplication, we shall have 

(-a)8=(-a) X (-a)= +a^ 
(— a)» = (+ 02) X (— a) = — a8 ; 
(-a)4 = (-fl8) X (-«)=+«*; 
(-a)5=:(4-a*) X (~o) = -a». 

And in general, 

.(— «)»= ±a% 

the plus sign in the second member being used when n is emn, 
and the minus sign when n is odd. Hence, 

1. All powers of a positive quantity are positive. 

2. Tlie odd powers of a negative quantity are negative, tut the 
even powers are positive 
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211* From the foregoing principles relating to the involution 
of a monomial^ we derive the following 

BuLE. — I. Raise the numeral coefficients to the required power, 

IL Multiply the exponent of each letter by the exponent of the 
required potver, 

m. When the quantify involved is negative, give the odd powers 
the minus sign. 



BXAMPIiJEB Ton BMAOTZCS. 



1. Baise ^ to the 4th power. 

2. Baise y'^ to the 3d power. 

3. Baise tI^ to the 6th power. 

4. Baise «"* to the n^ power. 

5. Baise aa? to the 3d power. 

6. Baise aJM to the 2d power. 

7. Baise 5a^ to the 3d power. 

8. Baise 8a%* to the 2d power. 

9. Baise -- 4« to the 4th power. 

10. Baise — 4a to the 3d power. 

11. Bequired the 7th power of — a^jfi. 

12. Bequired the 4th power of — ^c^. 



Ans. x^. 

Ans. y^. 

Ans. a:**. 

Ans. tT^. 

Ans. ahfi. 

Ans. a^b^a^. 

Ans. 125ah^. 

Ans. 64fl*J«. 

Ans. 256a^. 

Ans. —64a'. 

Ans. — a^h^. 

Ans. Slc^cP. 



Find the ralnes of the following indicated powers: 



13. ( 


;6a5»)«. - 


14. 1 


[— 5a»J«)». 


15. ( 


[tTby. 


16. ( 


:- a*)». 


17. ( 


:- a^)». 


18. 4 


[- Safb")*. 


19. ( 


'— 2a"a!»»)'. 


20. ( 


:- dbc)"^. 



Ans. 216a»J«. 

Ans. — 125a»*» 

Ans. af^V^. 

Ans. df^. 

Ans. — ra^. 

Ans. 9a^ff^. 

Ans. — 128a'*»a;i*'». 

Ans. ±a"J"*c~ 
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2i2. K it be required to raise a* to the m* power, we shall 
have 

an expression which denotes that power of a whose exponent is 
m\ If we put tn = 3, then a** = a*. 

Expressions like the above may frequently occur in algebraic 
operations. 

Find the value of each of the following expressions : 

1. (aTy*)". Am. a?"*V'- 

2. (a^y*)~ Ans. af^^t/^. 

3. («"••)* ^^- aJ"*. 

4. (a:^')**. Ans. af"*. 

6. (aJVd»*)* -4w«. ^i^'c^'d"*. 

POWERS OP FEACTIONS. 

213. If a fraction be raised to any power^ both numerator and 
denominator will be raised to the same power. 

1. Bequired the 3d power of — 

/a\* a a a a x a x a (^ . 
\c/ c c c c X c X c <F 

Hence, to raise a^ fraction to any power, we have the following 

BuLE. — RaisB loth numerator and denominator to tlie re* 
quired power. 

JEXAMPZB8 rOB ^BACTICS. 

' 1. Involve rr-T to the 2d power. Atis. -tti* 

0(r (r(r 

2. Inrolve ^-r to the 3d power. Ans. 



Zt* " *^ 27^" 
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3. Involve -^r- to the 5th power. 

4. Involve to the 4:th power. 

5 

5. Eaise -j- to the 6th power. 

6. Eaise ^-^ to the 5th power, 

7. Eaise to the w^ power. 

xyz 

8. Find (^)"". 



1. Find (J/ 



Am. — 



Ans. 



Ans, ± 



1024aMy 
16807«« ' 

Ans. -T-T' 
15625 

24k3a^lfi'' 



Ans. 



Ans. -=• 



DISCUSSION OF NEGATIVE INDICES. 
314« It has been shown in previous articles that 



,m 



a"* X a** = flr+», ^ = a"»-«, and (a"*)** = a*"**, 

where w and n are positive whole numbers. It remains to be 
shown that the above relations hold true when one or both of the 
exponents Skie negative. And in this investigation it is sufficient 
to remember that a quantity with a negative exponent is equal to 
the reciprocal of the same quantity with a positive exponent 
(88, 2). 

I. To prove that a^x a** = a"*"'"'* universally, m and n being 
integers. 

1. Suppose one of the exponents to be negative; or let 

w = — n'. 



m 



Then a"^ xar'=:dr x ar^' = ^. = fl""*"' = fl^"^. 

2. Suppose both exponents are negative ; or let 

m = — w' and n= — n\ 



Then 



cT Xa^'^z CT"^' X a-"' = --7 X — . == — rrr? = O^-^ = ««+*• 



cT a".. 



a 



fn'+n' 
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n. To prove that -s- = rt*~* universally, m and n being in- 
tegers. 

1. Suppose the exponent of the numerator to be negative; or 
let m = — m'. 

Then — — ^^ — ^ = (T^-^ = a«-*. 

xnen ^^ — ^n — ^+n — » — » 

2. Suppose the exponent of the denominator to be negative ; ot 
let » = — n'. 

Then ? = -^, = a'^xa^' = oT"^' = flT-". 

3. Suppose both exponents are negative ; or let 

m = — m' and w = — n\ 

Then ^=?::^'=£j, = «n'^' = ««-«. 

in. To prove that (a*")* = a"*** universally, ?« and n being in- 
tegers. 
1. Suppose n to be negative ; or let 

w = — n'. 
Then (tiry = («"•)-»' = 7-^, = -i = flr««' = a"^. 



•mn' 



2. Suppose 7/1 to be negative ; or let 

w = — m'. 

Then (o-)» = (a-"--)" = ( ^. f = ^ = a^" = «-• 

3. Suppose both m and w to be negative ; or let 

m^= —m! and w = — 71'. 

Then («•»)•* = (a— -)""' = ( ^7)"" = ( ^ )" = a«'»' = a~". 

Hence, in all algebraic operations, the same rules will apply t< 
negative exponents as to positive. That is, if two powers of the 
same quantity be given, then the exponent of their product will 
be equal to the algebraic sum of the given exponents, and the 
exponent of their quotient will be equal to the algebraic difference 
of the given exponents. 



POWERS OF POLYNOMIALS. 



157 



JE Jl jL JSC JP It JE S 9 

S15. Find the value of each of the following expressions: 

1. (a-2^)3. 

2. {b-^(?Y\ 

3. (2o^y-^)-\ 

4. (4a"*J-«)2. 

5. (— c2d-»m*)«. 

6. (SflT^a;^!)^. 

7. (— arjT'T* 

10. (a2^i-»»)8 X {cr^lr^Y^. 



Ans. ar^V. 
Arts. ¥(r*. 

Ans. Qsr^y^. 

Ans. lea^b-^. 
Ans. —c^^dr^m^. 

Ans. ^a^ar^. 

Ans. ± a'*"y^'*. 

Ans. ar"»~\ 

Ans. 16a. 

Ans. a^ir^. 



POWERS OP POLYNOMIALS. 

216. A poljmomial may be raised to any power by actaal mul- 
tiplication. Thus, if the quantity be multiplied by itself, the 
product will be the second power ; if the second power be multi- 
plied by the quantity, the product will be the third pow^r; and 
so on. Hence the following 

Rule. — Multiply the quantity by itself in continued multipli- 
cationy till it has been taken as many times as a factor as there 
are units in the exponent of the required power. 

Note. — ^It m&j be well to obserre that in Involution we may often reach 
the same result by different processes. Thus, we have c^=al^ x a=a^ x a'= 

JEXAMPZJES FOB FBAOTICX!. 

Expand the following expressions: 

1. {f^ + 3y)2. Ans. ^x* + l%xh/ + 9^. 

2. (5a? — f)\ Ans. 125a:8 _ 75^48^ ^ \^^yi _ ^^ 

3. (1 .+ %x — ZqS^)\ Ans. 1 + 4a; — 2a;« — 12a? + 9a;*. 
14 
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4. {Za + U + c)\ 

Arts. 27a»+ 54c?J +27a\?+36aJ»+ 36flfc+8J»+9iK^+12J^+ 
6W + A 

6. {a + by. 

Ans. a^ + Ha^b + 21a»8» + 35a*J3 + 35a8j4+ 21a«^4- 7a^+Jl 

6. (» — y)«. 

^iw. a;^— 8a;7y + 28aV— 66a:»y»+ 70aV — 56a;y + 28xy — 

7. (a\r« + a^<^)\ Ans. eAr* + 2 + cr*c^. 

8. (o^+l+cry. -47W. a«+3a*+6a»+7 + 6a-'+3tf-*+tf-«. 

9. (£t« + af»)«. Jn«. rf^ + 3a**aJ» + Sa'^M^ + a^. 

POLYNOMIAL SQUARES. 

217* We have seen that the square of any binomial may be 
written without the labor of formal multiplication (70). Thufi;^ 
if X and y represent the terms of any binomial, then 

« 

This formula for a binomial squ^e furnishes a simple rule for 
writing the square of any polynomial, in the same direct manner. 
To deduce the method, let it be required to square the polyno- 
mial, 

a + 1 + c + d + e + .... 

Put x=za and y = } + c + rf + e+ .... Then the square of 
X + y will be equal to the square of the given polynomial; or 

a?+^xy^y^—{a+b+c+d+e+ )K 

And the three parts of the required square will be 

Q?=ia^ (1), 

%xy = 2ad + %ac + %ad + 2a0 + (2), 

y» = (J + <? + d 4- + )\ 

Kow y repre^nts a polynomial ; and to obtain its square, we must 
proceed as at first. Thus, put x* = b and y' = c+d+e+ .... 
Then the square of x'+y' will be equal to the square of J + c + 
d + e + .... And we have 
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aj'a = ja (3), 

2a?y = 2bc + 2bd + 2be + (4), 

y'^={c + d + e + ....Y. 
If we proceed with the value of y'^ as with the value of y®, we 
shall finally obtain all the parts of the required square. 

By inspecijing equations (1), (2), (3), and (4), we perceive that 
the required square will assume the following general form : 

{a+b+c+d+e+ Y = a^+ 2a{b+c+d+e+ ) + V + 

2b {c+d+e+ ....) + (^ + 2c (d+e+ ....)> ^^^ so on. Hence, 
to obtain the square of any polynomial, we have the following 

EuLE.— Write the square of each term^ together with twice the 
product of each tertn, by the sum of all the terms which follow it, 
and reduce the result if necessary. 

SXAMPZJSS T'On PBJLCTICB. 

1. Square a+b+c. Ans. a^ + 2db + 2ac + V + 2bc + (?. 

2. Find the square ofa + b + c + d, 

Ans. a^+2ab+2ac + 2ad+V^+2bc+2bd+(?+2cd+d^. 

3. Find the square o{a + b + c + d + e. 

Ans. a^ + 2ab + 2ac + 2ad + 2ae + V + 2bc + 2bd + 2be + 
<? + 2cd + 2ce + cP + 2de + e». 

4. Square x^y + z. Ans. a^'-2xy+2xz+f^^2yz+A 

5. Find the square of a — 2ft + Sab — c. 

Ans. a^— 4aJ4-6a«J— 2ac+4J8— 12ai2+4Jc+9a»8»— 6aic+A 

6. Find the square otl — a + a^ — cfi. 

Ans. 1 — 2a + 3a8 — 4a» + 3a* — 2a^ + efi. 

7. Find the square of 3aa; + 2a* — 4a^ -- 6. 

Ans. 12ah! — 24aa:» — 30aa; + 4a* — 7a^ — 20a' 
+ 16a:* + 40ir8 + 25. 

8. Find the square of 1 — 2a? — y* + a:y — a;'. 

Ans. 1 — 4a: — 2y» + 2a;y + 2a? + 4a^ — 4a;^ + 43;^ + ^-. 
2ajy» — fta?y + 3a^f + x^. 

218. In a future section we shall give a formula, called the 
Binomial Foimula, by means of which any power of a binomial 
may be obtained without the labor of multiplication. 
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EVOLUTION. 

219. A Moot of any quantity is one of the equal factors 
which, multiplied together, will produce the given quantity. 

220* The name or degree of a root correspondd to the num- 
ber of equal factors into which the quantity is supposed to be 
divided. Thus, 

The square root of a is one of the two equal factors whose 
product is a. 

The cube root of a is one of the three equal factors whose 
product is a. 

The fourth root of a is one of the four equal factors whose 
product is a ; and so on. 

231* Evolution is the process of extracting any root of a 
given quantity ; it is the converse of involution. 

222* There are two methods of indicating evolution : 

Ist. By the radical sign, V. 

When this method is employed, the name or degree of the 
root is denoted by a figure or letter written above the radical, 
called the index of the root. Thus, ^/a denotes the cube root of 
a ; and "^a denotes the fourth root of a. When no index is 
written, 2 is understood. Thus, Vi denotes the square root of 
X, and signifies the same as ^^x. 

2d. By fractional exponents. 

To explain the origin of this method of indicating roots, we 
observe that a quantity is raised to any power, by multiplying 
its exponent by the exponent of the required power. Conversely, 
any root of a quantity may be obtained, by dividing the exponent 
of the quantity by the index of the required root. Thus, the 

cube root of a, or a\ is written a* and the cube root of a^ will be a* 

Hence, a fractional exponent may be analyzed as follows : 

1. Hie numerator denotes the power of the qtmntity^ whose root 
is to be extracted. 

2. 77ie denominator shows wJiat root of that power is to be ex- 
tracted. 
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223. The two methods of indicating roots may be iUustrated 
by equivalent expressions, as follows : 

Va, or a% denotes the square root of a ; 

V^, or a* " " cube ** "a; 

1 
\^, or a^ " " n^ « " a. 

« 

And if «•" represent any power of a, then 

V^, or a^, denotes the square root of a"» ; 
\^, or a', " " cube " " a"*; 



tn 
n. 



a"*, or a", " " 7i^ *' " a"*. 

234. A Surd is a root which cannot be exactly obtained; as 
V2, V^, or Va^ — ^fl*. 

A surd is called an irrational quantity, while a root which can 
be exactly obtained is called a rational quantity. A root will be 
rational when the given quantity is a perfect power correspond- 
ing in degree to the required root ; otherwise it will be a surd. 

The root of a number which is an imperfect power, may always' 
be obtained approximately. Thus, \/6 is a surd ; but we have 

Ve = 2.44, nearly ; for (2.44)2 — 5.9536. 

225. An Imaginary root is one which is known to be 
impossible on account of the sign of the given quantity. Thus, 
the square root of — a^ or V— «', is impossible, since no quan- 
tity raised to the second power will produce — a\ A root which 
is not imaginary is said to be reah 

EOOTS OF MONOMIALS. 

226. It has already been shown that the root of a simple 
algebraic quantity may be expressed by dividing the exponent of 
the quantity by the index of the required root (332). And it 
is evident that if the exponent of the quantity will not exactly 
contain the index of the required root, the result must be a surd. 

14* ' L 
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237. We have seen that a quantity composed of several fac- 
tors, may be raised to any power by involving each factor sepa- 
rately to the required power (308). Conversely, we may obtain 
the root of a quantity by extracting the root of each factor 
separately. Thus, if abc....k represent the product of any 
number of factors, then 

\^abc * = V^a v^ v^c ij^ ; 

or, with fractional exponents, 

1 111 i 

{abc ky' = a~* V **. 

That is, 

ITie rfi*' root of the product of two or more factors is equal to the 
product of the w** roots of the factors. 

238. There are certain properties of roots which depend upon 
the law of signs in involution : 

1. Every odd root of a quantity is real, and has the same sign 
as the quantity itself 

For, any positive quantity raised to an odd power is positive; and 
any negative quantity raised to an odd power is negative (310). 

2. Every even root of a positive quantity is real, and may be 
either positive or iiegative. 

For, either a positive or a negative quantity raised to an even 
power is positive (310). 

3. Every even root of a negative quantity is imaginary. 

For, no quantity, whether positive or negative, raised to an 
even power, will give a negative result. 

339. From the principles now established, we have the fol- 
lowing rule for extracting the roots of monomials : 

KuLE. — ^I. Extract the required root of the numeral coefficients 
for a new coefficient. 

II. Divide the exponent of each literal factor by the index of the 
required root. 

III. Prefix the double sign, ±, to all even roots, and the minus 
sign to the odd roots of a negative quantity. 

Notes. — ^1. When the required root of any factor is a surd, it may he 
indicated either hj a fractional exponent, or hy the radical sign. 

2. The root of a fraction may he ohtained hy taking the root of the na- 
merator and denominator separately. 
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1. What is the square root of 49a^? Ans, ±100?. 

2. What is the square root of 25cioj2 ? ^^. ±6(fib. 

3. What is the square root of 144a^ch?^? Ans. ± 12a(?xy. 

4. What is the cube root of 125a'? Ans. 6a, 

5. What is the cube root of — 64a:* ? Ans. — 4^. 

6. What is the cube root of — 216aY ? Ans. — 6ay^. 

7. What is the cube root of l!29€fix^ ? Ans. 9aV. 

8. What is the 4th root of 256a^ ? Ans. ±^aQfi. 

9. Find the 4th root of 16a, Ans. ± 2fl^, or ± 2^. 

10. Find the cube root of 27a^. Ans. 3a*a;*, or 3'v^^. 

11. Find the 5th root of — 32a;iY. Ans. — 2a^*, or --20^^. 

12. Find the n^ root of c?^lr. Ans. a^lP. 

13. Find the square root of 81flr*J« Ans. ± 9flrW 

14. Find the cube root of — 2160-^^^1 Ans. — 6a""c"*. 

15. Find the 5th root of 2^ar^b''^. Ans. Zar^lr^. 

16. Find the m^ root of a"»"y"*". Ans. a"y**. 

17. Find the w<* root of af V*^** -4^^« a^y"*^'. 

18. Eequired the square root of -j^-j- Ans. ± —^ — 

19. Required the cube root of ^ » Ans. ^—z' 

20. Required the square root of -j^' Ans. ± -j— 

a**a?" , oa:* 

8 11 



21. Required the n^ root of -^^' Ans. 



/t8 

22. Required the n^ root of y Ans. d^l "^c \ 

23. Find the square root of (a — x)h/^. Ans. ±{a'-x) t^. 

24. Findthecuberootof (a?— l)»(a;+l)«. ^7W.(a^— l)(a?+l). 

25. Find the square root of 7^y^ (a?— y)'. Ans. ± (a^-^xy^). 
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SQUAEE BOOT OP POLYNOMIALS. 

230. To deduce a rule for the extraction of the square root 
of a polynomial, let us first observe how the square of any bino- 
mial, as a + ^9 is formed. We have 

And the last two terms may be written as follows: 

(2a + b) b. 

Let us now consider how the process of involution may be 
reversed, and the root, a + b, derived from the square. 

Extracting the square root of a^, 
we obtain a, the first term of the root operation. 

Taking a^ from the whole expression, a^+^ab+l^ \ a + b 

we have 2ab + i*, or (2a + b) b, for a a^ 

remainder. Dividing the first term %a+b 2ab'\-l^ 
of this remainder by 2a, as a partial 2ab+i^ 

divisor, we obtain b, which we place 

in the root, and also at the right of the 2a to complete the divi- 
sor, 2a + b. Multipljring the complete divisor by 5, and sub- 
tracting the product from the dividend, we have no remainder, 
and the work is finished. 

By the same process continued, we may Extract the square root 
of any quantity that is a perfect square. To establish the rule 
in a general manner, let 

a + b + c + d . . . . 

represent any polynomial. By a previous article, the square of 
this polynomial consists of ihe square of each teriUy together with 
twice the product of each term by the sum of all the terms which 
folloio it (317) ; and the square may be written as follows : 

a«+2a&+2ac+2ad +&*+26(5+2M +c«+2crf +cP 

And it is evident that if the root, a + b + c+d . . . . , is arranged 
according to the powers of some letter, the square will also be 
arranged according to powers of the same letter. 

We may now derive the root from the square, in the following 
manner: 
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OFEBATION. 

\a-\-b+e-\-d root. 

tfi-^2db+2ae-^2ad +6»+2ftc+2M +c*+2cd! +€P 



a« 








2a+5 2ab+2ae+2ad , , 
2db 


+6» 


.+(j^+2cd.. 


• • 1 Cv • • • • 


2a+26+c +2ac+3ad!.. 

2ae 


+ 26C+2M... 




. .+cP.. . . 


2ad 




+2af 





• • • • 



We find a as in the former example, and take its square from 
the whole expression. We then divide the first term of the re- 
mainder hy 2ay and write the quotient, b, in the root, and also in 
the divisor. We then multiply the complete divisor by J, sub- 
tract the product from the first remainder, and thus obtain a new 
dividend. Then writing 2a + 2b for a partial divisor, we find c 
in the same manner as we found b ; and thus we continue till the 
work is finished. 

If we examine the several subtrahends, taking the terms diag- 
onally in the operation, we shall find a\ 2aJ, 2aCy 2ad, etc. ; J^, 
2bCy 2bdj etc. ; c*, 2crf, etc. ; d^, etc. That is, we have, in the 
operation, the square of each term of the root, together with twice 
the product of each term by all the terms which folloxo it. Thus 
we have exactly reversed the process of forming a polynomial 
square. Hence the following general 

EuLE. — ^I. Arrange the terms according to the powers of some 
letter y and write the square root of the first term for the first term 
of the root. 

IL Subtract the square of the root thus found from the given 
quantity, and bring down two or more terms for a dividend. 

in. Divide the first term of the dividend by twice the root aU 
ready found, and write the result both in the root and in the divisor. 

IV. Multiply the divisor, thus completed^ by the term of the 
root last found, subtract the product from the dividend, and pro- 
ceed with the remainder, if any, as before. 

KoTB. — ^According to the law of signs in evolution, eveiy square root 
obtained will still be a root, if the signs of all its terms be changed. 
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JBXAMPI^BB rOB rMACTICJS. 

1. What is the square root of (fi+2ab+2ac+U^+2ic+(?? 

Ans. a+b+c, 

2. What is the square root of a*— 6a>J+4a2+9J2— 12J+4 ? 

Ans. a«— 3i+2. 

a What isthe square root of a^+4aj»+2a?*—2a;»+5a:»—2a:+lf 

Ans. a^+2a^—X'\-l. 

4. What is the square root of 1— 2a+3a2— 4a8+3a*— 2a»+ 
efl? Atis. I'—a+cfi—cfi, 

5. What is the square root of 4a*J2_ I2a3j2 + 8a»*« + ^a^V — 
12a?J» + 4fl«J* ? ^««. 2a% — 3flJ + 2aJ». 

6. What is the square root of ^t? — ZWy + a^^ + 76iEy — 
44icy — -^S^ + 3^y*^ •^^- 3a:» — bahf — ^f + 6f. 

7. What is the square root of a* — 6a^c + ^hd — %a^(P + 
9JV— 12Jc»d+6*c(P+4c2d»— 4c(?+d*. ^n^. a^Sbc+2cd'-€P. 

8. What is the square root of a* — cfib -\ — -. r- + ttj? 

4 4 16 

Ans.a^--j + -j. 

9. What is the square root ot Qfi--esfi + lla^ — 6ar^ + ar*? 

Ans. 2i^ — 3x + ar*. 

10. What is the square root of a^"^ — 10ab-^+ 27 — 10a''^b+ 
ar^V? Ans. ab"^ — 6 + ar^b. 

11. What is the square root of a**+ 6a*»c"+ lla^c^ + M^<^ 



SQUARE BOOT OF NUMBERS. 

9 231« In order to discover the process of extracting the square 
root of a number, it is necessary to determine 

1st. The relative number of places in a number and its square 
root. 

2d. The local relations of the several figures of the root to the 
periods of the number. 
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3d. The law by which the parts of a number are combined in 
the formation of its square. 

232. The relative number of places in a given number and its 
square root may be shown by illustrations^ as follows : 

12= 1 12= 1 

92=^ 81 102= 1^00 

992 = ' 98,01 1002= 1,00,00 

9992 = 99,80,01 10002 = 1,00,00,00. 

From these examples we perceive that a root consisting of 1 
place may have 1 or 2 places in the square ; and that in all cases 
the addition of 1 place to the root adds 2 places to the square. 
Hence, 

If we point off a number into two-figure periods, commencing at 
the right hand, the number of periods will indicate the number of 
places in the square root. 

233. If any number, as 2345, be decomposed at pleasure, the 
squares of the parts, beginning with the highest order, will be 
related in local value as follows : 

20002 = 4 00 00 00 

23002 = 6 29 00 00 

23402 = 6 47 66 00 

23452 = 5 49 90 25. Hence, 

The square of the first figure of the root is contained wholly in 
the first period of the power ; the square of the first two figures of 
the root is contained wholly in the first two periods of the power ; 
and so on. 

234. If the figures of a number be separated into two parts, 
and written with their local value, we may then form the square 
of the number by the formula for a binomial square. Thus, 

76 = 70 + 6. And if we put a = 70 and J = 6, then 
a + J = 76 ; and we shall have 

a2 = 4900 
2aJ= 840 

^2= 36 

a2 + 2flJ + J2 = 5776 = 761 
Hence, the binomial square may be used as a formula for extract- 
ing the square root of a number. 
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1. Let it be required to extract tiie square root of 5776. 

There are two periods in the operation. 

number, indicating that there will 57 76 [ 76 

be two places in the root. As the a^, 49 00 

square of the tens is contained 2a, 140 8 76 

wholly in the first period (233), 2a + J, 446 8 76 
we first seek the greatest perfect . 

square in 57. This we find to be 49, the root of which is 7, the 
first figure of the root sought. Hence we have a = 70, and sub- 
tracting a', or 4900, from the entire number, we have 876 for a 
remainder, which must be equal to {2a + i) 5 (230). Dividing 
the remainder by the partial divisor, 2a, or 140, we have i = 6, 
the second figure of the root. Completing the divisor, we have 
2a + J = 146 ; whence {2a + b) x J = 876, and the work is 
complete. 

It is obvious that we may omit ciphers, and still employ the 
figures with their proper local values, in the operation. It will 
not then be necessary to form the partial divisor separate from 
the complete divisor. 

If the given number consists of more than two periods, we may 
find the two superior figures of the root from the first two 
periods (233), bringing down another period to the remainder. 
Then a in the binomial formula will represent the part of the 
root already found, considered as fens of the next inferior order ; 
and so on. 

2. Required the square root of 226576. 

OPERATION. 

22 65 76 I 476, Ans. 
16 



87 665 . 

609 
946 5676 
5676 



Having found 47, the square root of the first two periods, we 
bring down the last period, and have 5676 for a new dividend. 
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We then take 2a = 47 x 2 = 94 for a partial divisor, whence we 
obtain ft = 6, the last figure of the root. We should observe 
that by simply doubling the 7 in the 87, we may obtain 94, the 
new trial 'divisor. 

From these principles and illustrations, we have the following 

Rule. — ^I. Point off the given number into periods of two figures 
each J counting from unifs place toward the left and right. 

II. Mnd the greatest square number in the left-hand period, and 
write its root for the first figure in the root sought ; subtract the 
sqtiare number from the left-hand period, and to the remainder 
bring down the next period for a dividend. 

III. At the left of the dividend write twice the first figure of the 
root, for a trial divisor ; divide the dividend, exclusive of its right- 
hand figure, by the trial divisor, and write the quotient for a trial 
figure in the root 

IV. Annex the trial figure of the root to the trial divisor for a 
complete divisor j multiply the complete divisor by the trial figure 
in the root, subtract the product from the divideyid, and to the re- 
mainder bring down the next period for a nexo dividend. 

V. Take the last complete divisor, doubling its right-hand figure, 
for a new trial divisor, with which proceed as before, till the work 
is finished. 

Notes. — ^1. If there is a remainder after aU the periods have heen hrought 
down, annex i>eriods of ciphers, and oontinne the operation to as^many 
decimal places as are required. 

2. If the denominator of a fraction is not a perfect square, the fraction 
may be first reduced to a decimal, and its root then taken. 



BXAMTJ^ES JFOM PBACTIO E, 

1. What is the square root of 7225 ? Ans. 85. 

2. What is the square root of 108241 ? A7is. 329. 

3. What is the squar§ root of 651249 ? . Ans. 807. 

4. What is the square root of 974169 ? Ans. 987. 

5. What is the square root of 5098564 ? Ans. 2258. 

15 
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6. What is the square root of 66341025 ? Ans. 81.45. 

7. What is the square root of 1812886084 ? Ans. 42578. 

8. What is the square root of .339889 ? Ans. .583. 

9. What is the square root of .00524176 ? Ans. .0724. 

10. What is the square root of 477 ? Ans. 21.8403+. 

11. What is the square root of 11.09 ? Ans. 3.33016 +. 

12. Eequired the square root of VWW- ^^^' VW« 

13. Required the square root of logotoio^. Ans. Yirhn- 

14. Required the square root of f^. Ans. ^. 

15. Required the square root of 5^. Ans. ^.3604—. 

COKTRACTBD METHOD. 

235. When the required root is a surd, the work may be 
abridged by the method of contracted decimal multiplication. 
To insure a correct result, each contracted divisor should contain 
at least one redundant place — ^that is, one place more than is 
necessary to produce the required order of units in the product. 
This figure should be multiplied mentally, and the tens (increased 
by 1 when the units are 5 or more) carried to the product of the 
next figure. 

To illustrate this principle, let it be required to divide 28337 
by 53194, correct to 3 decimal places. 

In multiplymg the first divisor, of 53194 ) 28337 ( .5327 
which the last figure, 4, is treated as 26597 

redundant, we say 5 times 4 are 20, 5319 1740 
and reserve the two tens for the next 1595 

partial product ; then, 5 times 9 are 532 145 

45, and 2 tens added make 47, and 106 

we write the unit figure of this result 53 39 

for the first in the contracted product 37 

In multiplying the second divisor, 

5319, we have 9 x 3 = 27 ; hence there will be three tens to 
carry, because 27 is nearer 30 than 20. The third divisor is 532, 
one unit being carried to 531 of the preceding divisor, because 
the rejected figure, 9, is greater than 5. 
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1. Beqnired the square root of 7.12 correct to six decimal 
places. 

We continue the operation as 
usual until we haye obtained the 
dividend, 1776. At this point we 
omit the period of ciphers, and 
consider 533 as the divisor ; and 
in multiplying by 3, the new root 
figure, we carry the 1 ten from 
the product of the redundant 
figure 6, and 1 also from the 8 
.units in this product, making 
1601 for the first contracted 
product. After this we drop one 
figure from the right, to form 
each successive divisor, and thus 
continue tiU the work is finished. 

It will be observed that the number of places in the root is 
equal to ithe number of places assumed in the power. 

From this illustration, we have the following 

ttuLE. — ^I. If necessary y annex periods of ciphers to the given 
number^ a7id assume as many figures as there are places required 
in the root ; then proceed in the usual manner until all the assumed 
figures have been brought down. 

n. Form the next trial divisor as usual, but omit to annex to 
it the trial figure of the root, reject one figure from the right to 
form each subsequent divisor, and in multiplying regard the 
right-hand figure of each contracted divisor as redwidanU 

Note. — ^If a rejected figure is 5 or more, increase the next figure at the 
left by 1. 





OFIUUTIOH. 


• 


2.668333 ± Arts. 




7.120000 




4 


46 


312 




276 


526 


3600 




3156 


5328 44400 




42624 


5336 1776* 




1601 


534 


175 




160 


53 


15 




16 
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1. Find the square root of 66 correct to 7 decimal places. 

Ans. 7.4833147 +. 

2. Find the square root of 14 correct to 7 decimal places. 

Ans. 3. 7416573 + . 
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3. Find the square root of 18 correct to 4 decimal places. 

Ans. 4.2426+. 

4. Find the square root of 19 correct to 6 decimal places. 

Ans. 4.358898+. 

5. Find the square root of 52.463 correct to 7 decimal places. 

Ans. 7. 2431346 +. 

6. Find the square root of 7 correct to 8 decimal places. 

Ans. 2.64575131 +. 

7. Find the value of 5 > correct to 5 decimal places. 

Ans. 11.18034-. 



CUBE BOOT OF POLYNOMIALS. 

236. We may deduce a rule for extracting the cube root of a 
polynomial in a manner similar to that pursued in square root, 
by analyzing the combination of terms in the binomial cube. 

If the binomial^ a + 5, be cubed, we have 

a^ + da^ + 3aJ2 + *». 

We win now consider how the process may be reversed, and 
the root extracted from the power. We observe 

1st. That the first term of the root may be obtained by taking 
the cube root of the first term of the power. Thus, 

2d. The second term of the root may be found by dividing the 
second term of the power by three times the square of the first 
term of the root. Thus, 

3a%-5-3a?=5. 

3d. The last three terms of the power may be factored, -and 
written as follows : 

(Ba^ + Sab + i^)b or {SaJ^ + {da + b) b\ b. 

Thus we see that if to the trial divisor, da% we add a correction, 
Sab+V^y or (3a + J) 5, the result will be a complete divisor, which 
multiplied by 5, will give the last three terms of the power. 

Hence, the whole operation of extracting the root, a+ J, from 
the cube, a* + Za^b + 3a J^ + J«, may be written as follows: 
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OFEBATION. 

a^+da^+daff^+I^ \a+b 



3a+i 3ab+¥ 



3a2 3a2d+3ai2+ft» 



Having found a, the first term of the root, we take its cube 
from the whole expression, and obtain 3a^+3ab^+t^. Dividing 
the first term of this remainder by da% we obtain b, the second 
term of the root. To complete the divisor, we first write the 
quantity Sa + b ; and multiplying this by b, we have dab + J*, 
which added to the trial divisor, gives da^ + dab + J^, the com- 
plete divisor. Multiplying this by ft, and subtracting the product 
from the dividend, there is no remainder, and the work is com- 
plete. 

237. To recapitulate, we may designate the quantities em- 
ployed in the foregoing operation, as follows : 

Trial divisor, 3a* 1 

First factor of correction, 3a 4- J I , v 

Correction of trial divisor, 3aJ + S* ' • • • V /• 

Complete divisor, 3a^ + Sab + V 

238. Next, suppose there are three terms in the root, as 

a + b + c. 

Assume « = « + &; then 5 + c = a4-S + (j; and we have 

(5 + c)« = s8 + 35*^ + ds(? + A 

If we proceed as in the last example, we shall obtain a + J, or 
that part of the root represented by «, and subtract its cube from 
the whole expression. There will then be left ds^c + dst? + e^, 
which may be factored and written 

{d^ + dsc + (?)c or \d»^+{ds + c)c\c. 

And we perceive that 3a' will be the new trial divisor to obtain 
Cy and that (35 + c) c will be the new correction. 

The value of 35^, or 3 (a + bf, may be obtained by multiplica- 
tion. It will be more convenient, however, to derive it by the 
addition of three quantities already used in the operation. Thus, 

15* 
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Last complete divisor, 3a* + Sab + V 

Last correction, Sab + S^ J- . . . {Jb). 

Square of last term of the root, ^ 

3^2 = 3 (a + bf = 3a2 + Qab + dP. 
Let it now be required to find the cube root of the polynomial 
a< + ar* — 3a;* — Ua^ -j- 6ic» + 12a; — 8. 

OFERATIOK. 

|a^+g— 2, root. 






8a!*+aj 8aj»+a^ 



3a?*+8aj»+ a^ Sa!« + 8a^+ aj* 



3a5» + 3aj-2, -6ic«— 6aj+4 



3ic* + 6aj* + 3a!« -6ir*--12a:*+6a;- + 13aJ— 8 

3aj*+6iB«— 3a?— 6a!+4, — 6aj*— 12a;3+Ca;^ + 12aj— 8 



Having arranged the polynomial according to the exponents of 
X, we proceed as in the former example, and obtain a^, the first 
term of the root, 3a:^— 3^:*— lla^^+Gai^H-l^a;— 8 the first remain- 
der, 3ic* the trial divisor, and z the second term of the root. To 
complete the trial divisor according to formula (a), we write three 
times the first term of the root plus the second, or Sx^+x, for 
the first factor of the correction. Whence we have {3x^-]-x)x, or 
Sa^-^-a^y for the correction ; dx^-^-Sa^+cfi for the complete divi- 
sor ; {3.r* + 30^ + ofi)x, or 3x5 + 3a:* + ofi, for the product ; and 
— * 6a;* — 12a;s + 6a? + 12a? — 8 for the new dividend. 

To form the new trial divisor according to formula (J), we 
have (3a;*+3a;3_|.a«) ^ {da^+x^) +0^ = 3a;*+6a;3^3^ . whence, 

by division, we obtain — 2 for the third term of the root. To 
complete the new trial divisor, we have for the first factor of the 
correction, 3 (ar^+a;) — 2 = 3a:* + 3a; — 2. This may be obtained 
in the operation from the former factor 3a;* + x, by simply mul- 
tiplying its second term by 3, and annexing the — 2. We now 
find the correction, complete divisor, and product as before, and 
the work is finished. It is evident that three or more terms of 
the root will sustain the same relation to the next succeeding 
term, that the first sustains to the second, or the first and second 
to the third. 
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239. From the foregoing analysis we derive the following 

EuLE. — I. Arrange the polynomial according to tlie powers of 
some letter y and write the cube root of the first term for the first 
term of the root; subtract the cube of the root thus found from the 
polynomial^ and arrange the remainder for a dividend. 

n. At the left of the dividend write three times the square of 
the root already found, for a tried divisor ; divide the first term 
of the dividend by this divisor , and write the quotient for the next 
term of tJie root. 

III. To three times the first term of the root annex the last term, 
and write the result at the left, and one line belgw, the trial divi- 
sor ; multiply this result by the last term of the root^for a correction 
of the trial divisor ; add the correction, and the result will be the 
cmnplete divisor. 

IV. Multiply the complete divisor by the last term of the root, 
subtract the product from the dividend, and arrange the remain- 
der* for a neio dividend, 

V. Add together the last complete divisor, the last correction, 
and the square of the last term of the root, for a new trial divisor ; 
and by division obtain another term of the root. 

VI. Take the first factor of the last correction loith its last term 
multiplied by S, and annex to it the last term of the root, for the 
first factor of the new correction; with which proceed as before, 
till the work is finished. 

MXAMPIiHa FOB PRACTICB, 

1. What is the cube root of 27a8 + lOSa^ + 144a + 64 ? 

Ans. 3a + 4. 

2. What is the cube root oia^ + Qa^ — 4S^ + 96a; — 64 ? 

Ans, OG^ + %x — 4. 

3. What is the cube root of ^ofi — 36a;« + ma^ — ^o^ + mx^ 
— 9a? + 1 ? Ans. 2a?» — 3a? + 1. 

4. What is the cube root of a« + ^a^b + Ma^l^ + 9a8^— 24a2J* 
+ 9aJ5 — S« ? Ans. a^ + 3a& — V^. 

5. What is the cube root of a^ — Qc^ + 27^' — 74a« + 159a« — 
234a* + 257a8 — 174a2 + 60a — 8 ? Ans. a^ - 2a2 + 5a — 2. 
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6. What is the cube root of a^ — Sir^ + Qx' — 10a:« + 12a:8 _ 
Ux^ + lOa^'-ea^ + SX'-'l? Ans. a^-^a?^ + x-^l. 

7. What is the cube root of Scfi — 12(^b + ZWbc + %a^V — 
36a^c — a»6» + UalM + ^a^l^c — 21al^<? + 27J8c3? 

-47W. 2a — a5 + 3Jc. 

8. What is the cube root of a<- 12a:« + i^- 70a;8 + ^^ 

4 16 

3^ 1 O ^ o . 1 

9. What is the cube root of a:^ + 6a:8 — ^Aafi — 96a:« + 192a;*+ 
512a:» — 768x — 612 ? Ans. a^s 4. 2a« — 4a: - 8. 
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240. To establish a rule for extracting the cube root of a num- 
ber, we must first ascertain the relative number of places in a cube 
and its root. This relation is exhibited in the following examples : 



Boots. 
1 


Cabea. 

1 


Boots. 

1 


Cubes. 

1 


9 
99 

999 


729 

970,299 

997,002,999 


10 

100 

1000 


1,000 

1,000,000 

1,000,000,000. 



Thus we perceive that a number consisting of one place, may 
have from one to three places in its cube ; and that in all cases 
the addition of one place to the root adds three places to the cube. 
Hence, 

If a number be pointed off into three-figure periods ^ commencing 
at units' place, tlie number ofj)eriods will indicate the number of 
places in tJie root. 

341. To ascertain how the several figures of the root are 
related in local value to the periods of the power, we may decom- 
pose any number, as 5423, and form the cubes of its several 

parts, as follows : 

50008 — 125 000 000 000 

54003 _ 157 464 000 000 

. 54208 — 159 220 088 000 

54238 = 159 484 621 967. Hence, 
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• 

The cube of the first figure of the root is contained wholly in the 
first period of the power; the cube of the first two figures of the 
root is contained wholly in the first two p&inods of the power ; and 
80 on. 

^4t^. To employ the binomial cube as a formula for extract- 
ing the cube root of a number, we must represent the first figure 
or figures of the root, taken with their local value, by a, and the 
remaining figures by b. The operation will then be the same, in 
form and principle, as that employed in extracting the cube root 
of algebraic quantities. 

1. Let it be required to find the cube root of 164,206,490,176. 

OPERATION. 

164206490176 |54y6 
125 



154 


616 


7500 39206 
8116 32464 


1627 


* 

11389 


874800 6742490 
88618& 6203323 


16416 


98496 


89762700 539167176 
89861196 539167176 



There are four periods in the given number, indicating that 
there will be four figures in the root. As the cube of the first 
figure will be contained wholly in the first period (341), we seek 
the greatest perfect cube in 164. This we find to be 125 ; its 
root is 5, which we write as the first figure of the root sought. 

We may now consider the 5 as tens of the next inferior order 
in the root, and let a=:50, and & represent the next 'figure. And 
since the cube of a + S will be contained wholly in the first two 
periods of the number (241), we subtract a^, or 125, from 164, 
and to the remainder bring down the next period, making 39206. 
Then this result must contain at least ^a^+%dt^+V (236), and 
we therefore divide it by 3a^ or 7500, as a trial divisor, and 
obtain 4 for the value of b, or the second figure of the root. 

To complete the divisor, we have 3a + J = 154 for the first 
factor of the correction, and (3w -f J) J = 616 for the first cor- 
rection ; whence by addition we obtain 8116, the complete divi- 

M 
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• 

Bor. Multiplying this by 4, and sabtracting tbei product firom 
the diyidendy we haye, after bringing down the next period^ 
6742490 for a new dividend. 

We may now form a new trial divisor (238^ S). We shall 
have 8116 + 616 + 16 = 8748 ; or 874800, if we give to the figures 
their local value with respect to the lowest order in the dividend. 
By division, we have 7 for the next figure of the root. To find 
a correction for the new trial divisor, we annex the last figure, 7, 
to 3 times the former figures of the root, and obtain 1627 for the 
first factor ; and we then continue the operation, repeating the 
former steps, till the work is finished. 

Hence we have the following 

BuLE. — I. Point off tlis given nuniber into periods of three 
figures each, counting from units* place toward the left and right 

II. Find the greatest cube in the left-hand period, and place its 
root for the first figure of the required root; subtract this cube 
from the first period, and to the remainder bring dotvn the next 
period for a dividend. 

III. At the left of the dividend write three times the square of 
the root already found, and annex two ciphers, for a trial divisor j 
divide the dividend, and write the quotient for the next figure of 
the root. 

IV. To three times the first figure of the root annex the last; 
multiply this result by the last root figure, for a correction to the 
trial divisor ; add the correction, and the result tvill be the com- 
plete divisor. 

V. Multiply the complete divisor by the last figure of the root, 
subtract the product from the dividend, and to the rem^ainder bring 
down another period for a new dividend. 

VI. Add together the last complete divisor, the last correction, 
and the square of the last figure of the root, and amiex two ciphers, 
for a new trial divisor; then by division obtain another figure of 
the root. 

VII. Take the first factor of the last correction, multiplying its 
right-hand figure by 3, and annex the last figure of the root, for 
the first factor of the new correction ; with which proceed as in the 
former steps, till the work is finished. 
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BXAMBIiBS JFOM JPMAOTICB. 

1. Find the cube root of 148877. Ans, 63. 

2. Find the cube root of 571787. Ans. 83. 

3. Find the cube root of 256047875. Ans. 635. 

4. Find the cube root of 354894912. Ans. 708. 

5. Find the cube root of 11852.352. Ans. 22.8. 

6. Find the cube root of 144125083907. Ans. 5243. 

7. Find the cube root of 128100283921. Ans. 6041. 

8. Find the cube root of 105555569176. Ans. 4726. 

9. Find the cube root of 731189187729. Ans. 9009. 

10. Find the cube root of 1762.790912. Ans. 12.08. 

11. Find the cube root of 1061520150601. Ans. 10201. 

12. Find the cube root of 332123Q1.641984. Ans. 321.44. 

13. Find the cube root of 1371737997260631. Ans. 111111. 

14. Find the cube root of .171467. Ans. .55555+. 

15. Find the cube root of .004235801032. Ans. .1618. 

CONTBACTED METHOD. 

243. In applying the method of contracted decimal division 
to the extraction of the cube root of a number, we observe, 

Ist For each new figure in the root, the terms in the opera- 
tion extend to the right 3 places in the column of dividends, 2 
places in the column of divisors, and one place in the extreme 
left-hand column. Hence, 

2d. If at any point in the operation we omit to bring down 
Dew periods in the dividend, we must shorten each succeeding 
divisor 1 place, and each succeeding term in the left-hand column 
2 places. 

3d. If, however, for the first contraction in the column of 
divisors, and in the left-hand column, we simply omit the 
extended part, and afterward contract according to the precept 
just given, each contracted multiplicand will have one redvndant 
figure. 
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1. Find the cube root of 860 correct to 8 decimal places. 



OPERATION. 



9.47268237+, root. 



850.000000 
729 



274 


1096 


24300 
25396 


121000 
101584 


2827 


19789 


2650800 
2670589 


19416000 
18694123 


2841 


568 


2690427 
2690995 


721877* 
638199 


28 


17 


269156 
269173 


183678 
161504 






26919 


22174 
21635 




2692 


639 
538 




269 


101 
81 




27 


20 
19 



We proceed in the usual manner until we reach the first con- 
tracted dividend, 721877, which is obtained in the common way, 
the period of ciphers being omitted. The corresponding trial 
divisor, with the ciphers at the right omitted, is 2690427, the 
right hand figure of which is redundant, being of an order lower 
than is required to obtain a product corresponding in local value 
to the contracted dividend. By division, we have 2 for a new 
figure in the root. To obtain a correction whose lowest figure 
shall be of the same order as the lowest in the trial divisor, we 
form the term 2841 in the common way, but omit to annex 2, 
the last figure in the root. Then 2841 x 2 = 5682, of which 568 
is the part required for the correction. We then have 2690995 
for a complete divisor, 538199 for a product, and 183678 for the 
new dividend. For the next trial divisor, we add 2690995 and 
668, and reject one figure, thus obtaining 269156. The square 
of 2, the last root figure, is of course rejected, on account of its 
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inferior local yalne. The remaining part of the operation re- 
quires no further explanation. 

It will be seen that the number of places in the root is equal 
to the number of places assumed in the power. Hence we have 
the following 

Bttle. — I. Assume as many places in the power as there are 
places required in the root, and proceed in the usual manner till 
all the assumed figures have been brought down. 

II. Form the nsxt trial divisor as usual, omitting the ciphers at 
the right; and reject one place in forming each subsequent trial 
divisor. 

III. In completing the first contracted divisor, omit to annex 
the new figure of the root to the corresponding term in the left-hand 
column, and reject two places in forming each succeeding term in 
this column. 

IV. In multiplying, treat the right-hand figure of each contract- 
ed term as redundant, both in the column at the left, and in the 
column of divisors. 

Note. — To avoid complicating the process of contracting, it is better to 
nse none bat fall periods, even if the root is thereby carried beyond the 
required number of places. 

BXAMBIiBS won JPMjLCTXCE. 

1. Find the cube root of 3 correct to 6 decimal places. 

Ans. 1.442249 +. 

2. Find the cube root of 7 correct to 6 decimal places. 

Ans. 1.912931 +. 

3. Find the cube root of 156 correct to 8 decimal places. 

Ans. 5.38321261 + . 

4. Find the cube root of 34786 correct to 6 decimal places. 

Ans. 32.643859+. 
6. Find the cube root of 10.973937 correct to 6 decimal places. 

Ans 2.222222+. 

6. Find the cube root of 1500.101520125 connect to 8 decimal 
places. Ans. 11.44740066+. 

7. Find the cube root of 1.164132 correct to 6 decimal places. 

Ans. 1. 051963 + . 
16 
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SECTION IV. 
RADICAL QUAN^TITIES. 

244. A Radical Quantity is a root merely indicated^ 
either by the radical sign or by a fractional exponent; as 

S^v/a, v^a — J, c(a + 5)% m-^a^— y^. A radical quantity 
may be either surd or rational. 

The quantity or factor placed before a radical is its coefficient. 
Thus in the examples just giyen, 3^ 1, c^ and;7i are the coefficients 
of the radicals. 

245. The Degree of a radical quantity is denoted by the 
radical index, or by the denominator of the fractional exponent. 
Thus, 

y/uy {a — Vy are radicals of the 2d degree ; 

^7? — • y> d^i^ are radicals of the 3d degree ; 

1 
\^y (a? + yY are radicals of the n^ degree ; 

246. Similar Sadicals are those in which the same 
quantity is affected by radical signs having the same index. Thus, 

4v^a* + b, — \^c^ + J, and 7 {a^ + J)* are similar radicals. 

REDUCTION OF RADICALS. 

Case I. 

247. To reduce a radical to its simplest form. 

A radical is in its simplest form when it contains no perfect 
power corresponding to the degree of the radical. 

1. Reduce V^9cfi^ to its simplest form. 

We haye seen that the n* root of a quantity is equal to the 
product of the n^ roots of its component factors (327). Hence 

we have . 

>v/48a^ = VlGo^a? x dx = \/i6a^ x V^x = 4^AcV3x. 
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It will be seen that we first separate the quantity under the 
radical sign into two factors, one of which is a perfect square. 
Then according to the principle of CYolution just adduced, we 
have the product of two radicals, one of which, Vl6a^, is 
rational, and the other, \/3^> is a surd. The expression is then 
reduced by extracting the root of the rational part, and multiply- 
ing it by the surd. 

. 2. Eeduce 3\^S3^ — Sa^ to its simplest form. 
Factoring as before, we have 

S\^Ss^ — Sa^y^ = 3 x 4^8^ x \^x^ 

= 3 X 2 xy X \^a? — y 

= 6xy\^x — y. 
Hence the following 

BuLE. — ^I. Separate the factors of the quantity under the radir 
ml sign into two groups, one of which shall contain all the perfect 
powers corresponding in degree to the radical. 

II. Extract the root of the rational part, multiply this root by 
the given coefficient, and prefix the product to the surd or irrational 
part. 

EXA.MPZE8 JFOB JPMACTICB, 

Beduce the following radicals to their simplest form : 



1. 


V75. 


Ans. 6^/3. 


2. 


V98a2. 


Ans. 7aV2. 


3. 


^/l%Q^y. 


Ans. %x^/Zy. 


4. 


^^/b^. 


Ans. Zx^%x. 


5. 


4^108. 


Ans. 12\/i 


6. 


Va^ — a^. 


Ans. x\/x — aK 


7. 


6v^32a«. 


Ans. 12av^. 


8. 


3V28a«a?». 


Ans. ^ax's/^a. 


9. 


^a^ + aW. 


Ans. a^\ + a*. 


10. 


{X — y) V2a;8 _ 4^y ^ 2xf. 


Ans. {x^yY's/^x. 


11. 


(a — J)V2a2S + 4ad2 + 2J8. 


Ans. {a^-^b^)V2b. 


12. 


5 J (53 _ j2)i 


Ans. 568 (5 _ i)i 
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13. 
14. 




Am. ah (2a« — 3J»)^. 
^jw. a^ {al^ + a^)^. 


15. 
16. 

17. 
18. 


1 


Am. %cir^V^. * 

1 
Am. a^ (2 — ZaTy^y 

1 



• I 



248. When the quantity nnder the radical sign is a fraction, 
we may transform it in such a mannv^^^t the denominator 
shall be a perfect power corresponding in degree tq the indicated 
root. Then after simplifying, the quantity remaining under the 
radical sign will be entire. It will generally be expedient to 
separate the given fraction into two factors, one of which shall 
be a perfect power ; we may then operate upon the surd part 
separately. 

1. Beduce V4^ to its simplest fonn. 

OPERATION. 

V4i=V^xJsL=VAxV=V]gVxix33 = T^V33, Am. 

2. Seduce "V^ to its simplest form. 

OPERATION. 

>{/^=:^V='V^7iTXl5=i\^, Am. 

In like manner reduce the following : 

3. \/W. Am. iVi^. 

4. v^. Am. \V^. 

7- *V^. Am. -^VTO. 

ay 01?}^ y 
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Case IL 

249. To reduce a rational quantity to a radical, or to 
introduce a coefficient of a radical under the radical sign. 

Since involution and eyolntion are the conyerse of each other, 
we have 

a = V^= ^fc^^=' Vc^i etc. 

Whence, we have also, 

aVb = V^ X VS = V^. 
We have, therefore, the following 

Rule. — ^I. To reduce a rational quantity to a radical : — Involve 
it to a power denoted iy the degree of the required radical, and 
write the result under the radical sign. 

II. To introduce the coeflScient of a radical quantity under the 
radical sign : — Involve it to a power denoted hy the degree of the 
radical, and multiply the quantity under the radical by the power 
thus obtained* 

BXAMPJLE8 FOB PMACTICB. 

1. Eeduce er^ to a radical of the second degree. Ans. Va^bK 

2. Eeduce hc^'kp to a radical of the 3d degree. 

Ans, ^\%ha^\ 

3. Eeduce a — Ci? to a radical of the 4th degree. 

An^. (a* — ^c% + ^o?<?^ — ^(u?^ + c^)^. 

Introduce the coefficients of the following radicals under the 
radical sign : 

4. 4aV2^. Ans, ^Z%^xy. 

5. Z^^/IT^. Ans. V^lx' — 2Wy. 

6. (a — 2S)V2a. Ans. V^c^ — Sa^ + Sab^. 

^ /I a ^ c? a«\i . / a ^ c^ a^i 

16* 
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Case III. 
!350« To reduce radicals to a common index. 

It may be shown that a*» = a*^, r being any integer whatever. 

m 

Let X =c^ (1); 

involving (1) to the w^ power, or = a"* (2); 

" (2) " r^ '' i»~-==a""' (3); 

taking the nr^ root of (3), x = a*^ . . . . (4); 

w mr 

equating values of x in (1) and (4), a* = a^. Hence, 

1. If both terms of a fractional exponent he multiplied or di- 
vided hy the same number, the value of the expression will not be 
changed, 

m 

From 233 we have a* = v^. 



mr 



and a^ = y a"*''. Hence, 

2. If the index of a radical and the exponent of the quantity 
under the radical sign be multiplied or divided by the same num- 
beTy the value of the expression mil not be changed. 

1. Eeduoe {aby and (a^) » to a common index. . 

{ab)i = {ab)i = («» JB)* I ^^/ 
{a^)i = (^)* = (ah^)^ ) ' 

2. Seduce ^/^ and ^x^z^ to a common index. n 



Hence, we have the following 

« 

EuLE. — I. When the quantities are affected by fractional 
exponents : — Reduce the given exponents to their least common 
denominator ; then raise each quantity to a power denoted by the 
numerator of its new exponent, and affect each result with a frac- 
tional exponent equal to the reciprocal of the common denominator. 
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11. When the quantities are affected by radical signs : — Find 
the least common multiple of the given indices for the common 
index required; and raise the quantity under each radical sign 
to a power indicated by the quotient of the new index divided by 
the given index. 

EXA.MrLES TOM PRACTICB 

1. Eeduce a*, {cd)^, and (a^c)* to a common index. 

Ans. d^, (c^d^)^, {cfic^)A 

2. Eeduce {3a^x)^, {2aaP)^, and (5a^)^ to a common index. 

Ans. (Sla^)^, (Sa^a^)^, {25a^^)^. 

3. Beduce (a — by dnd {a + &)* to a common index. 

( (a - b)\ or (a3 — 3a^ + dab^ - »»)* ; 
' \{a + b)^y or (a* + J^b + MV + 4aJ8 + ¥)^. 

4. Eeduce a, Vac^ ^/^x^ and ^/2a& to a common index. 

Ans. y^a^y \/^^, V^aV, v^SaV. 

5. Eeduce \/2, \^y and ^2 to a common index. 

Ans. ^102i, \/^, A^16. 

6* Eeduce a\ V^r ^2aXy and ^r&x to a common index. 

Ans. v^, v^l5625^, v^lGo^, V^64a^. 

7. Eeduce ^x — y, ij^ic+y, and ^Q^—y^\xi a common index. 

Ans. \^{x — yfy ^/{x + yf, ^a^ — f. 

8. Eeduce VaS, Va?y> and V^ to a common index. 

^W5. ^"s/cC^Tf^y *V^2^y*% V^c^a;^. 



ADDITION OF EADICALS. 

251. When the quantities to be added are similar radicals, it 
is evident that the common radical part may be made the unit 
of addition; the result will then be a single radical whose co- 
efficient is the sum of the coefficients of the given radicals. 
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Badicals which do not appear to be similar, may become similar 
when reduced to their simplest forms. 

1, What is the sum of 7a/o^, ^^/aCy and 5V«c ? 

iVac + ^Vac + bVac = (7 + 3 + b)^/ac = 15Vac, Ans. 

2. What is the sum of v^8^, V^Wc, and ^64^? 

OPERATION. 



Sum = (5a + 4{;)'^f^, Ans. 

If the giyen radicals are dissimilar, the addition can only be 
indicated. Hence the following 

BuLE. — ^L Reduce each radical to its simplest form. 

II. If the resulting radicals are similar, add their coefficients, 
and to the sum annex the comjnon radical; if dissimilar, indicate 
the addition ly the proper signs. • 

BXJiMri,Ba won pma.cticjb. 

1. Find the sum of VlBa^ and Via^. Ans. 6aVx. 

2. Find the sum of Vd2, VT2, and Vi28. Ans. 18^/2. 

3. Find the sum of -v^, ^^IsE, and -1^625. Ans. 10 v^. 

4. Find the sum of '^lOS, 9^, and v^i372. Ans. 19v^. 
6. Find the sum of V^, Vi, and V^. Ans. a/2. 

6. Find the sum of ^, v^, and \^. Ans. H^. 

7. Find the sum of ivX JV^, and iVU- Ans. HV^- 

8. Fmd the sum of 3Vabm% mViab, and V25abm^. 

Ans. lOmV^' 

9. Find th e sum of %a^<?x — &y, dcV^ — a % a nd 
6 V«*c%? — a^ch/. Ans. lOacVx^y. 
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10. Find the sum of V^Oa^ — 20acm + bm<^ and 
V^Omc^ — 60a6*m + ^bahn. Ans. {c — a)Vbm. 

11. Find the sum of 3v^^, \/a3^, and 2^aa^. 

A71S. dx(\^ + y^). 

12. Find the sum of 6a {cx^ — da?) » and 2x {aH — a'c)*. 

Ans. dax{c-— dy, 

13. Find the sum of \/—^ r-^, \/-^ — 4"^, and 

V a + b V a — b 

14. Find the sum of V(l + a)"S Va* (1 + a)"^, and 
a V(l + a) (1 - a)-^. ^^^^ VT+«, 



1 — a 



SUBTRACTION OF EADICALS. 

253. When the radicals are similar, it is evident that we may 
make the common radical the unit of subtraction. Hence the 
following ^. ^ 

EuLE. — ^I. Reduce each radical to its simplest form. 

II. If the resulting radicals are similar, find the difference of 
the coefficients f and to the result annex the common radical part; 
if dissimilar, indicate the subtraction by the proper sign. 



1. From 4\/i35 take 2^60. Ans. 8a/15. 

2. From V75 take \/50. Ans. 6 (a/3 — V2). 

3. From WlQa^b take 3v^. Ans. {I2d^ — 3a) VJ. 

4. From i^/^^ take iv^^^. Ans. fVll. 

, _ 2 /49ba« , , a /361 . a /= 

5. From g^ ^^^ take jg^ -3- Am. j^VB. 
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6. From (oV — 3(fe)* take 2 (aW — ddhi)^ 

Ans. {c — 2rf) (a? — dx)^. 

7. Prom(a« — ai» + a2*-*»)*take (a8 — 3a% + 3aJ2_j8)i 

-47i5. 2b {a — by. 

8. FromaA/ — i^- take J\/5^ — 7-^* 

V a: — 1 V a? + 1 



a?-— 1 



MULTIPLICATION OP RADICALS. 

253. It has already been shown (227) that the n^ root of 
the product of two or more factors is equal to the product of the 
n** roots of those factors. And since the converse of this prop- 
osition is true, we shall hare 

V^ X Vb = ^y/ab. 

If the radicals have coefficients, the product of the coefficients 
may be taken separately. Thus, 

c ^fa X d\^b = c X d X ^fa x v^= cd\fah. 

If the radicals have not .a common index, they must first be 
reduced to the same degree. 

Let it be required to find the product of a^/x and b\/l^» 

OFERATION. 

aVx = ay/afi 
bV^ = b^Th^ 
Product, aiy/x^y^ = abx^/l^y Ans. 

Hence the following 

Rule. — ^I. If necessary, reduce the given radicals to a common 
index. 

II. Multiply the quantities in the radical parts together, and 
place the product under the common radical sign ; to this result 
prefix the product of the given coefficients, and redicce the whole to 
its simplest form. 
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BXAMBIiBa JFOB PBACTICJB. 

Find the following indicated products : 

1. 5\/5 X 3V8. Ans. SOVIO. 

2. 4Vl2 X 3V2. Ans. 24^/6. 

3. 3V2 X 2\/8. ^WA 24. 

4. 2V5 X 2ViO X 3V6. ^^ * "^ ' * Ans. 120^3. 

5. 2'V^ X 3^4. ^^ Ans. 12 v^. 

6. ScV^-^x cv^ X v^. 4;w. ba<?x\/c^. 

7. (xy)? X (a;2;)» x (yz)^. Ans. xyz {p^y^)^. 

8. (a? — y)^ x{x + y)^ Ans. v^(a?« — ff {x + y). 

9. v^ X VTO. Am. ^225000. 



DIVISION OP EADIOALS. 

254. Since a fraction is raised to any power by involving- its 
numerator and denominator separately to the required power, it 
is evident that any root of a fraction will be obtained by extract- . 
ing the required root of each term separately. Hence we have 



S/-T 



Conversely, we shall have 

^ = A /|. That is. 

The quotient of the w* roots of two quantities is equal to the n* 
root of their quotient. 
ITpon this principle is based the role for the division of radicals. 
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!• Divide ^c?^/hc by 3a V^ 



= &'\/7 = ^^'^^ 



3a VT 
2. Diyide \^^ by ^/xy. 

Hence the following 

BuLE. — ^I. If necessary y reduce the radicals to a common index. 

II. Divide the coefficient of the dividend by the coefficient of tJie 
divisor ; divide also the quantity in the radical part of the divi- 
dend by tlie quantity in the radical part of the divisor, placing 
the quotient under the cotnmon radical sign. Prefix the former 
quotient to the latter, and reduce the result to its simplest form. 

MXjLM^ZES TOM rMJLCTICJE. 

1. Divide 4^50 by 2\/5. Ans. 2\/T6. 

2. Divide 6\/^l^ by 3\^. Ans. 2\^. 

3. Divide ^/m^ by VWdd. Ans. \/,^- 

V looa 

4. Divide {a^l^d^)^ by ^. Ans. {ab)^. 

5. Divide (IGa* - 12a2a;)* by 2a. Ans. (4a — 3a;)*. 

6. Divide 45 by 3\/5. Ans. 3^/5. 

7. Divide {alf^(?)^ by (aW&)^. Ans. \/A- 



a^ 

8. Divide 12(? (a — x)^ by 4c (a — x)^. Ans. 3(? (a — x)^. 

9. Divide {ahy by {a(?)\ Ans, {c^rn^-^ynn^ 
Va , ^Tc^ 



10. Divide 



, V^ A . 12/a:* 

by -TF=- Ans. \/ i' 



V^ 'V^a:* 



1 4. 



11. Divide v^a^S - aV by Vo*. ^ws. 4>^^a*^~- aW 

a^ 
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POWEES AND BOOTS OP EADIOAL QUANTITIES. 
255. According to the rule for multiplication of radicals^ to 



1 



form the w^ power of a*, or \/ay we must take the quantity, a, 
m times as a factor^ and affect the result by the common radical 
index. Hence, ' 

or (V^~ = v^. That is. 

The mf^ power of the n^ root of a quantity is equal to the n^ 
root of the m^ power of that quantity. 

256. To obtain the rnf^ root of the radical a", or v^, we may 
proceed as follows : Let 

a;=(aX or yv^a . . . (1). 

Involving both members of (1) to the m^ power, 

1 
^z^a"" or A/a (2); 

involving both members of (2) to the nfl^ power, 

af^* = a or a (3); 

taking the mn^ root of each member of (3), 

x = a^ or V^ (4); 

hence, by equating the values of x in (1) and (4), 

a ) =a , 

or, \J v^ = V^* That is. 

The mf^ root of the n^ root of a quantity is equal to the mn^ 
root of that quantity. 

2511. Since xy Va = \^a, and aV ^/a = \7«> we have 



V/^ = V/^. That is, 



The wP*' root of the n^ root of a quantity is the same as the n^ 
root of the m^ root of that quantity. 
17 N 
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Oasb L 
258* To involTe a radical quantity to any power* 

1. Baise (ab)* to the 2d power. 
From S55 we haye 

{ (oi)*}' = {ab)i = (oJ)* An9. 

2. Baise ^2ax to the 4th power. 
From S55 we have 

Bnt since 6 = 2 x 3, we haye^ from 256> 

\^^ie^ = aV Vl6a^ = \^4^, Ans. 

In practice, the simplification may be effected by canceling a 
factor from the index of the radical, and extracting the correspond- 
ing root of the quantity under the radical sign. Thus, in general 
terms, we haye 

\^ = v^ 

Hence the following 

BuLE. — I. 1/ the quantity is affected by a fractional exponent, 
multiply this exponent by the eoDponent of the required power. 

II. If the quantity is affected by the radical sign, raise the quan- 
tity under the radical sign to the required power ; and if the resuU 
is a perfect power, of a degree corresponding to any factor of the 
radical index, cancel this factor from the index, and extract the 
corresponding root of the quantity under' the radical sign. 

Note. — ^The ooeffident may be inyolved separately. 



JBXAMPZBB von VMACTZCB. 

1. Baise v^ to the 3d power. Ans. ay/Sa. 

2. Baise Vs^ to the 2d power, Ans. xy\/xy* 

3. Baise S^^^ to the 4th power. Ans. 162a^^J^^a?- 

4. Baise (a — b)* to the 2d power. Ans. {a — . ft)* 
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5. Raise A^12aff to the 6th power. Ans. 2J VSo. 

6. Eaise \^c {a — xy to the 8th power. 

7. Baise axVax to the 4th power. Ans. cM. 

8. Eaise ^/o^^^ to the 2d power. 

Ans. xy^/xy [x — y)\ 

9. Eaise {a + a?)^ to the 6th power. Ans. a» + 2aa? + ^. 
10. Eaise - a^(5« to the 2d power. Ans. —-^/Z^ 

X **' 

Case II. 
259. To extract any root of a radical quantity. 

1. What is the square root of 4^9a^? 
Since the coefficient is a perfect square^ 



^ ^.^/^cM = %aJV^cM. 



But from 257 we have 

%aJ ^^^^z=.%^ V^ch^=z%^/Zc^, Ans. 

2. What is the 6th root of Scd^VSc? 

Passing the coefficient under the radical sign, we have 

6c«P\/5c = Vl25c8£?. 

But by 366, W'vi25cW = v^l25^. 

Eeducing this result by cancelinjg the factor 3 from the radi- 
cal index, and taking the cube root of the quantity, we haye 

V'126c8d» = VMPy Ans. 

3. What is the 4th root of (ac)*? 
By 266 we have 

\ (ac)*}i = (ac)*^* = {ac)^, Ans. 

Hence the following 

EuLE. — ^I. If the quantity is affected by a fractional eaDpanent, 
divide this eaqponent by the index of the required root. 
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IL If the quantity is affected by the radical sign, extract the 
required root of the quantity under the radical sign, if possible; 
otherwise^ multiply the index of the radical by the index of the 
required root, and simplify the result as in Case L 

III. If the given radical has a coefficient, extract its root sepor 
rately when possible; otherwise, pass the coefficients under tJie 
radical. 

JBXAMJPZBS S'OB BMACXIOM. 

1. Find the cube root of %Vac* Ans. ^^Tac. 

2. Find the cube root of a-^J'^rfte^. Ans. ^c^x. 

3. Find the 4th root of 2v^. Ans. V^. 

4. Find the square root of |v^486. Ans. ^/^. 
6. Find the square root of 49a* Va&c. Ans. Ya^v'oto. 

6. Find the cube root of 6^5. Ans. Vs. 

7. Find the 6th root of (^* Ans. fff- 

8. Find the 4th root of fv^. Ans. i^. 
S60. The principle established in 256> viz., that 



ya =z a7 ya = a7 y a. 



may be conveniently applied to the extraction of the higher roots 
of quantities, when the index of the required root is a composite 
number. 

XXAMPZX8. 

1. Bequired the 4th root of 8603056. 

Since 4 = 2 x 2, we take the square root of the square root 
of the given number. Thus, 

V8603056 = 2916 ; V29l6 = 54, Ans. 

2. Bequired the 6th root of 117649. 
Since 6 = 2 x 3, we have 

V117649 = 343 ; \^m~ 7, Ans. 
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3. Beqnired the 4tli root of 1296. Am. 6. 

4. Required the 6th root of 177978515626. Ans. 75. 

5. Eequired the 6th root of 191102976. Ans. 24. 

6. Required the 8th root of 65536. Ans. 4. 

7. Eequired the 4th root of a* — Sa^ + Ud?¥ — 32aJ»+16^. 

Ans. a — 2J. 

8. Required the 6th root of a» + 6a^S + \haW + 20fl^^ + 
15a<6* + 6a2J5 + V. Ans. a^ + h. 



GENERAL THEORY OP EXPONENTS. 

261. It has abeady been shown that 

a"* 
a»* X a" = a^'^y — = a"*~", and (a*")" = a"^, 

m and n being integers^ and either positive or negative. To 
prove that the above relations are true universally, it remains 
only to show that they are true when m and n eixe fractional. 
We will therefore place 

m = ~ and ti = — • 

q 8 

I. To show that af^ x a^ = afi '. 

Reducing the exponents to a common denominator^ we have 

P r p9 qr 

a« X o^ = a^ X a"^. 

But from the nature of fractional exponents (322), the second 

member of this equation may be written 

i 1 

{a")^ X (««')»• ; 

and as the two factors have the same radical index (227), the 

result reduces to 

1 

(oJ* X fl^)^ ; 
and since ps and qr are integral, this last result becomes 

(a»^«^)?* = a «• = a« '. 
17* 
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That is, 

P r p^r 

Cfi X (f = Cfi % 

which was to be proyed. 



P r p_t 

II. To show that a« -f- fl^ = a « •• 



By transformatioiis similar to those jnst employed^ >e hare 

? . ?• i 

r «r i 

1 



©' 



P r 



which was to be proved. 

III. To show that {cfij* = a«*. 
Let US place 

x=z{a^y .... (1). 

InvoMng (1) to the power denoted by «, 

p 
(Kf=i{(jfiy .... (2); 

by 255 equation (2) becomes 

af=ia^ .... (3); 

involving (3) to the power denoted by g, 

Tfi^^ar .... (4); 
extracting the root whose index is qs^ 

x=ia9' .... (5); 
hence, by equating the values of x in (1) and (5), 

p r pr 

which was to be proved. 

We concludey therefore^ that in multiplication^ division, involvr- 
tion and evolution, the same rule will apply, whether the exponents 
are positive or negative, integral or fractional. 
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BXA.MPLBa. 



1. Multiply c^lr by a*S', and simplify the product 

ah^ X a*J*= (a* x o*) X (j* x &*) = a*J = aJ^, Ans. 

2. Simplify the expression, («* x a:*)*. 

(«» X «*} * = (af**) * = «% -4n«. 

3. Multiply «*•— 3aj* + a?^ by «* — 2a;^ — 3, 



OFEBATION. 




ajf _ 3a;i + a;i 




a;i_2a;i'-3 




a;f_3a; +a;i 




— 2a? + 6a;* — 2a;^ 




— 3a;* 4- 9a;* - 


-3a.i 



a;* — 6a; + 4a;* + 7a;* — 3a;*, -47W, 

4. Divide a; — 5v^+ 7-^— 5V» — 6v^ by -1^—2^5 
+ 3^ 



OFEBATION. 



a; — 2\^+3'^ 

— 3^ + 4>^— SVS 

— 3<^+6^--9Vg 

— 2^a^ + 4V« — 6^ 

— 2>^ + 4VS — 6 v^ 



5. Multiply a?* by a;'. 

6. Multiply a»J* by oM. 

7. Find the product of a*, a* a* and a *. 

8. Divide a*c' by a'c'. 



^a;8 — 2a/5 + 3-^^^ 



\^ — 3^ — 2, ^w«. 



-4n«. a;* 

Arts. df^/cS), 

Ans, ^/^. 

Am. (D*. 
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9. Divide (:r*)* by (a:*)* Ans. Q*. 

10. Multiply a* — a* by a* 4- 1. Ans. a* — a*. 

11. Multiply 2v^ + Vsoy by 3^ — V^- 

Ans. 6x + 3^/^fif — 2\/^ — a;y. 

12. Multiply a* — 2a"^ + cr* by a^ — a"*. 

-4n«. a* — 3 + 3a * — a""* 

13. Divide ia — J by Va + \/J. Jin^. Va — V^- 

14. Divide a* — 2a* + a* by a* — 1. Ans. a* — a*. 

16. Multiply a*+a2j*+a*i*+aJ2+aM + &^ by a*—** 

-4n5. a* — /^. 

16. Divide x^ + x^a^ + a^ by «» + x^a^ + a* 

^n«. re* — a;*a* -+- a* 

17. Simplify (a*a*)". -4w5. a* 

18. Simplify r "^^ / * ^^- 2 ± VS. 



1 1 •■ 



19. Simplify u«7(«;y)r. ^^. («)--^— . 

20. Simplify J — ^^^ — 7 V • Ans. WJ jj- 

(3^72.3(3)*J 3V2 

21. Simplify I t^^M p J„.. t(3^ - 5^*. 

22. Simplify (V« + A^(v^- vg . ^^. ^ + v*. 

^ •' Kvl3 + 3)(v^ + VsX-^-Va)) 

Ans. |. 
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IMAGINARY QUANTITIES 

262. It has been shown (338, 3) that an even root of a nega- 
tive quantity is imaginary y an expression for such a root being a 
symbol of an impossible operation. Thus if we take a\ which is 
numerically a perfect square, and affect it with the minus sign, 
we cannot obtain the square root of the result. For, 

(— aY = + a\ 

Hence the indicated root, "s/^d^ is not real^ but imaginary. 
Such expressions are, however, of frequent occurrence in analysis 
and its application to physical science, and conclusions of the 
highest importance depend upon their use and proper interpre- 
tation. We therefore proceed to investigate the rules to be 
observed in operating with such quantities. 

363. When a real and an imaginary quantity are connected 
in a single expression, the whole is considered imaginary on 
account of the presence of the imaginary part. Thus the bino- 
mial, 4 + V^3, considered as a single quantity, is imaginary. 

364. According to 337, 

V--a=: Va X (— 1) = Va • V— "1 ; 

also, V— a^-*2 + 2ad = V(a — W x (- 1) = (« - b)V^^. 
Hence, if we regard only quadratic expressions, every imaginary 
quantity may be reduced to the form, 

a ± bV~ly 
in which a is the real part, b the coefficient of the imaginary part, 
and V^ 1 the i magin ary factor. Thus we may employ only the 
single symbol, V— 1, to indicate that a quantity is imaginary. 

365. For convenience in multiplication and division of imagi- 
nary quantities, we will now obtain some of the successive powers 
of the symbol V— 1, and deduce the law of their formation. 

(v'^l)' = ( V^) X (V^) = - 1, 
(v^i)« = (- 1) X U:=i) = - V^, 



202 



BADIGAL QUAKTITIES. 



Multiplying these powers, in their order, by the 4th, we shall 
obtain the 5th, 6th, 7th, and 8th, the same as the 1st, 2d, 3d, 
and 4th ; and so on. 

266. The common rales for multiplication and division of 
radicals will apply to imaginary quantities, taith a simple modi- 
ficoHon respecting the law of signs. 

Let it be required to find the product of V— a and V—h. 
To obtain the true result, we must separate the imaginary 
symbol V— 1 from each factor. Thus, 



V— a X V— J= Va- V— 1 X Vb' V— 1 

= vs X w~^y 

= Vab X (- 1) [From 265], 

= — v«*, 

a real quantity, and negative. 
But if we multiply by the common rule for radicals (253), we 

shall hare 

V— « X V— i = V(— fl) • (— V) = Vab, 

a result erroneous with respect to the sign before the radical. 
Proceeding as in the first operation, we find that 

(+ V^^a) X (— V^-b) = — Vab . (— 1) = + Vab. 

Thus, like signs produce — , and unlike signs produce + . Hence, 

1. I%e product of two imaginary terms will he real, and the 
sign before the radical will be determined by the common rule 
reversed. 

We may operate in like manner in division of imaginary quan- 
tities. Thus, 

+ V— ab _ + Vai - V^^ _ r^^ 

i + V— a + V^ • V — 1 

— "^—ab _ — Vab « V— 1 _ ^ rs 
+ V— a + Va^ • V~l 

That is, like signs produce + and unlike signs produce -»• 
Hence, 
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2. The quotient of one imaginary term divided by another will 
be realy and the sign before the radical will be governed by the 
common, rule. , 

267* Let ns assume the equation 

a + bV^^ — a' + b'V'^^ . . . (1), 

in which a and a' are real By transposition^ 

a-a' = (S' — 5)\/IIl . . . (2). 

Now it is evident that in this equation 

a = a'. 

For, if a > a', or a < a'^ then the first member of equation (2) is 
differ&nt from zerOy and real. But this cannot be, because the 
second member is either nothing or imaginary. Hence a = ap' ; 
and equation (2) becomes 

which can only be satisfied by putting 

b = v. Hence, 

If two imaginary quantities are equal, then the real parts are 
equaiy and the coefficients of the imaginary symbol are also equal. 

268. These principles may now be applied in the following 

!• Multiply aV— c by JV— d. A^is. -^abVcd. 

2. Multiply 2^/^^ by ^^^^^5. Ans. — 6VlO. 

3. Multiply — V— ac by V—ad. Ans. aVcd. 
4u Multiply dV^^ by Vs. Ans. 3 V— 10. 

5. Multiply 3 + V^^by 7 — V^^. Ans. 26 + W^> 

6. Multiply V«+V^ by \/^+V^, Ans. (a+c)v--l. 

7. Divide 9^^^^^ by 3^^^. Ans. 3^6. 

8. Divide aV^b by cV—d. Ans. —\/-j' 
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9. Eeduce — : to simpler terms. Ans. ^V 3. 

10. Expand (a + 'Z^)*. 

Ans. a* — 6aV + c^ + (4a^ — 4{w?) V^^^ 



11. Diyide a^+ V— a by a— V— «• -4w5. a + V— « — 1- 

12. Find the values of a; and y in the equation a+y+a:V — c 
= c + a; + yV— a. . ( a; = a + Va^ ; 



PEOPERTIES OP QUADRATIC SURDS. 

269. A Quadratic Surd is the square root of an im- 
perfect square. 

370. A radical will be a surd^ if it contains ^ irrational 
factor when reduced to its simplest form. Thus ^/V^ is a surd, 
for \/l2 = 2 V3. The surd factor V3, is called the irrational 
part of the given surd. 

271. A quantity may be a surd when considered algebraically, 
even though its numerical value is rational. Thus, the quantity, 
Va + %h is a surd, considered as an algebraic expression. But if 
a = 13 and J = 6, we have Va + 2b = Vl3 + 12 = ^25 = 5, 
a rational quantity. 

373. The following properties of surds are important both in 
a theoretical and a practical view. The radical expressions are 
supposed to represent irrational numbers. 

1. The product of two quadratic surds which have not the same 
irrational party is irrational. 

Let aVb and cVd be the two surds, reduced to their simplest 
form. Their product will be 

a>cVbd. 

And since, by hypothesis, b and d are not the same numbers, 
one of them must contain at least a factor which the other does 
not. But this factor must be irrational, otherwise the given 
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surds are not in their simplest form. Therefore the product 
acVbd is irrational (370). 

2. The sum or difference of two quadratic surds which have not 
the same irrational party cannot he equal to a rational quantity. 

Let Va and Vh be the two surds ; and, if possible, suppose 

Va + ^/b = c . . . . (1), 

c being rational. Squaring both members, and transposing a+b, 

2Vab=:ci — a — b . . . (2). 

That is, we have an irrational quantity equal to a rational quan- 
tity, which is impossible. Therefore equation (1) cannot be true. 

In like manner it can be shown that the difference of two 
surds, not haying the same irrational part, cannot be rational. 

3. The sum or difference of two quadratic surds which have not 
the same irrational part, cannot be equal to another quadratic surd. 

If possible, suppose Va + Vh = Vc, in which c is rational, 
but Vc a surd. 

Squaring both members, and transposing, 

2^/abz=:c — a — b, 

which is impossible, because a surd cannot be equal to a rational 
quantity. 

4. In any equation which invdHves both rational quantities and 
quadratic surds, the rational parts of the members are equal, and 
also the irrational parts. 

Suppose 

a 4- 5V^ = c + dVy . . . (1), 
the surds being in their simplest form. By transposition, 

b^/x — dVy = c — a . . . (2). 

Since the second member is rational, equation (2) cannot be 
true if the surds have not the same irrational part (2). Therefore 
VS = Vy, and the equation may be written, 

{b — d)Vxz=:c — a . . . (3), 

which can be true only when b — d = and c -- a = ; for 
otherwise, we should have a surd equal to a rational quantity. 
Hence, in (1), a = c, and bVx = dVy- 
18 
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BQUABE BOOT OF A BIITOKIAL SUBD. 

273. A Binomial Swrd is a binomial, one or both of whose 
terms are surds. Thus, 3 -f- V^ and V?— \^ are binomial surds. 

274. If we square a binomial surd in the form of a ± Vt or 
Va ± Vb, the result will be a binomial surd. Thus, 

Hence, a hinomidl surd in the form of a± Vi may sometimes 
he a perfect sqtiare. 

275« To obtain a rule for extracting the square root of a 
binomial surd in the form of a ± Vb, let us assume 

Vx + Vyz=z \/a + Vb . . . (1), 

in which one or both of the terms in the first member must be 
irrational, because the second member is a surd. 
Squaring both members, 

X + 2 v^ + y = « + Vi .... (2). 

Hence, from 272^ 4, x + y=:a (3). 

2Vxy = V* (4). 

Subtracting (4) from (3), and then taking the square root of the 

result, / ~Z 

\x — vy = A / a — \b . • . (5). 

Multiplying (1) by (5), 

a; — y = Vfl? — J .... (6). 
Combining (3) and (6), we obtain 

« = 2 • • • ^^'^ 



y = 2 • • • ^'* 

Now it is obvious from these equations fhat x and y will be 
rational when a* — } is a perfect square. Moreover, the values 
of X and y in (7) and (8) will evidently satisfy equations (1*) and 
(5). Hence, to obtain the square root of a binomial suid^ we 
may proceed as follows : 
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Let a represent the rational part^ and Vi the radical part^ and 
find the values of x and y in equations (7) and (8). Then if the 
binomial is in the form of a + Vb, as in equation (1)^ the re- 
quired root will be 

Vx+ Vy. 

But if the binomial is in the form of a — Vi, as in equation (5), 
the required root will be 

V5— Vy. 



1. Bequired the square root of 7 + 4\/3. 

In this example, o = 7, and V* = 4\/3 ; or J = 48. Hence, 



7+ V49~48 .. 
2 ' 

7 _ V49 — 48 - 
y = 2 =3- 

And we have "s/x + Vy = 2 + a/3, -47w. 

2. Bequired the square root of 11 -— 8V— 5. 

In this example a = 11 and ^/b = 8V— 6, or J = — 320. 
We have, therefore, 

^ 11 + V121 + 320 _. 

11 — V121 + 320 
y = 2 =-6. 

Hence, Vi — Vy = 4 — V— 5, J»«. 

3. Bequired the square root of 5m* — c + 4m'v/w« — r. 
We have a = 5m* — c, and S = 16m* — 16m'c. Whence, 

6m» — c + V(5m» — cf — (16m* — 16m«c) , , 
a? — — 5 = 4m' ; 

57yt> — g ■!- V(5m* — cY — (16m* — 16m»g) 
y— 2 — m ^^5 

and we have Vx + Vy = 2m + Vm?^^, -4««. 
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4. What is the square root of 11 + 6^2? Ans. 3 + V^. 
6. What is the square root of 7 — 4^/3? Ans. 2 — VS. 

6. What is the square root of 7—2^/10? Ans. a/5 — V2. 

7. What is the square root of 94+42\/5? Ans. 7 + 3 Vs. 

8. What is the square root of 28 + lO-v/S ? Ans. 5 + V3. 

9. What is the square root of np + 2m' — %mVnp +• w* ? 

Ans. ^np + w? — m. 

10. What is the square root of Ic + %b^/bc — K? 

Ans. b + Vbc — l^. 

11. What is the square root of 7 + 30-/^^ ? 

Ans. 6 + SV^^. 



a/i6 + 30V^^ + a/] 



-4?w. 10. 



a/i1 + 6\/2 + a/7 — 2Vl0. 

-4««. 3 + a/5. 



a/si + 12\/^^ + a/_i + 4v^ 

.4n«. 8 + 2V— 5. 



v^ 



-4?w. 1 + a/2. 



BATIONALIZATIOK 

376. It is sometimes useful to transform a fraction whose 
denominator is a surd^ in such a manner that the denominator 
shall become rational. The fraction is thus sijnplified, because^ 
in general^ its numerical value can be more readily calculated. 
This transformation is usually effected by multiplying both terms 
of the fraction by the same factor. 
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S^Y. The process of clearing a quantity of radical signs by 
multiplication is called Rationalization, and we will now con- 
sider how we may find the factor which will rationalize a surd 
quantity^ in some of the more important cases. 

278. To find a &ctor which will rationalize any mo- 
nomial. 

It is evident that the factor in this case will be the monomial 
itself, with an index equal to the difference between unity and 
the given index. For, we have in general terms, 

1 i_i 
a^ X a * = a. 

1. Bationalize Va, 

The factor is Va ; for, Va x Va = a, a rational quantity. 

2. Bationalize x^. 

The factor is x^ ; for, jr^ x a;* = a; » = x. 

279. To find a Hustor which will rationalize a bino- 
mial in the form of a ± ^b, or \^ ± v^J, m and n 
being each some power of 2. 

The product of the sum and difference of two quantities is 
.equal to the difference of their squares. Hence, if we multiply 
the given binomial iu this case, by the same terms connected by 
the opposite eign, the indices of the product must be respectively 
the halves of the given indices ; and a repetition of the process 
will ultimately rationalize the quantity, provided m and n are 
any powers of 2. 

1. Bationalize a + Vc. 

The factor is a — Vc ; for we have 

(a + Vc) (a — Vc) =ic?^c. 

2. Bationalize Va — Vx. 

{Va — Vx) {Va + Vx) = a — Vx ; 

{a — Vx) {a + Vx) ^a^ — Xy 
a rational result ; and the complete' multiplier is 

{Va + Vx) {a + Vx). 
18* 
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A trinomial may be treated in a similar manner^ when it con^ 
tains only radicals of the 2d degree. 

3. Eationalize \/6 + V^ — Vs. 

V6+ V2 + V3 



6 + VlO — Vl5 

Vio + 2 — Ve 

Vl5 + V6 — 3 

4 + 2Vio 

4 — 2VlO 



16 — 40 = — 24, 
a rational result ; and the complete multiplier is 

(\/6 + V2 + V3)(4 — 2Vl0). 

' Thus we perceiye that it is necessary simply to change the sign 
of one of the terms of the trinomial, and multiply by the result, 
repeating the process with the product. 

280« To find a tBUstor wbich will rationalize any bino- 
mial surd whatever. 

Let the binomial be represented by the general f ormi, 

1 JL 
a''± If. 

JL i. 

Put X = a*", and y = S* ; and let n be the lemi common muUu 

pie of r and 8. Then af ± y* will be rational But x + y will 

exactly divide af + y* when « is odd, and af — t/^ when n is even ; 

and x — y will exactly divide af — y" whether n is odd or even 

(89). These quotients will therefore be the factors that will 

rationalize the respective divisors. Hence, let q represent the 

required factor ; then 

(1) q = — -^-y for o*" + J», when n is odd ; 



x-^-y' 



1 1 



au* — fl/* — — 

(2) a = — — ^, for «'' -f Jf, when w is even ; 



1 1 



jp" — f/* — — 

(3) q = ^, for a*" — i% n being odd or even. 

X y 
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1. Bationalize the binomial or + i^. 

Since n = 6^ an even number^ we hare from (2), 

the factor required ; and 

the rational result. 

The foregoing methods may be applied in the solution of the 
following 

1. Beduce— = to a fraction whose denominator shall be rationaL 

yc 

Ans. • 

c 

2. Beduce — to a fraction whose denominator shall 

be rational 2 \/l6 — 3 VIO 

Ans. r • 

6 

3. Beduce -;-=: to a fraction whose denominator shall be rational 

a 

4. Beduce -.-= to a fraction whose denominator shall be rational 

Am. — ^— 

o 

5. Beduce —7= — to a fraction whose denominator shall 

be rational 5 (y^ _ ^3) 

Ans. — ^ 5 -• 

6. Beduce --p — to a fraction whose denominator shall 

be rational. • . a 4- Vac 

Ans. — ■ • 
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7. Reduce ^J^ to a mtional denominator. 

Vn-V6 8 + V55 

Ans. 5 • 

o 

8. Beduce to its simplest form. Arts. VH — V3. 

9. Eeduce —p= to its simplest form. Ans. 4+ vl5. 

10. Beduce ^"" Zlk to its simplest form. -4»«. "" . "~ • 

v^+VHa ^ 4 

11. Simplify ^^ + f^^V+/l^^^r'^- ^- ^ V15- 

^ ^ (5 - >v/5) ( V3 + 1) 6 

12. Smiplify ^ — ^ -dTw. — ^ • 

•^ 1 + a-Vnr^ « 

13. Find the factor which will rationalize V^ — '^^ 

Ans. 6V5 + VlO + 5\^ + ^. 

14. Beduce -r r- to its simplest form. 

a* — ft* 

, o^ft* + «M + a»ft3 + «*** + ^S^**" + «*^ 

Ans. 5 77 • 

a' — ft* 



BADICAL EQUATIONS. 

281* A JBadical Uqtiation is one in which the unknown 
quantity is affected by the radical sign. 

282. In order to solve a radical equation, it is necessary in 
the first place to rationalize the terms containing the unknown 
quantity. In case of fractional terms, this may be effected in 
part by methods already explained. But the process is com- 
monly one of involution. 

The following are examples of simple equations containing 
radical quantities. 
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1. Given ^/x + 11 + Va: — 4 = 5 to find a?. 

OPERATION. 

\ /a; + 11 + Va; — 4 = 5 ; 
by transposition^ V« + 11 = 6 — Va; — 4 ; 

squaring and reducing^ a? + 11 = a? + 21 — lOVa? — 4 ; 

transposing and reducing, ^/x — 4 = 1 ; 
squaring and reducing, x=zb. 

2. Given —= = — ^ to find x. 

yx + V a? — 5 ^ 

OPERATION. 

V^ — ^/x — 5 4a; — 35 



Multiplying both teims of 
the fraction by the nume- 
rator (279), 



V5 + ^/x — 5 ^ 

2a. — 5 — 2A/ar» — 5a? 4a; — 35 



5 5 ' 

clearing of fractions, etc., — 2 Va;^ — bx = 2a; — 30 ; 

dividing by 2, — V^^ — 5a; = a; — 15 ; 

squaring and reducing, 25a; = 225 ; 

whence, a; = 9. 

3. Given -yn -= H = —7= ^ to find x. 

\x + wa ^ — <^ V a; — v « 

The least common multiple of the denominators is x-^a^z 

{Vx + y/a) i^Vx — V«) ; and the solution will be as in the fol- 
lowing 

OPERATION. 

c m^/a __ m 

c\Vx — Va) + mA/a = m(V5 + V^, 
(e?-m)V^ = cV^, 

V5 = 



cVa 



c — m 



(c — TJfCy' 



S14 
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From these illnstrationsy we deriye the following precepts for 
the Bolntion of radical equations : 

1. It is sometimes advantageons to rationalize the denominator 
of a fractional term, before transposition or inyolution. 

2. An equation should be simplified as much as possible before 
involution ; and care should be taken so to dispose the terms in 
the two members as to secure the simplest results after inyolution. 



Find the values of the unknown quantity in each of the fol« 
lowing equations : 

1. Vx + 7 + Vx = 7. Ans. ar = 9. 

Ans. a? = 6. 



2. x + S = VaJ^ — 4a; + 59. 

3. a/ Va; + 48 — Vi = Vx. 



5. 



8. 



10. 



11. 



12. 



^x + 2Va + x = ^ a—\ 

C \ X 

Zx 



Ans. X = 16 
fl^— 4a 



^/x 



+ 



Ana. X = ci^Vn — a) 



VI — a: , 1 +a; 

Vl + x vT^ai? VI — a;» 

7.. Vc + x=z 



Ans. a; = 5 
o 



Vc + X 

9. 2Vx — 2 Va; — 32 = V32. 
a a + c e 



Ans, x=: 



a — c^ 



Vi — 2 a; — 4 VS + 2 
Vw« — Vm Vx + m 

V^ — v^ vs + ^ 

'^a^ — 3a2a? + a« V3a — a: = 



2(? 

^n«. a; = 3^. 
^w«. a; = 50 

Ans. x = me. 
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ai6 



13. X + */<? — ax = 



16. 

17. 
18. 



20. 



21. 



23. 



24. 



25. 



26. 



27. 



V^—ax 



■iA 1.1 A /i . i./i r 

^*- 5+5 = V25 + 5n + -^' 
15. Va — a? = ^a + a?. 



<^1 +0? V2 + Vx 



V2 — VS V^4+^ 



V«+ Va + aj = 



2a 



Va + j» 



19. a: 



v^ 



V^ — 2 4a/6S — 9 

^^ "^^ ™ — « ■ ■ • 

V6x + 2 ^Vex + 6 

V4: + aj 



22. V5 + a; + Vxz=z 



15 



V5 + 



a; 



Vag— ft _ 3V^— 2ft 
VaS + J 3 V«ip + 55 

V4x + 1 + Viae _ ^ 
V4a; + 1 — V^ 

3V« — 4 3V^ + 15 
Va; + 2 V^ + 40 

Vx + Va? — fl w'tf 



^n«. a; = 



c»-^ 



a 



^n«. a; = 20* 



Ans. x=z 



a — 1 



2 



uiln^. a; = 



12 
13 



Ans. a; = 5. 



^n«. a^ := -• 
o 



Ana. x = 



y — 4g» 
4a 



^7t«. a; = 6. 



^n«. a; = 3. 



u!l9»«. a; = 4. 



Ans. x=z 



9y 

a 



Vi — >/a; — a a? — a 



j1»«. a: = ^- 



^n^. a; = 4« 



1 ± 2n 
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SECTION V. 

QUADRATIC EQXJATIOI^'S. 

283. A Quadratic JSqtiation is an equation of the 
second degree, or one which contains the second power of the 
unknown quantity, and no higher power ; as 3a^ = 48, and 
aa^ — 2bx = c. That term of the equation which does not con- 
tain the unknown quantity, is called the absolute term, 

284.. Quadratic equations are divided into two classes — ^Pure 
Quadratics, and Affected Quadratics. 



PUEE QUADBATICS. 

285. A JPure Quadratic Equation is one which con- 
tains the second power only, of the unknown quantity ; aS 
3x« — 7 = 20. 

NoTBL— >A pure egtustion, in general, is one which contains bat a single 
power of the unknown quantity. 

286. It is evident that by the rule for solving simple equa- 
tions, every pure quadratic may be reduced to the form of 

iC^ = fl, 

in which a may be any quantity, real or imaginary, positive or 

negative. 

Extracting the square root of both members of this equation, 

we have 

jc = + V« or — V«. 
Hence, 

Every pure quadratic equation has two roots, equal in numeri- 
cal value, but of opposite signs. 

1. Given — ^ *— ^7 — = -s — 32 to find the values of x. 

o 4 2 



PUBE QUABBATIOS. 217 

OFBR^TION. 

gg — 4 ^--34 _ a« 

clearing of fractions, 2a^ — 8 — 3a^ + 72 = 6a^ — 384 ; 
collecting terms, W = 448 ; 

dividing by 7, a;' = 64 ; 

by evolution, re = ±8, Ana. 

We have, therefore, for the solution of pure quadratics, the 
following 

BuLE. — Reduce the equation to the form of x^ = % and then 
take the square root of both members. 



.^•—%d 
4. ba? + 2d=z2ca^ + a. Ans 



XXA.MPI.Ba JFOM PMA.CTICX. 

Find the values of a; in each of the following equations : 

1. 3a? — 16 = 0^ + 2. Ans. x=z±3. 

2. 2a;^ — 54 = 126 — 3a?». Ans. x=z±6. 

3. W + 8 = 57 + 33^ + 15. Ans. x=±L 

6. asfi + 1 = {a — x){a + x). Ans. x=z ± \^a — 1. 

a; + 4,a; — 4 10 . .^ 

6. - — J + — — r = — . Ans. x=z±8. 
X — 4 a; + 4 o 

„a? + 3,a; — 2 13 . ,.^ 

7. — ^ + -— ^ = — . 4w5. a; = ± 10. 
X — 2 a? + 2 o 

8. ^ + ?-^7-^ = 7. -4w5. a; = ± -—• 
x — a X + a a/^ 

9. -+- = - + -. ^n«, a: = ± V12. 
4 a; o a; 

10. - + - = - H — . Ans. x=z ± Vac. 
ax ex 



08 — 8 
19 



11. ^—-5 = 1 + V5. ^w«. a;= ± (3 + Vl). 

6 ^ . ^ 
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12. ^Z^_.^ = 1.V2. Ans.x= ±(l + V2). 

13. aj» + 2a; = 9 + ^. Ans. x=i±d. 

X 

U. -^ 3" ^ ^' ^^* ^ = =*= 1.095445+, 

• 16. ^_ (^-5)(x + 6) ^^_ 
12 0? + 4 

-47W. «= ±4.54924+. 



AFFECTED QUADRATICS. 

287. An Affected Quadratic JEquation is one which 
contains both the first and the second powers of the unknown 
quantity ; as 2a;^ ~ Sa; = 12. 

Notes. — ^1. The two classes of quadratics, pure and affected, are some- 
times caUed, respectively, incompkU and complete equations of the second 
degree. 

3. A complete equation, in general, is one which contains every power of 
the unknown quantity, from the first to the highest inclusive. Thus a 
complete equation of the third degree must contain the first, second, and 
third powers of the unknown quantity. 

288. Every affected quadratic equation maybe reduced to the 

general form, 

0^ + 2ax = hy 

in which 2a and h are positive or negative^ integral or fractional. 
For, to effect this, we have only to bring all the terms con- 
taining the unknown quantity into the first member, and all the 
known t^rms into the second member, and diyide the result by 
the coefficient of x^. 

289. To solve a quadratic, suppose it first reduced to the 

form, 

a? + 2ax = J. 

To both members add a\ or the square of one half the co- 
efficient of X ; thus 

a? + 2ax + a* = a^ 4. J. 
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The first member is now a complete square. Taking the square 
root of both members^ we haye 

whence by transposition, 

Thus the equation has two roots, which are unequal in all cases 
except when cfi + b^rzO; in this case we shall have 

a: = a ± 0, 

and the equation is said to haye two equal roots. Thus take the 
equation, 

aia — 10a; = — 26. 

Adding 25 to both members, 

a» — 10a; + 25 = • 

whence, by eyolution, 

a; — 5= ±0; 
that is, a; = 5 ± = 5 or 5. 

X jc 4- 1 13 

1. Giyen — —=- H = -r^- to find the yalues of x. 

a? + 1 X o 

OPSBATION. 

X , a? + 1 13 . 



a; + l ^ X "" 6 * 
clearing of fractions, Gaj' + 6a^ + 12a; + 6 = 13a? + 13a; ; 

reducing terms, a? + a; = 6 ; 

adding (I)' to both members, a^ + a: + ^ = f; 

by eyolution, « + 2 = ± ^ ; 

whence, a; = 2 or — 3. 

Hence, for the solution of an affected quadratic equation we- 
haye the following 

Btjle. — I. Reduce the given equation to the form ofx^+ 2ax = b, 

II. Add to both sides of the equation the square of one-half the 
coefficient of x, and the first member will be a complete square. 

III. Extract the square root of both members, and solve the 
resulting equation. ^ 
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290. When the equation has been reduced to the f onn of 

a^ + 2ax = bf 
its ropts may be obtained directly by the following obvious rule : 

Write one-half the coefficient of x tvith its contrary sign^plus or 
mimis the square root of the second member increased by the square 
of one-half this coefficient. 

I. Given a^ — 6:2; = 55 to find the values of oi. 

OPERATION. 

ir = 3± ^65 + 9; 
or, a; =r 3 ± 8 = 11 or — 6, Ans. 

BXAMPZB8 JFOJBt rMACTlCM!. 

Find the values of the unknown quantity in each of the follow- 
ing equations : 

1. iE^ + 2ic = 15. Arts, a; = 3 or — 5. 

2. «^ — to = 16. Ans. a; = 8 or — 2. 

3. a^ — 20a? = — 96. Ans. a? = 12 or 8. 

4. a? -- 6a; — 7 = 33. Ans. a; = 10 or — 4. 

5. a? — 28a: + 80 = — 115. Ans. a; = 15 or 13. 

6. a:? + 6a; + 1 = 92. Ans. a: = 7 or — 13. 

7. a? + 12a; = 589. Ans. a; = 19 or — 31. 

8. 2^8 — 6a; + 10 = 65. Ans. a; = 11 or — 5. 

9. ar^ + 12a; + 2 = 110. Ans. a; = 6 or — 18. 
10. a;^ — 14a; = 51. Ans. a; = 17 or — 3. 

II. a^ + 20a; + 19 = 0. Ans. a; = — 1 or — 19. 

12. a^ — 6a; + 6 = 9. Ans. a; = 3 ± 2 V3. 

13. a;^ + 8a; = 12. Ans. a; = — 4 ± 3^7. 

14. a? + 12a; = 10. Ans. a; = — 6 ± V46. 

15. 3a? — 15a; = — 12. Ans. a; = 4 or 1. 

16. 4a? + 12a; = 40. ^n*. a; = 2 or —5. 

17. 2a? + 28 = 18a;. Ans. xi= 7 or 2. 
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18. (3a: — 5) {2x — 2) = 2(a^ + 15). Ans. a: = 5 or — 1. 

19. (2a: +2) (5a?— 8) = (a;+l) (5a; +4). Ans. x = 4 or— 1. 

20. (3a; + 4)» = 54a?. Ans. a; = | or |. 

o o 

01 -a 3* 7 ^ 5 7 

^1- ^-15 = 12- Am.x = :^ov-^. 

22. ISa:^ + -^ = 5. Ans. a; = jr or — -• 

o # - u o 

_- . . 13a: 6 . 7 6 

1 3 1 

^' o7 ?\ + ;-a — ? = 7' Ans. a; = 5 or — 3. 

2(a; -— 1) a;^ — 1 4 

flj + la; + /5a? + o o 



SECOKD METHOD OF COMFLETIira THE SQUABE. 

291. It frequently happens in redneing a quadratic to the 
form of a^ + 2aa; = b, that 2a, the coefficient of a;, hecomes frac- 
tional^ thus rendering the solution a little complicated. In such 
cases it will be sufficient to reduce the first member to the sim- 
plest entire terms. The equation will then be in the form 

aa?^+bv=zc (1), 

in which a and b are integral in form, and prime to each other, 
and c is entire or fractional. 

To render the first term of (1) a perfect square, multiply both 
members by a ; thus, 

ah^ + abx =zac (2). 

Adding j- to both members, 

<M + abx + J- = ao + J* . . . (3), 
where the first member is a complete sqimre. Now if J is eyen, j 



will be entire ; but if j^ is odd, 7- will be fractional, a result which 

4 

19* 
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we wish to avoid. To modify the rule to suit the latter case^ 
suppose (3) to be multiplied by 4 ; thus, 

4flfe» X ^hx + J8 = 4(K? + J8 . . . (4). 

The first member is now a complete square^ and its terms are entire. 
Moreover, we observe that (4) may be obtained directly from (1) 
by multiplying (1) by 4a, and adding ^ to both sides of the result. 
Hence, for the second method of completing the square in the 
first member, we have the following 

Rule. — I. Meduce the equation to the form of ax* + bx = c, 
wTiere a and b are prime to each other. 

II. If b is eveny multiply the equation by the coefficient of x', 
and add the square of one-half the coefficient ofxto both members, 

III. Ifh is oddy multiply the equation by 4 times the coefficient 
of x', and add the square of the coefficient ofxto both members. 

The above rule may be considered as more geiieral than the first; 
for if applied to equations in the form of a:^ + 2ax = J, the opera- 
tion will be the same as by the first rule, with the simple modifica- 
tion of avoiding fractions in the first member, when 2a is fractionaL 

!• Given 5a?— 6a;=8, to find the values of x. 

OFEBATION. 

6a? — 6a; = 8. 

Multiplying by 5, and add- ) 

ing 3^ or 9, to both mem- > 25a? — 30a; + 9 = 49 ; 

bers, ) 

by evolution, 6a; — 3 = ± 7 ; 

whence, 6a; = 10 or — • 4 ; 

4 
or, a; = 2 or — ^• 

2. Given 15a?— 66a;=350, to find x. 

OPERATION. 

16a? — 65a; = 350. 
Dividing by 5, 3a? — 11a; = 70 ; 

multiplying by 12, and add- ) 3^^ _ ^3^^ ^ ^^^ ^ ^^^ 
mg 121 to both members, J 
by evolution, 6a; — 11 = ± 31 ; 

whence, a; = 7 or — 5-. 
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We will now^apply this rule to an equation in the fonn of 
a^ + 2aa; = J, where 2a is odd. 

3. Given «*— 7a;=44 to find x, 

OPERATION. 

a;? — 7a; = 44. 

Multiplying by 4 times 1, ) 4^ -. 28a; + 49 = 226 ; 
and adding 7^ to both sides, ) 

by evolution, 2a; — 7 = ± 15 ; 

whence, a; = 11 or — 4. 

Thus we may always operate in such a manner as to avoid frac- 
tions in the first member ; and indeed in the second member, if 
we first reduce both members of the equation to entire terms. 



MXAMlPLBa von ^UACTICB, 

Solve each of the following equations : 

1. b(Ji? + ^ = 204. A118. a: = 6 or — Y* 

2. Sa;^ + 4a; = 273. An,8. a;=7 or — -y. 

3. W — 20a; = 32. Am. a; = 4 or — f . 

4. 6a^ + 15a; = 9. Ans. a; = Jor — 3. 
6. 2a? — 5a; = 117. Ans. a; = 9 or — Jyt. 

6. 21a;' — 292a; = — 600. Ana. x = 11^^ or 2. 

7. 6a;' — 13a; + 6 = 0. Ana. a; = f orf. 

8. 73;^ — 3a; = 160. Ana. a; = 5 or — ^. 

9. 33;^ — 63a; = — 34. Ana. a; = 17 or f . 

10. a? + 13a; — 140 = 0. Ana. a; = 7 or — 20. 

11. 33;^ — 8a; = 6+4V'3. Ana. a; = 2 + a/3 orf — V3. 

12. a;' + 11a; — 80 = 0. Ana. a; = 6 or — 16. 

1Q ry . 7^^ KA A « 260 

^^- ^"^ + ToiTsi = ^^- ^^- ^=^ ^^ ^- 

9 4- 42; 2; 4- 7 

14. —^1 — + 5^ = *+^** -4n«. a! = 28or9. 



224 QUADSATIG EQUATIOICS. 

15. ^(^ - J^) = 26— 4c ^iw. ic = 6 or J 

2z~3 . 3a;^5 5 j 'J' i 

^- 3a: — 2 . 2a; — 5 10 . 13 1 

"• 2^-35 + 3i^r2 = -3- ^^- ^ = T''^f 



TBEATKENT OF SPECIAL CASES. 

292. Either of the two preceding roles is sufficient for the 
solution of any quadratic equation. There are certain cases^ 
however, where the solution may be much simplified, either by 
a modification of one of the common rules, or by a special 
preparation of the equation. 

293. When the coefficient of the higrhest power of the 
unknown quantity is a perfect square. 

In this case the equation will be in the form of 

i]M + hx = e (1). 

Let the quantity to be added to complete the square in the 
first member, be represented by P. Then 

cW-hlfx + fi = c + P . . . . (2). 

Now in any binomial square, the middle term is twice the 
product of the square roots of the extremes. Hence, 

2t X ax:= ix; 
^ = 2^' 

And equation (2) becomes 

«^+*^+^=''+^)' • • <^>' 

which may be used as the formula for completing the square, in 
this casa Or we may proceed according to the following 

BuLE. — Divide the coefficient of x hy ttoice the square root of the 
coefficient of x?, and add the square of this result to both members. 
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1. Given 25a? — 20a; = — 3 to find the values of x. 

In this example the nnmber to be added to complete the sqnare is 

and the whole operation will be 

25a? — 20a; = — 3, 
25a? — 20a? + 4 = 1, 

5a;- 2 =±1, 

3 1 A 

x = - or -, Ans. 
5 5 

4^ X 51 

2. Given -yr — h = ttt to find the values of z. 

4^ a o4 



For this 


example we 


have 










P = 


= (l^ 


D*= 


©*= 


49 
64' 


and the solution is as follows 


• 
• 










4a? 
49 


X 

"2"" 


51 

64' 






4a? 
49 


-- + 
2^ 


49 ' 
64"" 


100 
64' 




• 




fix 
1 


7 
"8" 

aj = 


■"^ 8' 

119 
-,-7r 01 


• ^^^^^ 



16 "* 16' ^*"* 



JBXAMPZJB8 WOB PBACTICB. 

1 5 

1. 16a? + 12a; = 10. Ans* x = ^ or — 7- 

A 4 

2. 36a? — 5a; = r-rj. ^w«. a; = =5 or — .^• 

144 72 24 

3. 81a? — 12a; = — X* -4«5. « = ^ or ^« 

. 49a? . 6a; 40 . 20 50 

^ -25- + T = 49- ^'"- ^ = 49^^-49" 

^ 841a? 58a; ,^ ' 275 25 

^- "625 r = ^^- ^^•^ = ^<>^-29- 

^ 7a? -8a; . 7a? + 8a; ,^ ^ ^ . „ 18 

— 12 ' ^ ^ "^ *' a; = 2 or — 75- 
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294. When the equation is in the form of 

a^ -h 2ax = (2a + m)m , . . (!)• 

In this case we may avoid tedious nnmerical operations^ by 
the use of the aaxiliaiy quantity^ 2a. 

1. Given a? — 5a; = 6 to find the values of x. 

Put 2a = 5 ; then 2a + 1 = 6 ; 
and the equation becomes 

a^ — 2aa; = 2a + 1 ; 
whence^ a? — 2aa? + a^ = a* + 2a + 1, 

a; — a = ± (a + 1), 

a; = 2a + 1 or — 1, 
a: = 6 or — 1, Arts. 

2. Given a? + 19a; = 92 to find x. 

Assume 2a = 19 ; then 4 (2a + 4) = 8a + 16 = 92 ; 
and the solution will be as follows : 

a? + 2aa; = 8a + 16, 
a? + 2aa; + a* = a« + 8a + 16, 
a; + a = ± (a + 4), 

a; = 4 or — 23, Ans. 
Let it be observed that we always put the coefficient of x equal 
to 2a. Then the method will apply, provided the second mem- 
ber is 

2a + 1, 

or 4a + 4, 
or 6a + 9, 
or 8a + 16 ; 

or, in general, 2ani + m' ; that is, any multiple of 2a plus the 
square of the multiplier. 

MXAMPliBS FOB PKACTICB. 

Solve the following equations : 

1. ofi — llxzizS. Ans. a: = 8 or — 1. 

2. a^ + 11a; = 26. Ans. a; = 2 or — 13. 

3. a:^ — 17a; = 60. Ans. a; = 20 or — 3. 

4. op^^ 21a; = 46. Ans. a; = 2 or — 23. 
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5. a? — 75a? == 76. Ans. a; = 76 or — 1. 

6. a^ + nx = 385. Ans. a; = 5 or — 77. 

7. a? — 325a: = 3350. Ans. x=z 335 or — 10. 

205. When large numerals may be avoided in the 
operation, by the use of an auxiliary quantity. 

As all the examples of this kind cannot be included in any 
general classification^ we give the following illustrations : 

1. Given x^ + 9984a; = 160000 to find the values of x. 

Put 2a = 10000 ; then 2a — 16 = 9984, and 32fl = 160000. 

Whence, a;^ + (2a — 16) x = 32a, 

a?+ (2a — 16)a; + (a — 8)3 = a2 + 16a + 64, 

a; + (a — 8) = ± (a + 8), 

a; = 16 or — 10000, Ans. 

2. Given a^ + 45a; = 9000 to find x. 

Put a = 45; then ^00a = 9000. 

a^ + ax = 200a, 

4:3? + ^a x + a^ = a^ + 800a, 

2a; + a = ± Va (a + 800) = V45 + 845. 

Multiply one of the factors under the radical by 6, and divide 
the other by 5 ; then we have 

2a; + a = \/225 x 169, ' 
2a; + 15 . 3 = ± 15 . 13, 

2a; = 15 . 10 or — 15 • 16, 
a; = 75 or — - 120, Ans. 

d. Given 16a^ — 225a; = 225 to find x. 

Put 15 = a; then 16 = a + l; 

whence, (a + 1) a;^ — a^ = a% 

4(a + 1)^0? — 4fl?(a + 1) a; + a* = a* + 4a« + 4a», 

2 (a + 1) a; — 0? = ± (a» + 2a), 

2 (a + 1) a; = 2a2 + 2a or — 2a, 
(a + 1) a; = a (a + 1) pr «- a, 

a; = 15 or — t^, Ans. 

ID 
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EQUATIONS IN THE QUADBATIO FOEM; 

296. There are many equations which, though not really 
qnadratiCy or of the second degree, may be solved by methods 
similar to those employed in quadratics. All such equations are 
reducible to the following form : 

Q?^ + 2aaf = h ; 

in which x represents a simple or a compound quantity, and n is 
ppsitiye or negatiye, integral or fractional It is always neces- 
sary (haJt the greater exponent should be twice the less. 

1. Given a* — 16a^ = — 28 to find the values of x. 

OPERATION. 

«* — 16a« == — 28. 
Adding 8», or 64^ «* — 16x^ + 64 == 36 ; 
extracting the square root, a^ — 8 = ± 6 ; 
by transposition, a? = 14 or 2 ; 

whence, x=z ± Vli or ± V2, Ans. 

2. Given x — 6a;* = — 6 to find the values of x. 



OPERATION. 

a? — 6a;^ = — 6, 

Completing the square, x — 6ic* + 9 = 4; 

by evolution, a;* -— 3 = ± 2 ; 

or, a* = 5 or 1 ; 

involving to the 2d power, x = 25 or 1, Ans* 

3. Given x-^ + lOari = 24 to find the values of x. 

OFBRATION. 

x^ + lOar-i = 24, 
Completing the square, x-^ + lOari + 25 = 49 ; 
extracting the square root, ar^ + 5 = ±7; 

transposing, ar^ = 2 or — 12 ; 

taking the reciprocals, x'= - or — — , Ans. 

^ 12 
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4. Giyen (a^ + 2a;)> — 23 (rc« + 2a;) = — 120 to find the yalues 

of 27. 

This equation is in the quadratic form, for it contains the 
first and second powers of the compound quantity^ sfi + 2x. 

For conyenience^ let us assume 

Then by substitution in the giyen equation^ we haye 

y« — 23y = — 120 ; 
whence, !^^^y-tH^ = ^9 

y = 15 or 8. 

We haye now the two equations, 

a:^ + 2x = 15 and a? + 2a; = 8, 

which are solyed as follows : 

a?* + 2a; = 15, a;» + 2a; = 8, 

a? + 2a; + 1 = 16, a? + 2a; + 1 == 9, 
a; + l=±4, a; + l = ±3, 

a; = 3or— 5. a; = 2or— 4. 

Thus the equation has four roots, 

3, ^5, 2, -4; 
and it will be found by trial that any one of these four yalues 
will satisfy the giyen equation. 

Equations of the third and fourth degrees may often be solyed 
like quadratics, eyen if they do not, at first, present themselyes 
in the quadratic form, like the last equation. If any equation 
is susceptible of such a solution, it will be found to contain the 
first and second powers of some compound quantity, with known 
coefficients. To determine whether this be the fact in any par- 
ticular case, we may proceed as follows : 

Transpose all the terms to the first member ; and if the high- 
est power of the unknown quantity is not even^ multiply the 
equation through by the unknown letter, to render it eyen. 
Then extract the square root to two or more terms, as the case 
may require ; and if at any time a remainder occurs, which, with 
or without the absolute term, is a multiple^ or an aliquot part of 
the root already obtained, a reduction to the quadratic form may 
be effected* Otherwise it will be impossible. 
20 
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6. Giyen «« — 4i^ — 14a? + 36^; + 45 =: to find x. 

re* — 4ic« — 14a? + 36x + 45 = {a^ — ^z 
«* 

— 4«»+ 4a? 



— 18a? + 36a: + 45 
Or by factoring, —18 {a?—2x) + 45 

Hence the given equation may be written thns : 
(a? — 2xf — 18(a? — 2a:) + 45 = 0. 

Without snbstitnting any letter for the compound quantity, 
a? — ftx, the remaining part of the operation will be as follows : 

(a? — 2a:)« — 18 (a? — 2a:) = — 45, 
(a? — 2xy — 18 (a? — 2x) + 81 = 36, 

(a? — 2a:) — 9 = ± 6, 
whence, a? — 2a: = 15 . . . (1), 

or, a? — 2a:= 3 . . . (2). 

From (1) we obtain a: = 5or— 3), 

" (2) '' " a: = 3 or - 1 J ^^• 

6. Giyen a? + 4fla? + 2afe — 40* = to find x. 

As the highest exponent of a; is odd, we multiply the equation 

by X, and obtain 

a? + 4aa? + 2ah? — ^cfix = 0. 

Taking the square root of two terms, and factoring the re- 
mainder, 

(a? + 2axy — 2fl? (a? + 2aa:) = 0. 

Assume y = a? + 2aa: ; then 

^ — 2fl?y = 0, 
y»-2aay + a* = a*, 

y — fl? = ±cfi, 
y == 2fl? or 0. 
Hence we haye two equations, solyed as follows : 
a? + 2aa: = 2fl?, a? + 2aa: = 0, 

a: + a = ± a V3, _ a? = — 2aa:, 

a: = — a ± aVS, a: = -r- 2a. 

Hence, a: = — a(l — VS), — a(l + Vs), or — 2a, Ans. 
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7. Given 25a? — 6 + ^ = |to find «. 

The two extremes in the first member are perfect squares. We 
will therefore seek for a middle term which will render the square 
complete. This will be twice the products of the square roots of 
the extrcfnes ; or 

6a? X s- X 2 = 6. 
2x 

We therefore add 1 to both members^ and solve as follows : 

262^-5 + ^ = ? 

^^-2i=±2' 
10jb» — 1 = ± 3a;. 
10a? T 3x = 1 ; 
lOOai* qp 30a; + J = 10+ J=y, 

10a;Tt=±*> 

10a; = 5 or — 2, or 2 or — 6 ; 

a; = ± J or T -J^, Arts. 

8, Giren a: + 4 V5 = 21 to find the values of x. 

OPERATION. 

a; + 4 V5 = 21, 

a; + 4 VS + 4 = 25, 

Vi + 2 = ± 5, 

V^ = 3 or — 7, 
aj = 9 or 49, Ans. . 

It should be observed here that when the equation contains a 
radicalf as in the last example, it cannot be satisfied by the roots 
obtained, without a trial of signs. The roots found in the last 
solution are 9 and 49 ; but we have 

V9 = + 3 or — 3, 
V49 = + 7 or — 7. 

Now we may verify the given equation, if we take- Vx = + 3 
or -*7 ; but not otherwise. 
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Thus, putting x=:9 and V^=:3 in the given equation, we have 

9 + 12 = 21 ; 

also with a? = 49 and 'V^ = — 7, we hare 

49 — 28 = 21 ; 
and the equation is satisfied in both cases. 

But putting a? = 9 and Vi = — 3, we haye 

9 — 12 = 21; 

also with a; = 49 and '/x = + 7, we have 

49 + 28 = 21 ; 
both of which are falsa 

In general, it will be found that a radical equation can be 
satisfied by each of the roots of solution, under at least one of 
the possible combinations of signs. 

9. Given 2 V5 H — -p = 5 to find as. 

We have here a radical equation which is not in the quadratic 
form. In such cases, it is generally better to clear the equation 
of radical signs, either entirely or partially. Thus, 

r- 2 

2v^ + -^ = 5, 
yx 

2a; + 2 = 5 VS, 
2a: — 6 Vi = — 2, 
16a; — 40 Vi + 25 = 9, 

4V^-.5=±3, 
4 V^ = 8 or 2, 

V5=2or^, 
a? = 4 or J, AnB. 

EXAMPLES OP EQigATIONS SOLVED LIKE QUAD- 

EATICS. 

1. a:* — 34a;» = — 225. Ans. a: = ± 5 or ± 3. 

2. a;^ — 35a;* + 216 = 0. Am. a; = 2 or 3. 

3. ai* — 4a;» — 621 = 0. Ans. a; = 3 or V — 23. 

4. a;«> + 31a;« — 32 = 0. Am. a; = 1 or — 2. 
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« i 

7. 2^^"— 31a^= — 12. 

8. 3 '{^ — 10 v^ = — 3. 



Ans. a: = 4 or 'V^. 
Ans. X = v^i or v^—2. 

^«*. a; = (D or (|)". 



^w«. « = 27 or ^« 

J[n«. a: = 4 or — 1. 
Ans. a; = 4 or 69. 



10. {x + 12)* + {x + 12)i = 6. 

11. {x + a)^ + %b{x + a)^ — ^. 

Am, a; = J* — a or 81 J* — a. 

12. a;+ V5a; + 10 = 8. 



Ans. a: = 18 or 3. 

6 7 
Arts. aj==: 3 or s* 



13. 9a; + 4 + 2 V9a: + 4 = 15. 

14. VlO + X— v^lO + a; = 2. ^7W. a;=6or — 9. 

15. (a? — 5)« — 3(a; — 5)*=40. Ans. a; = 9or5+ \^(— 5)«. 

16. 2(l + a; — a!3) — (1 + a; — a«)* + ^ = 0. 

Ans. a? = ^ ± g ViTor ^ ± ^ VlT. 

Ans. a; = 9 or — 12. 



17. a; + 16 — 3 Va? + 16 = 10. 

18. 81a« + 17 + ^ = 99. 

x^ 



19. 25a:^ + 6 + 



955 



^/w. a? = ± 1 or ± q' 
^n«. a? = ± 2 or ± jg 



9a?»"~ 9 

20. a^ + 2a:« — 7a:2 — 8a? + 12 = 0. 

Ans. a; = 1, 2, ^ 2, or — 3. 

21. a? — 8a? + 19ar — 12 = 0. Ans. a: = 1, 3, or 4. 

22. a;* — 10a:« + 35a;? — 50a? + 24 = 0. ^w«. a; = 1, 2, 3, or 4. 

23. a;* — %a^ + %dh? + 32a^ — 9a* = 0. 

ins. x = a(%± Vl3) or a(2 ± a/3). 

24. y* — 2cy» + (c« — 2)y»+ 2(?y = A 

80* 



334 
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PBOMiacuoua exampzxb xir quadbjItics. 



1. «• + Hit = 80. 

3a? — 3 3a: — 6 



2. 3a?- 



a? — 3 



2 



Q g . a? + l _13 

Q 1 

4. 



2(a^-l) 4(a; + l)~8 

g-^l a? — 2 _ 2a; + 15 
a? + l"*"a? + 3"" a?+19' 

a;»-10g»+l 

7. a« — 2aa? + a? = J. 

8. a:* — 2aa: + }» = 0. 

9. ma^--2mx Vii = nx^^mn. 

^^•49' + 2l-y' 

11 ^ 1^^- 32 
^^' 361 "■ IT - " ^^• 



12. 



8 



zn^t = ^ + 



16 



^fw. a? = 6 or — 16. 
Ans. a; = 4 or — 1. 

u47w, a? = 2 or — 8. 

^fw. a; = 3 or — 5. 



Ans. a? = 6 or — 7- 

4 



j4w^. a; = 1 or — 28. 
Ans. a: = a T V*. 

^/}«. a: = —• 

^n«. a? = 7 or — 11|. 
Ans. X = 152 or 76. 
Ans. a? = 3 or 1. 



(2a?-4)«~"*^(2a;-4)* 

13. a« + 11 + Va;^ + 11 = 42. Ans. a: = ± 5 or ± ^38. 

14. a;» — 2a? + 6 Va^ — 2a? + 5 = 11. 

Ans. a; = 1 or 1 ± 2 ViS. 

172« 1 

15. a?* + -^ = 34a? + 16. Ans. a? = 2, — 2, — 8, or — s- 



16. a? — 1 = 2 + 



2 



17. 



V5 

2 VS + 2 4— V^ 



4 + V5 



vs 



^w«. a? = 4 or (— 1)*. 



Ans. a? = 4 or 7^. 



AFFECTED QUADBAIICS. 235 



18. a;>v/3A/2-5^ = ^^t^- Ana. x=±(Z±V^\ 

19. >y/^-^-yTI] = ^.^«,.:. = |(l±V6). 

20. = — 3 . = —3- Ans. a; = ± jj* 

1 — Vl-«» l + Vl — aj? «* 3 



Ans. a; = 8 or — 9. 



^n«. a; = 6 or 3. 



21. \-J-(-^)ni = ^. 

22. (^±^^¥=a:-2. 

23. a?* + »* = 766. ^»«. a; = 243 or — 8 ^33614. 

24. ex^ — IZof = — 6. -47W. a; = \/f or v^f. 

J £?*--2 

25. v2 + 2a: + 2a? = c (1 — x). Ans. a: = 1 or 



(c + 2)» 

26. (a; + a)' — (« — a)« = 352a«. 

^/w. a; = ± a Vs or ± a V— 7. 

27. ax+ ^ ^ =L±f. uln*. a;=^(2c+J±V'«a=r4^\ 

aa? — 1 c «flc 

28. — ~^^ = - + Y + — -4n*. a? = — a or — • ft. 

a + + X a X 

^^ 2a a^ — 3fi a? — a« + 16 , . 

^^•■^+-^r- = 8^ Ans.x=±a. 



Ov. — rr== := rr— « 

V^ + a + Vx — a *^ 



^W5. a?=±2aA/o* 

31. — = = 4a. Ans. x=:r:{l ± y 6 ). 

a + a: a— a; 2 ^ "^ 
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SIMULTANEOUS EQUATIONS CONTAINING QUAD- 

EATICS. 

297. Haying treated of qnadratics containing only one nn- 
known quantity, we will now consider certain cases of simnlta- 
neouB equations where one or more are of a higher degree than 
the first 

298. In general, the solution of two quadratic equations^ involv- 
ing two unknown quantities, depends upon the solution of a single 
equation of the fourth degree, containing one unknown quantity. 

To show this, let us represent the two equations under a 
general form, as follows : 

a?+ axy' +Jy* + ca; + rfy + c = 0. . (1), 
a? + a'xy + *y + c'a: + d'y + e' = . • (2), 

in which the coefficients a, l, c, etc., and a', V, c', etc., may 
haye any yalue, positiye or negatiye, integral or fractional 

Arranging the terms in these equations with reference to x, 
and factoring, we haye 

ix^ + {ay + c)x + bf + dy + e = 0. , (3), 
ai^ + {a'y + c')x + by + d'y + e'=:0. . (4). 

Subtracting (4) from (3), 
[{a^a')y'hc-^c']x+{b^b')y^+{d^d')y+{e-e')=0. 
By transposition, 

[{a^a')y + e^c']x={V ^b)f + {d' ^d)y + {e' -^e); 

whence* 

{b'-b)y»+{d'^d)y + {e'^e) 

{a^a')y + {c-^c') 

This yalue of x substituted in (3) or (4), will giye a final 
equation inyolying only y. Without actually making this sub- 
stitution, which would lead to a complicated expression, it is 
obyious that the resulting equation would be of the fourth 
degree. For the yalue of a; is in the form of 

mf-hny + q 
ry + s ' 

in which y is inyolyed to the second power. Therefore the term 
containing a? in (3), or (4), must inyolye y to the fourth power. 
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Hence^ two equations^ essentially quadratic^ and containing two 
unknown quantities^ cannot^ in general^ be solved by the rules 
for quadratics. 

299. There are certain cases where simultaneous equations, 
iuTolving one or more of the unknown quantities to a higher 
degree than the first, may be solred by means of a final equation 
in the quadratic form. Most of the examples of this kind are 
embraced in these three cases : 

1st. Where one of the equations is simple, and the other 
quadratic. 

2d. Where both of the equations are quadratic, but homo- 
geneous. 

3d. Where one or both of the equations are symmetrical, 
inyolying the different letters in a similar manner with respect 
to coefQcients and exponents. 

The following are illustrations : 

1st. Simple and Quadbatio Equations. 

The solution is effected in this case by the ordinary methods 
of elimination. 

1. Given j ^^ - ^g = ® } to find X and y. 

OFKRATIOH. 

5a!« — 6a;y = 8 . . . (1), 
3x — 2tf = e . . . (2). 

From (2). ^ = ^^5 

from (1), «i«+M _ ^y{^ + ^y) ^ 8, 

180 + UOy + 20^ — lOSy + 36y» = 72, 

16^ — 12y = 108 ; 

16y«-12y + ? = ^; 

A 3 a. 21 

^-2==^T5 

4y = 12 or — 9 ; 
whence, y -. 3 oj. _ j^ 

a^d ic = 4 or f 
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2d. Homogeneous Equations. 

In the case of homogeneous equations, an anxiliary quantity 
is employed in the elimLtion. 

2. Giyen "1 0-4 To Z qj *^ ^^^ *^® values of x and y. 

SOLUnOH. 

Put x=zvy; then the given equations become 

2vy^vi/^ = 6, or »» = 2i^ • • • (1) ; 

2f + 3vf, = S, or 9" = ^^ • • • (^); 

, 6 8 

whence^ 



2t;» — v ~" 2 + 3v' 
6 + 9i; = 8t«8 — 4t;, 
8t^ — ISv = 6, 

t; = 2 or — f. 
Taking v = 2, equation (2) gives 

• y = ± 1 ; whence, a; = ± 2. 
Taking v = — f, the same equation gives 

y=± -— ; whence, a: = n: —— • 

It may be observed here, that in this example, as in all other 
examples of simultaneous equations, the different sets of values 
which are capable of satisfying the equations, will be found by 
taking the signs in their order ; that is, the upper signs should 
be taken throughout, and the lower signs throughout. Thus, 

when y=+l, a;=+2; 

« y = -l, a;=-2; 

** . S 3 



a/7' V7' 



u S .3 

y = — 7E9 x=i + — 



V7' "" V7 



J 
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3d. Symkbtbigal Equations. 

When the equations are of this description^ they may be solved 
by taking advantage of multiple forms, and of the necessary 
relations existing among the sum, difference, and product of two 
quantities. 

3. Given \ Z oi f *^ ^^ *^® values of x and y. 



OFKUATION. 




X + y=z 10 . . , 


■ (1), 


xi/=z21 . • , 


, (2). 


Squaring (1), a? + 2xy + fzz^lOO; 




subtracting 4 times (2), afi — 2xy + ^ — 16 ; 




by evolution, a; — y = ± 4 ; 




but in (1), a; + y = 10 ; 




whence, a; = 7 or 3 ; 




y = 3 or 7. 





4. Given j ^,"^'^'^/ "", J? } to find the values of a and y. 
^a?+xy+j^ =133) 

OPSRATION. 

Put x + y=:8, and Vary=p. 

Then the given equations become 





8 +p = 19 . , 


. . (1), 




«»-j32 = 133 . 


. . (2). 


Dividing (2) by (1), 


s —p = 7 . . 


. . (3); 


'whence from (1) and (3), 


s= 13, 




and 


P= 6; 




that is. 


x + y= 13, 




and 


xif= 36. 





Proceeding now as in the third example, we have 

a» + 2a:y + y» = 169, 

a« — 2a?y + y® = ^5> 
a: — y = ± 5, 
a; = 9 or 4. 
y = 4 or 9. 
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6. Given 




= 6 



to find X and y. 



= 20 



OFERATION. 



Put 
then 



z* = P, 



and 



y^ = Qi 
.i- 



and y^ = (f. 
Substituting these yalues in the given equations, 

P +Q =z e 
P»'+Qi = 20 
pi + 2PQ+ Ca=i36 
2PQ = 16 
P»^2PQ+(?= 4; 
P-e=±2; 
P+Q=e; 

P = 4 or 2 ; 
C = 2 or 4. 



Prom (1), 
taking (2) from (3), 
taking (4) from (2), 
by evolution. 



(1), 

(2). 

(3); 



Hence, 



x^= 4 or 2, 

a^= 64 or 8, 

X = ± 8 or ± 2V2 ; 



y»= 2 or 4, 
y = 32 or 1024. 



In this example, the auxiliary letters were used to avoid frac- 
tional exponents in the operation. This practice, however, is 
not a necessity, but only a convenience. The auxiliary letters 
should be made to represent the lowest powers of the unknown 
quantities. 

6. Giveni^ + ^y- 



ya + a;*y* = 




to find X and y. 



Assume 



OPERATION. 

a;*=p, y*=e; 

« 4 A 

then «'= P*, y' = ^ ; 

and a? = P«, f = (?. 

Sabstituting these values in the given equations, and storing, 

P*{P+Q)= 208 = 13.16 . . . (1), 
^(g + P) = 1063 = 13.81 . . . (3). 
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Dividing (2) by (1), 



e» 


81 


pj- 


16 


Q 


9 


P~ 


4 



or. 



9 = ^,.«dP = ^ 



Substitnting these values in (1) and (2), we 

P« + ^-=: 13.16 . 

4 



e*+^= 13-81 



have 



(3), 

(5). 

(6), 
(7). 



From (6), 
from (7), 
whence, 
and 



P« = a« = 64 ; 
e« = j^=729; 
a;= ±8, 
y=±27. 

If we take the minns sign in the second member of equation 
(4), we shall obtain 

7. Given 1 *.;«"" ^ i.« f to find the values of x and y. 
(aj^ + y^ = 152) ^ 



OPERATION. 

a; + y = 8 . 

a:« + y» = 152 . 

Cubing (1), Q^ + 3a?y + 3rry2 + yS _ 51 2 . 

taking (2) from (3), Zo^y + dxf = 360 . 

zy(x + y) = 120 . 

dividing (5) by (1), try = 15 . 

Whence, by combining (1) and (6) as in the 3d example, 

a; = 5 or 3, y = 3 or 5. 



(1), 

(2). 

(3); 
(5); 

(6). 



300, For examples of more than two unknown quantities, 
no additional illustrations are necessary. The few cases which 
lead to a final equation in the quadratic form are to be treated 
by the same methods that apply to the preceding. And skill in 
the management of this whole class of examples, must depend 
less upon precept than upon practice. 
21 Q 
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301* As auxiliary to the solution of certain qnestions, par- 
ticularly in geometrical progression, we give the following 

Pboblem. — Given x + y z=8 and xy = jt?, to find the yalues of 
^+!^t ^+y*> ^+y*> aiid 3fi+!^, expressed in terms of s and j?. 

BOLITTIOK. 

x + y = s (1), 

^=p (2). 

Squaring the first, a?* + 5ia;y + y* = «« ; 

2xy = 2p ; 

1st result, «« + y« = «3 _ 2/? (A). 

Multiplying {A) by (1), 

^ + ^ + xy^ + y^ — ^ — 2p8 ; 

subtracting xy (a? + y) = ps ; 

2d result, «» + y» = «« — 3p« (5). 

Again, squaring (A), 

7^ + 2a!«y» + y* = «*— 4««p+4p» ; 

subtracting 2a^ = 2/^; 

3d result, a:* + y* = «*— 4*^+2^ . . . ((7). 

Multiplying (A) by (5), 

subtracting a^y (^ 4- y) = ^; 

4th result, a:« + y» = &«— 56^ + 6«^ . . . (Z>). 

The following example will illustrate the use of these formulas. 

1. Given j ^ , \4 Z 041 7 [ ^ ^^^ *^® values of x and y. 

In this example we have 

a = 9, «» = 81, «*=:6561. 

Hence, from (C), we hare 

6561 — 324^7 + 2/?2 = 2417 ; 

f — 162p = — 2072, 
j^ — 162p + 6561 = 4489, 
J? - 81 = ± 67, 
xy =zp = 148 or 14. 
If we take xy = 148, the values of x and y will be imaginary. 
Taking xy = 14, with the equation a; + y = 9, we readily obtain 

a? = 7 or 2, y= 2 or 7. 
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Find the yalues of tho unknown quantities in the following 
groups of equations : 



ix-- y =15) 

(a? — 2v«= of* 



2. 



3. 



5. 



6. 



7. 



8. 



9. 



10. 



11. 



12. 



2j^ 

(a:y + 22^ = 120) 
( 2a; + y = 22 ) * 

(a; + y» = 25) 
(4a; = 9y ) 

( 5ic2 -. y = 35 ) 
(6a; + y = 25 } 

j 4a;2 + 3^ -. 43 1^ 

(3a^— y2= 3) * 

j 3a? + a;y = 336 ) 
l4a; + y= 40) ' 

\xy + y» =126) 
(5(a; + y) = 'J'a? > 

(a;» + 4y» =181) 
(5(0; — y)=4y ) 

(a? + a;y = 12) 
(jr* + a;y = 24) ' 

(a;»-.2a;y^y8 = l) 
( x + y =2) 

j a^ +xy = 56 ) 
( ary + 2y» = 60 f ' 



j3a;»+ a;y= 68 [ 



4y» H- 3a;y = 160 ) ' 



13. ^ 



a:« + a;y = 12 



a;y — 2y' = 1 



N • 



^nA 



j a; = 18 or 12^, 
• ( y = 3 or — 2f 

"*'^- (y = 6 or -^13i. 

Cy = 4 or — 6J. 



Jin^, 



( v = 



= 3 or — 4, 



y = 10 or 45. 



Ans, ] 

(y = 



= ±2, 
±3. 



Ans. 



= 28 or 12, 

72 or — 8. 



( tf = — 



^"^ (y=± 6. 



J»A 



= ±9, 
±5. 



Ans. 



Ans. 



( y = ± 4. 

j a; = ± 4V2 or ± 14, 
• iy=± 3a/2 or zp 10. 

|a;= ±4 or ± VV3, 
1 y = ± 6 or If ^^VS. 



Ans. 



a; = ± 3 or ± — -, 

>v/6 



y = ± 1 or ± 



V6 
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^7*— xy + f/» =21) . ja:=±4 or ±3V^, 
^^ (y«-2x^ + 15= or ^^' (y=±5 or ± V3. 



15. 



16. 



17. 



19. 



20. 



21. 



22. 



23. 



24. 



26. 



27. 



\{x + y)^ + 2{x + y) = 120) 

t «y — ^ = 8 f ' 

{x = e, 9, or -9±V5; 
^^- 1y = 4, 1, or-3:FV5. 



{ 



6a;^ + 2^ = Say + 12 

3y» — 32» = 2a:y + 3 

a» + y» = 65 ) 
ay = 28 3 



^n& ^ 



a:= ±2or ± 



y= ±3 or If 



V3l' 
6 



V31 

( a: = ± 7 or ± 4, 
^^- ]t/=±4 or ±7. 



18. ]^+»'=in. 

(« — y = 3 ) 



{a^ + y^z= 4914 ) 
1 iP -h y = 18 ) 

{cfi + y«=:189). 
( a^y 4- a?y* = 180 ) 

( iry(a: — y)= 6) 

j a^ + y» = (a; + y) a:y ) 
(a? +y =4 f " 



^n^ 



Ans 






= 8 or — 5, 



y = 5 or — 8. 

= 17 or 1, 
or 17. 



(y= 1 



= 5 or 4, 
4 or 5. 



Ans 



j3a:y-2a:y = l 1 

= 2yf 

_Ba?y^ 
a; + y = 12 ) 



( a: = 2y 

|a:» + y8 = 18a?y[ 



AiisA 



25. j^+^=^^n. 

ix +y = 8) 



(y = i, 7, 



(a; = 3 or —2, 
• (y = 2 or -3. 

Ans. j^'~ ' 
( V = 2. 



= ± ^2 or ±|V— 6, 
±iV2 or ±iV— 6. 

, j a: = 8 or 4, 

Ans. i . ' 

( y = 4 or 8. 

= 7, 1, or 4 ± V— 105, 



( a«y + iry = 12 ) 
(a:^+ y = 18f* 

ja:» + y« = 2a:y(a: + y)) 
I ay = 16 ) 



Ans 



or 4 q= V— 105. 

Ans. ] ~" 
(y = 

a = ± 2^5 ± 2, 



= 2 or i, 
2 or 16. 






y = ± 2\/5 T 2. 
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28. 



y* + x*y^ = b 



Ans. X 



- \(a + bf) ' ^~\{a + by) ' 






Ans. J^ = ^' 



30. \^+y' = \\. Ans. i ^ = ± i V« +2* ± lVa-2*, 



a;y 



± i\/a + 2^ If lVa-^2b. 



x={ a±V¥+lLl^\h 



31. ^ ^ {■. ^7w. . , ^ ,, 



j yA/5 + Vy = 21 ) 
' ixy^ + y =333)' 



"*"**• (y = 9 or 324. 






ix +y =36) 
(a;»+y«= 6> 






= 27 or 8, 
= 8 or 27. 



35. 



a? + y = 10 

fx fy ^ 
Vy + V^ = 2 

* + y* = 4M-y*)L 



(y = i 



= 8 or 2, 
2 or 8. 



36. J^* + y* = 

(a; —y = 



16 






Ans 



(a: = 25, 
• U= 9. 



37. 



a;* + y » = 3a; 
ic* + y ' = a; 



. ( a? = 4 or 1, 
Ans. i Q 
(y = 8. 



38. 



x^ + y^ + 2a;* + 2y* = 23 

(^ = 27, 8, 
^"*- ]y= 8,27, 



— 1, or 
-216, or 



216; 
-1. 



21* 



u& 



89 
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^^ (a:=±8, ±2V2, or U(-7±Vl7)f*; 
• |y= 32, 1024, or {i(- 7 ifVn)!'. 



f ^ 4. 4v^__33 

• ^ y Vy ~ ^ ^• 



|y = 4 



a; = 9 or f^, 
or^. 



41. 



a;*y» = 2y» 



So; 



:i-.t/* = 



14 






ic = 2744 or 8, 
y = 9604 or 4. 



42. 



43. 



z^ + x^y^ + y* = 1009 
3? + a;*yi + y« = 682193 

y^ — Sz^y =64 
y — 2x^y^== 4 



ly= 



a? = 81 or 16, 
16 or 81. 



Ans, 



(y = i6. 



4nb« 






= 30 
5 

y 6 



a; = 3, 2, 1, or — 6 ; 



]y = 2, 3, -6, 



or 



1. 



45. ^ 



" a:»+ y*=8 
1.1 1 



a?»"^ y»""2 



(y=r±2;j iy = 



= ±2, 
IF 2. 



46. j«'-y' = 3093) 



iajj + ary +y»= 7) 
'• («* + a!V + y* = 133f ■ 



(y = 2 or — 5. 

ja;=±2 or q:3, 
"*• ty=T3or ±2. 



48. 



Ill 

- + - + - 

a; y 



= 9 



= 13 
8j; + 3y =6 



Ans. 



X 


~"2 


or 


26' 


y 


1 
""3 


or 


16 

13' 


z 


1 
""4 


or 


16 
44' 
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THEOET OP QUADEATIOS. 

302. Having treated of the practical methods of solying 
quadratic equations, we will now proceed to consider certain 
general principles relating to quadratics. 

303. Let us resume the general equation^ 

afi + 2ax=:b (A). 

If we solve this equation, and represent one root by r and the 

other by r', we shall have 

r =:—a+ Va^ + b . . . (1), 
r' = — a — Va^ + b . . . (2). 

By adding these equations, and also multiplying them together, 

we obtain 

r + r' = — 2a (3), 

r/=-.J (4). 

That is, 

1. 77ie sum of the two roots is equal to the coefficient of x taken 
with the contrary sign. 

2. Tlie product of the two roots is equal to the absolute term 
taken with tlie contrary sign. 

304. From equations (3) and (4) in the last article, wo have 

2a = — (r + r'), and J = — rr'. 

Substituting these values in (A), and transposing the absolute 

term, we have 

a^ — (r + r')x + rr' = ; 
or by factoring, 

{x — r) (a; — r') = 0. Hence, 

If all the terms of a quadratic equation be transposed to the 
first member, the result will consist of two binomial factors, 
formed by annexing the two roots with their opposite signs to the 
unknown quantity. 

305. A Quadratic JExpression is one which contains 
the first and second powers of some letter or quantity. 

By the principle established in the preceding article, any quad- 
ratic expression may be resolved into simple factors. 
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1. Let it be required to resolye the expression^ ^ + \%x ^ 45 
into simple factors. 

Assume a? + 12x — 45 = 0. 

This equation readily gives 

jr = 3, a; = — 15, 
Hence, a^ + 12a; — 46 = (z — 3) (x + 15), Arts. 

2. Separate 5a? — 8a? + 3 into simple factors. 
We first separate the factor 5 ; thus. 

We may now factor the quantity within the parenthesis, as in 
the lost example ; thus, 

a?-??=-?, 
6 5' 

8^ i6_J^ 

5 ■*" 25 ~ 25' 

4_ .1 

- 3 
a; = 1 or -• 
o 

And the giyen quantity is factored as follows : 

5a:^ — 8a; + 3 = 5 (x — 1) (a; — |), Ans. 

1. Besolye a:^ + 2a; — 120 into simple factors. 

Ans. (x — 10) (x + 12). 

2. Eesolve a;* — 9a: + 14 into simple factors. 

Ans. {x — 2) (a? — 7). 

3. Besolye x^ + 8ar + 15 into simple factors. 

Ans. {x + 3) (a? + 5). 

4. Besolye t? — 35a; + 300 into simple factors. 

Ans. (a; — 15) (a; — 20). 

X 3 

5. Besolye ^ — t — s i^ito simple factors. 



Ans. {^ — t)(^ + 
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6. Besolye 152^ + 192; + 6 into simple factors. 

Afis. 15 (x+i) (x+i). 

7. Eesolve csfi — 2ax + c%c — 2a(^ into simple factors. 

Ans, clx j{x + <^, 

306. The same principle also enables ns to construct an eqnor 
tion whose roots shall be any given quantities. This is done by 
multiplying together the two binomial factors^ which, according 
to the principle in question, the required equation must contain. 



1. Find the equation whose roots shall be \ and — \. 

\ 



Factors, \^ » 

X + h 

Product, a« + ^ _ I = 0, 

o o 

or, 6a? + a; — 1 = 0, Ans. 



EXAMPLES, 

1. Find the equation whose roots shall be 6 and — 15. 

Ans. a? + 9a: — 90 = 0. 

2. Find the equation whose roots shall be 3 and — 15. 

Ans. a;* + 12a; — 45 = 0. 

3. Find the equation whose roots shall be 16 and 9. 

Ans. a? — 25a; + 144 = 0. 

4. Find the equation whose roots shall be 84 and — 1. 

Ans. a:^ — 83a; — 84 = 0. 

5. Find the equation whose roots shall be | and — \. 

Ans. a^2 _ «. = 0. 

6. Find the equation whose roots shall be } and — 4. 

. « 17a; 1 ^ 
^^5. a?- — -^ = 0, 

7. Find the equation whose roots shall be ^ and ^. 

A7is. 8a:2 _ ea; + 1 = 0. 

8. Find the equation whose roots shall be 2a and — c. 

^w«. a:^ — (2a — c) a? — 2ac = 0. 
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DlSCUSSIOir OF THE FOUB FOBMS. 

307« In the general eqaation afi + 2ax=b, the coefficient 
of z, as weU as the absolute term, may be either positive or nega- 
tive. Hence, to represent aU the yarieties, with respect to signs, 
we most employ ihe four forms, as follows : 

^ + 2ar = + J . . . . (1), 

ofi^^ax=z +b . . . . (2), 

afl + 2ax:=z^b . . . . (3), 

a? — 2ax = — b .... (4). 

From these equations we obtain 

a: = — a ± Vfl* + b . . . (1), 
z=z +a± Va* + b . . . (2), 

» = — a ± Vfl* — * . • • (3), 

z= + a± V^"^ . . (4). 

We may now consider what conditions will render these roots 
real or imaginary, positive or negative, eqnol or unequal. 

308* Real and imaginary roots. 

In the first and second forms, the quantity a^ + 2, under the 
radical, is positive, and the radical quantity is therefore real. 
But in the third and fourth forms, the quantity a^ — b, under 
the radical, will be negative when b is numerically greater than 
a* ; in which case the radical quantity is imaginary. Henoe, 

1. Iti each of the first and second formsy both roots are always 
real. 

2. In each of the third and fourth forms, both roots are imagi- 
nary when the absolute term is numerically greater than the square 
of one-half the coefficient of x ; otherwise tlkey are reoL 

309« Positive and negative roots. 

Since rf + J > c^ and «? — J < i^, we have 

Vfl* -h b > a and ^/a^ — b < a. 

It follows, therefore, that the signs of the roots in the first and 
second forms wiU correspond to the signs of the radical ; but the 



TRISOBT 07 QUADBATIOS. 251 

signs of the roots in the third and fourth forms will correspond 
to the signs of the rational parts. Hence^ 

1. In each of the first and second formsy one root is positive and 
the other fiegative. " 

2. In tjte third form loth roots are negative, and in the fourth 
form both roots are positive. 

310. Equal and unequal roots. 

It is obvious that in the first and second forms the two roots 
are always unequal; for in each of these forms, one root is 
numerically the sum of a rational and a radical part, and the 
other the difference of the same parts. 

The same maybe said of the third and fourth forms, if we ex- 
cept the case where a^ = ft ; in which case the roots are equal, 
and we haye, for the third form, 

x=z — a±0= — a or — a, 

and for the fourth form, 

x=:+a±0=+aoT + a. Hence, 

1. In each of the first and second forms, the two roots are 
always unequal 

2. In ea^h of the third and fourth forms, the roots wiU be equal 
when the absolute term is numerically equal to the square of one- 
half the coefficient of x ; otherwise they will be unequdl. 

In the first and third forms, the negative root consists of the 
sum of the rational and radical parts ; while in the second and 
fourth forms, the positive root consists of the sum of the two 
parts. Hence, if we exclude the case of equal roots, 

3. In the first and third forms the negative root is numerically 
greater than the positive. 

4. In the second and fourth forms, the positive root is numeric 
cally greater than the negative. 

The principles which we have now established, respecting the 
roots of quadratic equations, are all that are of importance, 
either theoretically or practically. 
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DISCUSSION OP PEOBLEMS. 

311. In the solution of particular problems inyolying quad- 
ratics, we shall fiod that in certain cases both roots of the equa- 
tion will answer the conditions of the problem, while in other 
cases only one of the roots is admissible. 

The reason is, that the algebraic expression is more general in 
its meaning than ordinary language ; and thus the equation 
which represents the conditions of the given problem, will some- 
times be found to represent the conditions of other analogous 
problems. 

1. A man bought a horse for a certain price. Now if he sells 
him for $24, he will lose as much per cent, as the horse cost ; 
required the price of the horse. 

Let X denote the price. Then x x ytttt? or tt^tt, will be the loss, 
if he sells him for $24. Hence, 



^-100 = ^^' 
or a:2 _ looa: = — 2400 ; 

Q^ — lOOx + 2500 = 100 ; 
whence, a; — 50 = ± 10 ; 

or a; = 60 or 40. 

Both values of x fulfill the conditions. For, 

60 X .60 = 36 ; and 60 — 36 = 24. 
40 X .40 = 16 ; and 40 — 16 = 24 

2. A person bought a number of sheep for $240 ; if he had 
bought 8 more for the same sum, each sheep would have cost $1 
less. How many sheep did he purchase ? 

240 
Let X = the number of sheep purchased ; then — = cost of 

X 

one. Had he purchased 8 sheep more, the cost of one would have 

. 240 „ 240 ^ 240 
been 5. Hence, 1 = 



a; + 8 ' X *^x + S' 

reducing, a^ + 8a: = 1920 ; 

a;*+8a;+ 16 = 1936; 
or, a? -f 4 = ± 44 ; 

whence, a: = 40 or — 48. 
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In this case only the first value of a; is admissible. The nega- 
tiye result^ ~ 48^ is numerically the aoswer to the problem which 
would be formed by substituting in the above, the word more for 
the word lesSy and the word less for the word more. 

INTEBPRETATION* OF IMAGINARY RESULTS. 

313« We hare seen that when the absolute term of a quad- 
ratic is negative, and numerically greater than the square of one- 
half the coefficient of the second power of the unknown quantity, 
the roots of the equation will be imaginary. Now the imaginary 
roots will always satisfy the equation, and it is necessary to 
ascertain what they indicate respecting the conditions of the 
problem which the equation represents. 

1. Let it be required to divide 20 into two such parts, that 
their product shall be 140. 

Let X = one part ; then 20 — a; = the other. Hence, 

ir(20 — a;) = 140; 
or, a? — gOa; = — 140, 

ai? — 20a; + 100 = — 40, 

a: — 10 = ± V^^Ol 

a; = 10 ± V^^^^"4a 

The result is imaginary ; how shall it be interpreted ? Recur- 
ring to the problem, we find that the greatest possible product 
that can be formed by multiplying together two parts of 20, is 
10x10=100, the product of the halves of 20. Thus we find 
that the problem is impossible. 

2. A farmer would enclose 50 square roods in a rectangular 
form, by a fence whose entire length shall be 24 rods. Required 
the length and breadth of the enclosure. 

Let z = the length, and y = the breadth ; 

then a; + y = 12, 

and a;y = 50 ; 

«^ + 2a:y + y« = 144, 
a^ - 2a?y -h »» = - 56, 

a? — y= ± 2 V— 14. 

whence, a? = 6 ± V— 14, y = 6 qp V— 14. 

22 
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Thus, again, the rdsnlts are imttginory. The problem, how« 
ever, is impossible. For, if any given area is to be enclosed in a 
rectangular form, the perimeter will be the least when the figure 
is a square. But the square root of 50 exceeds 7 ; hence the 
field will have a perimeter of more than 28 rods, and cannot be 
enclosed by a fence 24 rods long. We conclude, therefore, 

ThcU imaginary roots indicate impossible conditions in the 
problem. 



PBOBLEK OF THE LIGHTS. 

313* To illustrate more fully the rules of algebraic interpre- 
tation, we present for discussion the following general 

Pboblem. — ^Find upon the line which joins two lights, A 
and B, the point which is equaUy illuminated by them ; admit- 
ting that the intensity of a light at any giyen distance, is equal 
to its intensity at the distance 1, divided by the square of the 
given distance. 

c;; A B cv 

I I 11 I 

Let a represent the intensity of the light A at the distance 1, 
and b the intensity of the light B at the distance 1. 

Let c denote the distance AB, between the two lights. 
Assume A as the origin of distances, and regard all distances 
measured from A toward the right as positive. 

Finally, let denote the point of equal illumination, and let x 
represent the distance of this point from A. Then c — x must 
be the distance of the same point from B. That is, 

A0 = «, 
BC = c — a?. 

But by the conditions of the problem, the intensity of the li^t 

MM 

A at the distance ^ is -^ and the intensity of the light B at the 

distance c^-x is •; rr* But these intensities are equal, because 

(c^xf 
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O represents the point of equal iUomination ; hence we haTe the 

equation^ 

ah , . 

or, ^ — r-^ = — ; 

c ^ X ± V? 



or, 

^ Va 

By solving this equation^ we obtain two values of Xy as follows : 

_cVa_ 

g^^ Ti • • • • (2)- 

\a — V ft 

Since the two values of a; are real, and also unequal, we con- 
clude. 

That there are two points of equal illumination on the line AB, 
or on this line produced. 

This is evidently the conclusion to which we ought to arrive 
by an algebraic solution of the problem, in order to satisfy its 
conditions in a general manner. For, whatever may be the rela- 
tive intensities of the two lights, there must always be one point 
of equal illumination between them. And if the lights are of 
unequal intensities, there must be another point of equal illumi- 
nation, in the prolongation of the line, on the side of the lesser 
light. 

We will now discuss the values of ir, under several hypotheses. 

1st. Suppose a>J. 

In this case, both values of x are positive ; therefore, both 

points of equal illumination are situated to the right of A. 

\/ d 

The first value of x is less than c ; because -— = -p is less 

V a + yb 
than unity, being a proper fraction. This value of a; is also 

greater than one hajf of c ; for we have 

Va= Va . . . (1); 
and since a > J, Va + V^ < 2 Va . . •. (2). 
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DiTiding (1) by (2), 



Va+Vb ^ 

., . cVa ^ e 
therefore, —= ;= > s* 

Va+ Vb ^ 
Hence, the first point of eqaal illumination is at G, between A 
and B, bat nearer B than A. 

The second value of :r is greater than c; for, —^ -= is 

greater than unity, being an improper fraction. Hence, the 
second point is at C, in the prolongation of the line beyond B. 

These conclusions are evidently correct. For, the supposition 
that a is greater than by implies that B is the feebler light ; both 
points should therefore be nearer B than A. 

2d. Suppose a < J. 

The first value of x is positive. It is, moreover, less than one 
half of c. For 

Va = Va . . . (1) ; 
and since a <>, Va + Vb> 2Va . . . (2). 



Dividing (1) by (2), 



^.<ii 



Va + Vb ^ 



(j\/ a c 

therefore, —= < 5. 

Va+ Vb ^ 
Hence, the first point of equal illumination falls between A and 
B, and nearer A than B, as it should, because A is the lesser light 

The second value of x is negative, since the denominator, 
Va — Vby is negative. 

Now in the statement of this problem, we considered distances 
reckoned from A toward the right as positive ; hence, according 
to the rule for interpreting negative results, previously established 
(181), we must consider the negative result in this case, as a 
distance to be reckoned from A toward the left. Hence, the 
second point will be situated to the left of A, at 0". And this 
is as it should be, because A, under the present supposition, is 
the lesser light. 
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3d. Suppose a = J. 

In this case, the first value of x is positive, and equal to ^. 

Hence the first point of equal illumination is midway between 
A and B. 

The second value of x is — ^ = oo. This result indicates 

that there is no other point of equal illumination in the line AB, 
or in AB produced, at a finite distance from A. 

These conclusions are obviously correct. For, under the 
present supposition, the two lights are equally intense. Hence 
any point, to be equally illuminated by them, must be equally 
distant from them ; and the only point which fulfils this condi- 
tion is the point midway between them. 

If, however, we consider a and h as two varying quantities, at 
first unequal, but continually approaching equality, then the 
second value of x will become greater and greater by degrees, 
until it reaches infinity. Under these conditions, the second 
point of equal illumination will continually recede from A, 
moving toward the right or toward the left, according as a is 
greater or less than J, until it is finally removed to an infinite 
distance. In this view of the case, it is sometimes said that there 
are two points of equal illumination, under the hypothesis, 
a = J ; one point being at an infinite distance from A. 

4th. Suppose a = J and c = 0. 


The first value of x reduces to ^r—pi = ; hence the first point 

is situated at A. 

The second value of x is tt, the symbol of in determination 

(188, 4). This result shows that there is an infinite number of 
other points equally illuminated by the two lights. 

These interpretations are evidently correct. For, as the lights, 
under the present hypothesis, are equally intense, and both situated 
at A, every point in space must be equally illuminated by them. 

5th. Suppose c = 0, and ayb ob a < J. 

Both values of x now reduce to ; and the common rule for 
interpreting zero might lead us to suppose that the two points of 
22* B 
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equal iUnmination coincide with the point A. But this con- 
clusion is not strictly correct ; for it is obvious that when two 
lights, of unequal intensities, occupy the same place, there is no 
point in space equally illuminated by them ; not even the point 
in which they are both situated. 

Let us return to the original equation (m), which truly repre- 
sents the conditions of the problem. If we put c=0^ the result is 

a d ^ 

an equation which cannot be satisfied by any value of x whatevery 
while a>b or a < J. For by substituting any value for x we 
shall always obtain two unequal fractions. H z = 0, the two 
members are two unequal infinities. 

We conclude, therefore, that under the supposition^ c = 0, 
while a and b are unequal, the problem fails altogether, and is 
impossible. 

Thus we learn that zero may be the answer to a possible, or an 
impossible problem. And whenever we obtain this symbol as 
the result of a solution, we must not interpret it on the assump- 
tion that the thing required in the problem is possible ; but we 
must first determine whether the conditions are rational or 
absurd, by considering the nature of the problem, or by substi- 
tuting zero in the original equation. 
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314. It will be found that some of the following problems 
may be solved by a single unknown quantity, while others require 
two. Still others may be conveniently solved by means of either 
one or two letters. It is left to the judgment and skill of the 
learner to discover the mode of solution, in each example, which 
is most simple. 

1. It is required to divide the number 14 into two such parts, 
that 9 times the quotient of the greater divided by the less, may 
be equal to 16 times the quotient of the less divided by the 
greater. Ans. 8 and 6. 
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2. A company^ dining at an inn^ agreed to pay $3.50 for the 
entertainment; bnt before the bill was presented^ two of the 
party lef t^ in consequence of which each of the others had to pay 
20 cents more than if aU had been present. How many persons 
dined? Am. 7. 

3. Find a nnmber, snch that, if it be subtracted from 22^ and 
the remainder multiplied by the number, the product will be 117. 

Afi8. 13 or 9. 

4. It is required to divide the number 18 into two such parts, 
that the squares of these parts may be to each other as 25 to 16. 

Ans. 10 and 8. 
6. The difference of two numbers is 4, and their sum multi- 
plied by the difference of their second powers gives 1600. What 
are the numbers ? Ans. 12 and 8. 

6. What two numbers are those whose difference is to the less 
as 4 to 3, and whose product multiplied by the less is equal to 
504? Ans. 14 and 6. 

7. A man purchased a field, whose length was to its breadth 
as 8 to 5. The number of dollars paid per acre was equal to the 
number of rods in the length of the field ; and the number of 
dollars given for the whole was equal to 13 times the number of 
rods round the field. Bequired the length and breadth of the 
field. Ans. Length, 104 rods ; breadth, 65 rods. 

8. There is a stack of hay, whose length is to its breadth as 5 
to 4, and whose height is to its breadth as 7 to 8^ It is worth 
as many cents per cubic foot as there are feet in its breadth ; and 
the whole is worth at that rate 224 times as many cents as there 
are square feet on the bottom. Bequired the dimensions of the 
stack. 

Ans. Length, 20 feet ; breadth, 16 feet ; height, 14 feet. 

9. There is a number, to which if you add 7 and extract the 
square root of the sum, and to which if you add 16 and extract 
the square root of the sum, the sum of the two roots will be 9. 
What is. the number ? Ans. 9. 

Note. — Represent the number by o^ — 7. 

10. A and B together carried 100 eggs to market, and each 
received the same sum. If A had carried as many as B, he would 
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httve received 18 pence for them ; and if B had taken as many as 
Ay he woald have received 8 pence. How many had each ? 

Ans. A 40, and B €0. 

11. The sum of two numbers is 0, and the sum of their cubes 
is 72. What are the numbers ? Ans, 4 and 2. 

12. A man traveled 36 miles in a certain number of hours ; if 
he had traveled one mile more per hour, he would have required 
3 hours less to perform his journey. How many miles did he 
travel per hour? Ans. 3 miles. 

13. The sum of two numbers is 100, and the dijQference of their 
square roots is 2 ; what are the numbers ? Aiis. 3G and 64. 

14. A gentleman bought a number of pieces of cloth for 075 
dollars, which he sold again at 48 dollars a piece, and gained by 
the bargain as much as one piece cost him. What was the num- 
ber of pieces? Ans. 16, 

15. A merchant sold a piece of cloth for 39 dollars, and gained 
as much per cent, as it cost him. What did he pay for it ? 

Ans. 130. 

16. A merchant sent for a piece of goods and paid a certain 
sum for it, besides 4 per cent for carriage ; ho sold it for $300, 
and thus gained as much per cent, on the cost and carriage as the 
12th part of the purchase money amounted to. What was the 
amount of the purchase money ? Ans. $300. 

17. From two towns, 396 miles apart, two persons, A and B, 
set out at the same time, and traveled toward each other ; after 
as many days as are equal to the difference of the number of 
miles they traveled per day, they met, when it appeared that A 
had traveled 216 miles. How many miles did each travel per 
day? -4w«. A, 36; B, 30. 

18. Divide the number 60 into two such parts that their 
product shall be 704. Ans. 44 and 16. 

19. A vintner sells 7 dozen of sherry and 12 dozen of claret 
for £50, and finds that he has sold 3 dozen more of sherry for 
£10 than he has of claret for £Q. Required the price of each. 

Ans. Sherry, £2 per dozen ; claret, £3. 
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SO. A set out from towards D^ and traveled 7 miles a day. 
After he had gone 32 miles, B set ont from D towards C, and 
went every day -^ of the whole journey ; and after he had trav- 
eled as many days as he went miles in a day, he met A. Eeqnired 
the distance from to D. Arts. 76 or 152 miles. 

21. A farmer received $24 for a certain quantity of wheat, and 
an equal sum at a price 25 cents less per bushel for a quantity of 
barley, which exceeded the quantity of wheat by 16 bushels. 
How^many bushels were there of each ? 

Arts. 32 bushels of wheat and 48 of barley. 

22. Two travelers, A and B, set out to meet each other, A 
leaving C at the same time that B left D. They traveled the 
direct road, and met 18 miles from the half-way point between 
C and D ; and it appeared that A could have traveled B's dis- 
tance in 15i days, and B could have traveled A's distance in 28 
days. Bequired the distance between C and D. Ans. 252 miles. 

23. Find two numbers, whose difference, multiplied by the 
difference of their squares gives 32, and whose sum, multiplied 
by the sum of their squares gives 272. Ans. 5 and 3. 

24. A and B hired a pasture at a certain rate per week, agree- 
ing that each should ps>y according to the number of animals he 
should have in the pasture. At first A put in 4 horses, and B 
as many as cost him 18 shillings a week ; afterward B put in 2 
additional horses, and found that he must pay 20 shillings a 
week. At what rate was the pasture hired ? 

Ans. 30 shillings per week. 

25. If a certain number be divided by the product of its two 
digits, the quotient will be 2 ; and if 27 be added to the number, 
the order of the digits will be inverted. What is the number ? 

Ans, 36. 

26. It is required to find three numbers, such that the differ- 
ence of the first and second shall exceed the difference of the 
second and third by 6, the sum of the numbers shall be 33, and 
the sutn of the squares 441. Ans. 18, 9, and 6. 

27. What two numbers are those whose product is 24, and 
whose sum added to the sum of their squares gives 62 ? 

Ang. 4 and 6. 
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28. It is required to find two namberSy sncli that if their pro* 
dnct be added to their sum, the result shall be 47 ; and if their 
sum be taken from the stim of their squares^ the remainder shall 
be 62. Ans. 7 and 5. 

Note. — In many examples of two nnknown qnantitSes, giving rise to 
tymmetrieal equations, it will be found oonvenient to denote one of the 
unknown quantities by s + y, and the other by « — y. 

29. The sum of two numbers is 27, and the sum of their cubes 
is 5103. What are the numbers ? Ans. 12 and 15. 

30. The sum of two numbers is 9, and the sum of their fourth 
powers is 2417. What are the numbers ? ^72^. 7 and 2. 

31. The product of two numbers multiplied by the sum of 
their squares, is 1248 ; and the difference of their squares is 20. 
What are the numbers ? Ans. 6 and 4. 

32. Two men are employed to do a piece of work, which they 
can finish in 12 days. In how many days could each do the 
work alone^ provided it would take one 10 days longer than the , 
other ? Ans. One in 20 days ; the other in 30 days. 

33. The joint stock of two partners was $1000 ; A^s money 
was in trade 9 months^ and B's 6 months ; when they shared 
stock and gain, A receiyed $1140 and B $640. What was each 
man's stock ? Ans. A% $600 ; B's, $400. 

34. A speculator, going out to buy cattle, met with four 
droyes. In the second were 4 more than 4 times the square root 
of one-half the number in the first ; the third contained threo 
times as many as the first and second ; the fourth was one-haU 
tlie number in the third, and 10 more ; and the whole number 
in the four droyes was 1121. How many were in each droye ? 

Ans. 1st, 162 ; 2d, 40 ; 3d, 606 ; 4th, 313. 

35. Find two numbers, such that if the sum of their squares 
be subtracted from three times their product, 11 will remain ; 
and if the difference of their squares be subtracted from twice 
their product, the remainder will be 14. Ans. 3 and 5. 

36. Diyide the number 20 into two such parts, that the pro- 
duct of their squares shall be 9216. Ans. X2 and 8. 
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37. Diyide the number a into two such parts, that the product 
of their squares shall be h. 



Am. 



Greater part, | + ^ (a» — 4 V*)* 
Less part, | — _ (a« — 4 Vi) . 



38. The greater of two numbers is a' times the less, and the 

product of the two is J*. Find the numbers. Ans. -, and ah 

a 

39. A certain number is equal to the product of three con- 
secutive numbers ; and if it be divided by each of them in turn, 
the sum of the quotients will be 74 What is the number ? 

Am i ^^^^ thatis, 4-5-6; or 

' I - 120 ; that is, (— 4) • (~ 6) • (- 6). 

40. An engraving whose length was twice its breadth was 
mounted on Bristol board, so as to have a margin 3 inches wide, 
and equal in area to the engraving, lacking 36 square inches. 
Find the width of the engraving. Ans, 12 inches. 

41. A man has two square lots of unequal dimensions, con- 
taining together 25 A. 100 P. If the lots were contiguous to 
each other, it would require 280 rods of fence to embrace them 
in a single enclosure of six sides. Required the dimensions of the 
two lots. Ans, 62 rods and 16 rods, or 50 rods and 40 rods. 

42. A person has £1300, which he divides into two portions, 
and lends at different rates of interest. He finds that the in- 
comes from the two portions are equal ; but if the first portion 
had been lent at the second rate of interest it would have pro* 
duced £36, and if the second portion had been lent at the first 
rate of interest it would have produced £49. Find the rates of 
interest. Ans. 7 and 6 per cent. 

43. A sets out from London to York, and B at the same time 
from York to London, both traveling uniformly. A reaches 
York 25 hours, and B reaches London 36 hours, after they have 
met on the road. Find in what time each has performed the 
journey. Am. A, 55 hours ; B, 66 hours. 
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44 A owns a Tillage lot^ in tho form of a gquarc, containing 
3G square rods ; B owns the adjacent lot on the same street, which 
is also a square, but greater than A's. Now if A should par- 
chase all tho front of B's lot, so as to extend the rear boundary 
line of his own through B's lot, parallel to the street, the two 
neighbors would possess equal quantities of land. Find the 

length of one side of B's lot Ans. 6 (l + \/2) rods. 

45. There are three numbers haying the following relations 
to each other : — ^the sum of the squares of the first and second 
added to the first and second gives 32 ; the sum^of the squares 
of the first and third added to the first and third gives 42 ; and 
the sum of the squares of the second and third added to the 
second and third gives 50. Bequired the quantities. 

fist, 3 or — 4 ; 
2d, 4 or — 5 ; 
3d, 5 or — 6. 

46. What is the edge of that cube which contains as many 
solid units as there are linear units in the diagonal through its 
opposite comers. Ans. 'v^3. 

47. It is required to find two quantities such that their sum, 
their product, and the sum of their squares, shall be equal to 
each other. Ans. i (3 ± V— 3), and i (3 qp V— 3). 

48. Find two numbers whose sum, product, and the difference 
of whose squares, are equal to each other. 

Ans. i (3 ± Vs), and i (l ± V^). 

49. . Find two numbers, such that their product shall be equal 
to the difference of their squares, and the sum of their squares 
shall be equal to the difference of their cubes. 

Ans. ± 4 Vs, and i (5 ± Vb). 
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SECTION VI. 

PROPORTION, AND THE THEORY OP PERMUTATIONS 

AND COMBINATIONS. 

PROPORTION. 

315. Two quaatities of the same kind may be compared^ and 
their numerical relation determined, by finding how many times 
one contains the other. This mode of comparison gives rise to 
ratio ^nd proportion, 

316. The Ratio of two quantities is the quotient arising 
from dividing the first by the second- 
There are two methods of indicating the ratio of two quantities. 

1st. By writing the dividend before the divisor, with two dots 
between them ; thus, 

indicates the ratio of a to d, where a is the dividend and b the 
divisor. 

2d. In the form of a fraction ; thus, the ratio of a to £ may be 

written . a 

^ • 

h 

31V. A Compound JRatio is the product of two or more 
ratios. Thus, 

Simple ratios, \ ^ ' 

j c : 

Compound ratio, ac : bd, 

318. The IhM/pHeate Ratio of two quantities is the ratio 
of their squares. 

319. The Triplicate JRatio of two quantities is the ratio 
of their cubes. 

320. ^Proportion is an equality of ratios, both terms of 
each ratio being expressed. Thus, if two quantities, a and by 
have the same ratio as two other quantities, c and d^ the four 

23 



b 
d 
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quantities, a, h, c, d, taken in their order, are said to be pro^ 
portionaL 
Proportion may be written in two ways ; thns, 

a:b:: c: d, 

which is read, aistobaseistod; or thus, 

a:b=zc:d, 

which may be read as the other, or, the ratio of a to bis equal to 
the ratio ofctod. The second method of writing proportion is 
recommended as the more appropriate. 

331. A Couplet consists of the two quantities which form a 
ratio. 

323. The Terms of a proportion are the four quantities 
which are compared. 

323. The Antecedents in a proportion are the first terms 
of the two couplets ; or the first and third terms of the pro- 
portion. 

334. The Consequents in a proportion are the second 
terms of the two couplets ; or the second BJid fourth terms of the 
proportion. 

325. The Uxtrei^es in a proportion are the first and 
fourth terms. 

326. The Means in a proportion are the second and third 
terms. 

327. When the first of a series of quantities has the same 
ratio to the second, as the second has to tiie third, as the third 
to the fourth, and so on, the several quantities are said to be 
in continued proportion, and any one of them is a mean prO' 
portional between the two adjacent ones. Thus, if 

a:b = b:c = c: d^d: ef 

then a, b, c, d, and e are in continued proportion, and ft is a 
mean proportional between a and c, c b, mean proportional be- 
tween b and d ; and so on. 

328. One quantity is said to vary directly as another when 
the two quantities, by reason of their mutual dependence, have 
always a constant ratio, so that if one be changed the other will 
be changed in the same ratio. 
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Thns^ for iHnfitnition, suppose^ in the purchase of a commodity^ 
a certain quantity, A, costs a certain sum, B. Now if the price of 
unity remain the same, it is evident that 2A will cost 2B ; dA 
will cost 3B ; and in general, mA will cost mB, In this case 
the cost is said to vary directly as the quantity. 

329. One quantity is said to yary inversely as another when 
the first has a constant ratio to the reciprocal oLthe other. 

330. One quantity is said to vary as two others jointly, when 
it has a constant ratio to the product of the two. 

331. The Sign of Variation is the symbol oc ; thus, the 
expression, A cc B, signifies that A varies as B. 

From the definition of variation, it is evident that the expres- 
sion, -4 oc 5, is equivalent to the proportion, 

A : B m m : 1, 
where nt is a constant. This propoi*tion gives 

A = mB. 
Hence the general truth. 

If A vary as B, then A is equal to B multiplied by some eon* 
stant quantity. 

PROPOSITIONS IK PBOPOETIOK. 

33!2. A Proposition is the statement of a truth to be 
demonstrated, or of a problem to be solved. 

333. A Scholium is a remark showing the application or 
limitation of a preceding proposition. 

334. If in the proportion 

a X h ziz e I df 
the second method of indicating ratio be employed, we have 

■^ = -^ . . . {A\ 

which is the fundamental equation of proportion; and any 
proposition relating to proportion will be proved, when shown 
to be consistent with this equation. 

Proposition I. — In every proportion, the product of the ex- 
tremes is equal to the product of the means. 
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Let a:b=: c:d, represent any proportion ; 

then by formula (A), 4 ~ 5^ 

clearing of fractions, be = ad. 

That iSy the product of b and c, the means, is equal to the 
product of a and d, the extremes. 

Scholium. — ^From the last equation, we. have 



The first mean, ft = — 

c 

The second mean, c = -r- 



The first extreme, a = -j 

a 

The second extreme, J = — 

a 



(!)• 



(2). 



Hence, 

1st. Either mean is equal to the product of the extremes 
divided by the other mean (1). 

2d. Either extreme is equal to the product of the means 
divided by the other extreme (2). 

Proposition II. — Conyersely: — If the product of two quanti- 
ties is equal to the product of two others, then either two may be 
taken for the msans, and the other two for the extremes of a pro- 
portion. 

Let ad = be. 

Dividing by M, J ~ | ^ 

hence by formula (A)y a:b = c: d, 

in which the factors of the second product, be, are the means, 

and the factors of the first product, ad, are the extremes. 

Propositiok III. — If four quantities are in proportion, they 
will be in proportion by alternation ; that is, the antecedents 
will be to each other as the eonsequents. 

Let a:b=z c:d; 

a c 
then by formula (A), -z=z^. . . (1). 
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he 

fit = -J • • • 

d 


.(2); 


a __b 
c d 


.(3); 


a: c:=b:d, 
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Multiplying (1) by >, 

dividing (2) by c, 

hence^ 

in which a and c, the antecedents qi the giyen proportion^ are 
proportional to b and d, the consequents of the giyen proportion. 

Pboposition IV. — If four quantities are in proportion, they 
will be in proportion by inveesion ; that f«, the second will be 
to the fir sty as the fourth to the third. 

Let a:b = c:d; 

a € 
then by formula (-4), ^ = -^ ; 

clearing of fractions^ bcz= ad; 

hence by Prop. II., b:a=: d: c. 

Scholium. — The last two propositions are but modifications 
of Prop. II. Thus we learn that from every equation three 
different forms of proportion may be derived. 

Let ad=:bc; 

then a:b=:c: d; 

or, a: c=ib : d; 

or, b:a = d: c. 

Peopositiok V. — Quantities which are proportional to thi 
same quantities are proportioned to each other, 

(1), 



If 




a 


\b ^^inin 


and 




c 


: d = m:n 


we are to prove 


that 


a 


:b =1 c : d. 


Prom (1), 






a m 
b'^ n' 


from (2), 






c m 
d'^ n' 


hence. 






a e 

b^ d' 


or 




a 


:b c:d. 



23* 
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PBOFOSiTiojr VL — If four quantiiies are in prcpariioni they 
wiU he in proportion by composition or DiTisioif ; thctt is, the 
turn or difference of the first and oecond foitt be to the second, as 
the sum or difference of the third and fourth is to the fourth. 

If a:b = c:d, 

Ve aie to prere thai a:m±b = e:e±d. 

'b~~d • ' • 



By formula (A), 
whence. 



or. 
From (2), 

fiom (3), 

hence from (4), 
and from (5), 



a+ b _ c + d 
a — h e — d 

~V"'~d~' ' • 

a + b:b = c + d: d; 
a — b:b=^ c — did. 



(1); 

(3). 
(3), 

(4); 
(5); 



Scholium. — ^In like mann^ it may be Bhown that 

a + b:a=^c + die, 
a — bia^=c — die. 

Pbopositiok VII. — ^ four quantities are in proportion, the 
sum of the first and second is to their difference, as the sum of the 
third and fourth is to their difference. 

If a:b^= c:d, 

we are to proye that a + bza-^b^e + dic — d. 



By Prop. VI, 


a:a + b'- c:c + d . . 


• (1) 


also, 


a: a — J = c: c — d . . 


. (2) 


from (1), 


a c 

a^b^c + d • • • 


. (3) 


from (2), 


a c 
a — b c — d 


• (4) 


diyiding (4) by (3), 


a-\- b c + d 
o— b'~ c — d 


. (5) 


whence. 


« + J:a — J=c + rf:c — d. 
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PBOPOsrrioisr YUL-^If there he a proportion, consisting of 
three or more equal ratios, then either antecedent wiU be to its con* 
sequent, as the sum of aJi the antecedents is to the sum of all the 
conseqvsnts. 

Suppose a:5 = c:d = ^:/ = ^:ft = , etc. 
Then by comparing the ratio, a : h, first with itself, and aft6fr> 
ward with each of the following ratios in succession, we obtain 

db = ha, 
ad = he, 
of— he, 
ah = hg, etc. ; 
whence, a{b+d+f +h+Qic,) = ^(a+c+e+flr+etc.), 
or, a: J = a+<?+e+5r+etc : S4-e?+/+A+etc. 

PBOPOSiTioiir IX. —i/* four quantities are in proportion, the 
terms of either couplet may he multiplied or divided hy any num^ 
her, and the results will he proportional 

Let a:h = c: d; 

tnen, -r- = -j* 

h d 

And since the value of a fraction is not changed by multiplying 

or dividing both of its terms by the same number, 

na c ,- V 

^-'d ^'' 

a ne ... 

T = ^ <^>' 

in which n may be either integral or fractional. If n be integral, 
we have, from (1) and (2), 

na:nb=: c: d .... (3), 
a: b=:nc: nd . . . . (4), 
in which the terms of the given couplets are multiplied. But 

put w = — ; then (3) and (4) become 

— : — = c : d .... (5), 
mm ^ 

a : h = — : — . . . . (6), 
mm ^ ' 

in which the given terms are divided. 
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PROPOsmoK X. — If four quantities are in proportion^ either 
the antecedents or the consequents may be multiplied or divided by 
any number, and the resuUs in every case will be proportional 

Let a:b==c: d; 

*«» " T = |- (1)' 

"^"^"^ 5 = ^ <^>5 

na . nc ,«v 

<'^' T=rf <^>' 

in which n may be either integral or fractional. If n be integral, 
we haye from (2) and (3), 

a:nb= cind ' . . . . (4), 
na\ b^ssnci d . • . • (5) ; 

in which the giren antecedents and consequents are multiplied. 

Put n = *— : then (4) and (5) become 
m 

b d 

a I — = c : — , 
m m 

— : J = — : d\ 
m m 

in which the given antecedents and consequents are diyided. 

Peoposition XI. — If four quantities uohich are in proportion, 
be multiplied or divided, term by term, by four other quantities 
also in proportion, the products, or quotients, taken in order, wiU 
be proportional. 

If a\b= c id . . . (1), 

and a; : y = m : w . . . (2), 

then we are to prove that 

ax \ by =1 cm I dn, 

, abed 

and - : - = — : — • 

X y m n 

Prom (1) and (2), we obtain 

ad = be .... (3)9 
xn=^ym . . . , (4); 
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mnltiplying (3) by (4), (ax) (dn) = (by) {cm) . . (5) ; 
dividing (3) by (4), g) g) = (^) (^) • • (6) ; 

Tvhence^ from (5), ax\by z=:cm:dn\ 

and jfrom (6), -:- = — :-• 

^ ^ X y m n 

Pbopositiok XIL — If four quantities are in proportion^ like 
powers or roots of the same quantities will be in proportion. 

Let a:b = c: d; 

then T = 3 (I)- 

a 

Baising (1) to the nth power^ also taking the nth root of the 

same, a* __ c* .^. 

4=4 (3). 

Hence from (2), a"^ ib"" = <^ :d^ ; 

11 11 
and from (3), a"" : b* =z c"" : d^. 

Pbopositiok XIII. — If three quantities are in continued pro- 
portion j the product of the extremes is equal to the square of the 
mean. 

Let a:b = b :c; 

then by Prop. I, ac = bb = V. 

Scholium. — ^Taking the square root of the last equation, we 
have J=\/a^; hence, 

T%e mean proportional between two quantities is equal to the 
square root of their product. 

Pbopositiok XIV. — If three quantities are in continued pro-* 
portion, the first is to the third, as the square of the first is to the 
square of the second; that is, in the duplicate ratio of the first 
and second. 

Let a : J = J : c ; 

then J» = ac; 

multiplying by a, ai* = a^c ; 

whence, by Prop. II, a : « = a^ : S*. 

s 
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Proposition XV. — If four quantities are in continued pro- 
portion^ the first is to the fourth^ as the cube of the first is to tJie 
cube of the second; that is^ in the triplicate ratio of the first and 
second 

Let aihz^h\c^=zc\d\ 

then ac=iV 

and €^=:M . -• . . . 

multiplying (1) by (2), «:^ = Wrf ; 
whence^ by Prop. II, a : rf = J> : c* ; 
or, a\d=z€fi\V. 



(1), 
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To show some of the applications of the preceding principles, 
we give the following problems : 

1. Find two numbers, the greater of which shall be to the less 
as their sum to 42, and as their difference to 6. 

Let X = the greater, and y = the less. 

By the conditions, S^'^V --^ + V -^^ •, • • • W. 

(aj:y = a;-— y:6 . . . . (2). 

a; + y : 42 = a; — y : 6 . • . (3) ; 

X -\- y :x — y = 42 : 6 . . . (4) ; 

2a;:2y = 48:36 . . . (5); 

a;:y = 4:3 . . . (6). 

From (1) and (6), Prop. V, 4:3=a; + y:42 . . (7); 

(2) " (6). '* '* 4 : 3 = a; — y : 6 . . . (8) ; 

(7), Prop. I, a; + y = 56 ; 

(8), " '' a:-y = 8; 

whence, ^ = ^^ I , ^n^. 

and 



Prop. V, 
Prop. Ill, 
Prop. VII, 
Prop. IX, 



*i 



t€ 



t< 



a; = 32) 

y = 24r 



2. IHyide the number 14 into two such parts that the quo- 
tient of the greater divided by the less, shall be to the quotient 
of the less divided by the greater, as 16 to 9. 
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Let X = the greater, then 14 -- a; =r the less. 

By the conditions, rz : "~ = 16 : 9. 

^ ' 14 — a: a; 

Multiplying terms, Prop. IX, ic» : (14 — xy = 16 : 9, 

extracting sqoare root, 2; : 14 — a; = 4 : 3, 

by composition. Prop. VI, a: : 14 = 4 : 7, 

diyiding consequents, a; : 2 = 4 : 1, 

whence, ^ , ^ "" l . Afis. 

14 — a; = 6 j 

3. There are three numbers in continued proportion ; their 
sum is 52, and the sum of the extremes is to the mean as 10 to 3. 
Bequired the numbers. 

Three numbers in continued proportion may be represented 
by X, xyy xy^ ; for we observe that the product of the extremes 
will then be equal to the square of the mean. Hence, 

by the conditions, ( a: + a:y + a:jr^ = 52 ... (1), 

\ xf'\-x\xy = l^iZ . . . (2). 
Prom <2), y« + 1 : y = 10 : 3 . . . (3), 

or, . 3^ + 1 : 2y = 10 : 6 . . . (4) ; 

by Prop. VII, 3/« + 2y + l:y*-2y + l = 16:4; 
taking the square root, y + l:y — 1 = 4:2; 

by Prop. VII, 2y : 2 = 6 : 2 ; 

or, y : 1 = 3 : 1 ; 

whence, *^ ~ ^ I , Ans. 

and from (1), a; = 4 ) ' 

4. The product of two numbers is 112 ; and the difference of 
their cubes is to the cube of their difference as 31 to 3. What 
are tixe numbers ? 

. (1), 

. (2). 

• (3) 

• (4) 

• (5) 
. (6) 



By the conditions, •! . . , ^ «-. « 

^ ' (a^ — y«: (a; — y)» = 31 :3 

Prom (2), Prop. IX, nfi+xy+fi a^—^xy+f = 31 : 3 

by Prop. VI, 3a;y : (a: - y)* = 28 : 3 

by substitution, 336 : (a; - y)« = 28 : 3 

whence, {x — y)* = 36 . 

or, a; — y = 6 . 

Prom (1) and (7), we obtain a; = 14, y = 8» 



(7)- 



276 PROPORTION. 

5. What two numbers are those whose difference is to their 
sum as 2 to 9; and whose sum is to their product as 18 to 77 ? 

Let X and y represent the numbers. 

By the conditions, I ^-^ = '' + ^ = ,« \J * * * iJj' 

X^ + y- ary = 18 : 77 . . . (2). 

From (1), Prop. VII, 2a: : 2y = 11 : 7 . . . (3), 

. = i^ .-.(4). 

From (2), by substitution, ^ : ^ = 18 : 77 . . . (5) ; 

by Prop. IX, 18y : lly» = 18 : 77 . . . (6) ; 

or, 18 : lly = 18 : 77 . . . (7) ; 

or, 1 : y = 1 : 7 . . . (8) ; 

whence, y = 7. 

6. Two numbers have such a relation to each other, that if 4 
be added to each, the sums will be in the ratio of 3 to 4 ; and if 
4 be subtracted from each, the remainders will be to each other 
as 1 to 4. What are the numbers ? Ans. 5 and 8. 

7. Divide the number 27 into two snxjh parts, that their pro- 
duct shall be to the sum of their squares as 20 to 41. 

Ans. 12 and 15. 

8. In a mixture of rum and brandy, the difference between the 
quantities of the two is to the quantity of brandy, as 100 is to 
the number of gallons of rum ; and the same difference is to the 
quantity of rum, as 4 to the number of gallons of brandy. How 
many gallons are there of each P 

Ans. 25 of rum, and 5 of brandy. 

9. There are two numbers whose product is 320 ; and the dif- 
ference of their cubes is to the cube of their difference as 61 to 1. 
What are the numbers ? Ans. 20 and 16. 

Note. — In the last example, pat a; + ^ = the greater, and x — y = the less. 

10. Diyide 60 into two such parts, that their product shall be 
to the sum of their squares as 2 to 5. Ans. 40 and 20. 

11. There are two numbers which are to each other as 
3 to 2. If 6 be added to the greater and subtracted from the 
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less^ the sum will be to the remainder as 3 to 1. What are the 
numbers? A^is. 24 and 16. 

12. There are two numbers which are to each other as 16 to 9, 
and 24 is a mean proportional between them. What are the 
numbers ? Arts. 32 and 18. 

13. The sum of two numbers is to their difference as 4 to 1^ 
and the sum of their squares is to the greater as 102 to 5. What 
are the numbers ? Ans. 15 and 9. 

14. The number 20 is divided into two parts, which are to 
each other in the duplicate ratio of 3 to 1. Find the mean pro- 
portional between these parts. Ans. 6. 

15. There are two numbers in the ratio of 3 to 2 ; and if 6 be 
added to the greater, and subtracted from the less, the results 
will be as 9 to 4. What are the numbers ? Atis. 39 and 26. 

16. There are three numbers in continued proportion. The 
product of the first and second is to the product of the second 
and third, as the first is to twice the second ; and the sum of the 
first and third is 300. What are the numbers ? 

Ans. 60, 120, and 240. 

17. The sum of the cubes of two numbers is to the difference 
of their cubes, as 559 to 127 ; and the square of the first multi- 
pUed by the second gives 294. What are the numbers ? 

Ans. 7 and 6. 

18. The cube of the first of two numbers is to the square of 
the second as 3 to 1, and the cube of the second is to the square 
of the first as 96 to 1. What are the numbers ? 

Ans. 12 and 24. 

19. Given the proportion {x + 1)* : (a: — 1)* = 2 (a; + 1)' : 

{x — 1)* to find the value of x. a/2 + i 

Ans. ,_ — 
V2~l 

20. Prove that a:b±zc:d, when 

(a+b+c+d) (a— J— c+e?) = (a— J+c— rf) (a+J— c— rf). 



24 
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PEEMUTATIONS AND COMBINATIONS. 

335. The JPemiui€itions of things are the different re- 
sults obtained by placing the things in eyery possible order. In 
forming permatationsy aU. of the giyen elements, -or a part only, 
may be taken at a time ; but in any proposed system, the dif- 
ferent results must contain the same number of things. 

Thus, the permutations of the letters, a, i, c, taken two at a 

time, are 

ab, bay ac, ca, be, cb. 

The permutations of the same letters taken all at a time, are 

cab, acb, abc, cba, bca, bac 

Nans.-— The results obtained bj permatliig tbingii, where lees iMn all 
are taken at a time, are sometimes called variatums or arrangements ; the 
word permtOatians would then be restricted to the case in which aU tiie 
things are taken at a time. 

336. The Combinations of things are the different col- 
lections that can be formed out of them, without regarding the 
order in which the things are placed, the same number of ele- 
ments entering into all the results. 

Thus, the combinations of the letters, a, h, c, taken two at a 

time, are 

dby aCy be* 

It will be observed that if the letters be regarded as f acton, 
the combinations which may be formed by taking n at a time 
will constitute all the different products of the nth degree, of 
which tiie letters are capable. 

337. To find the number of permutations of n things, 
taken r at a time. 

Suppose the things to be n letters, a^l, c, d — . 
First : If we take each of the n letters by itself, there will be 
in every case n — 1 other letters, or w — 1 reserved letters. 

Now if to each of the n letters we annex each of the reserved 
letters successively, we shall form all the permutations with two 
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letters each^ of which the n letters are susceptible. But we shall 
obtain every time^ n — 1 results ; thas^ 



with a, 


aby 


ac, 


€KI, . • • • ; 


(» 


— 1 results) ; 


'' h 


ba, 


be. 


bd, . . , • , 




ti it 


*' Cy 


ca. 


cb, 


ca, • • 9 • , 




it <i 


" rf. 


da. 


db. 


aCy • * • • y 




ti €< 


etc. 




etc. 






etc. 



Now since there are n letters, each to be combined with w — 1 
reserved letters, there will be in all n (w — 1) results. That is. 

The number of permutatio9i8 ofn letterSy taken two at a timey is 
n (n — 1). 

Second : — ^If we consider each of the permutations of the n let- 
ters with two in -^ set, apart from the otiier letters, there will be 
in every case n — 2 reserved letters. Hence, to permute the n 
letters with three in a set, we shall have 9^— 2 reserved letters, to 
be annexed successively to each of the n{n—l) permutations with 
two in a set, thus forming n (w— -1) (»— 2) new results. That is, 

The number of permutations ofn lettersy taken three at a timsy 
is n (n —1) (n - 2). 

If the permutations of the n letters, taken r — 1 at a time, 
were formed, there would be with respect to each, w — (r — 1), 
ox n — r + 1, reserved letters. And we might conjecture from 
the two preceding cases, that the number of permutations of n 
letters, taken r at a time, is 

w(w — l)(w — 2) . . . . (tj — r + 1) .. . . (A)y 
or, the product of the natural numbers from n down to n— r+1, 
inclusive. 

This may be demonstrated, in a general manner, as follows : 

Let X and x' represent any two consecutive numbers less than 
n, so that x + 1 = 2;' . . .. (1). 

Let P represent the number of permutations of n letters, taken 
a? in a set, and P' the number of permutations of the letters, 
taken tr + 1 or ^r' in a set. 

Now if we consider each of the P permutations apart irom the 
other letters, there will be in every case n — x reserved letters. 
Thus we have n — x reserved letters to be annexed successively 
to each of the P permutations, in order to form the P' permuta- 
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tions with a; + 1 or x' letters in a set. This will giye P{n — x) 
results ; and we therefore haye 

P(»-ar)=P' (2). 

Now we will show that if, according to the law already enunciated^ 

P = n (n— 1) (n— 2) (n— a;+l) . . . (3), 

then the yalue of P' will be expressed by a similar formula. For, 
multiplying both members of (3) by n — x, and equating the 
result with the second member of (2), 

P'=:n (n— 1) (w— 2) .... (n—x) . . . (4). 

But from (1), a? = a:' — • 1. 

Substituting this yalue of a; in (4), 

P' = n (n— 3) (»— 2) (»— a/+l) . . . (5). 

Equations (3) and (5) are similar in form. Thus we haye 
shown that if formula (A) holds when the letters are taken x at 
a time, it will hold when the letters are taken x + 1 at a time. 
But it has been proyed to hold when the letters are taken three 
at a time ; hence it holds when they are taken four at a time ; 
hence also it holds when they are taken fiye at a time, and so on. 
Thus it is true uniyersally. 

NOTB. — ^In the practical application of fonnula (A), it wUl be well to 
remember that the number of factors is equal to the number of letters taken 
in a set. 

338. To find the number of permutations of n things 
taken all at a time- 
Put r = n in fonnula (A) ; the result will be 

n(» — 1)(» — 2) 1 . . . (B). 

That is, 

77ie number of permutations ofn things^ taken all together in a 
set, is equal to the continued product of the natural numbers from 
n down to 1, inclusive. 

339. To find the number of combinations of n things^ 
taken r at a time. 

Let Z =the number of combinations of n things, taken r in a set; 
P =the number of permutations of n things, taken r in a set; 
P'=the number of permutations of r things, taken all together. 
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Now it is evident that all of the P permutations can be ob- 
tained^ by subjecting the r things in each of the Z combinations 
to all the permutations of which they are susceptible. But a 
single combination of r things produces P' permutations, taking 
all the things in a set ; hence the Z combinations, will give 
Z x P' permutations, and we shall therefore have 

ZxF^P; 
whence, Z:=z—,* 

But by 337, P = « (w — 1) (w - 2) (w - r + 1) ; 

and by 338, P'= r(r — 1) (r — 2) 1. 

Hence Z - n{n^\){n--%) . ...{n--T+\) 

Hence, ^- r (r-1) (r-2) . ... 1 * * ' ^^^' 

That is. 

The number of combinations of n letters, taken t at a time, is 
equal to the continued product of the natural numbers fram n down 
to n — r + 1 inclusive, divided by the continued product of the 
natural numbers from r down to 1 inclusive. 

340. It is evident that for every combination of r things 
which we take out of n things, there will be left a combination 
of w — r things. That is, every possible combination containing 
r things, corresponds to a combination of n — r things which 
remain. Hence, 

OPhe number of combinations of n things, taken v at a time, is 
equal to the number of combinations ofn things, taken n — vata 
time. 

This proposition may be demonstrated algebraically as follows : 

Let Z represent the number of combinations of n things, taken 

r at a time, and Z' the number of combinations of n things, 

taken ?i — r at a time. Let it be observed that the last factor 

in the numerator of Z' will ben — (w — r)+l = r+l. Then 

^- r(r-l)(r-2)....l ' 

^, _ 7i(n — l)(n — 2) (r + l) 

"" (w — r) (w — r — i) . . . . 1 
24* 
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By diyision we obtam 

Z _ w (n — 1) (n — 2) 1 

^' - n (n - 1) (n - 2) 1 "" 

Whence, Z = Z'. 

341. To find for what value of r, the nnmber of eom- 
binations of n things taken r at a time is the greatest. 

Consider r as a varying quantity, being at first unity, and 
changing to 2, 3, 4, ... . successiyely. 

Let Z represent the number of combinations for any yalue of 
r, and Z' the number of combinations for the succeeding yalue 
of r. We haye 

^_ n (n—1) (n-2) (n-r+2) (n-r+ 1) ... 

^- r(r-l)(r-2)....l ' " " ^^^• 

And if in this equation we change r to r + 1, the result must 
be the yalue of Z' ; thus, 

^ _ w (^ — 1) (n — 2) (yt ^ r + 1) (w — r) , 

/" - (r + l)(r)(r-l)....l " ' ' ^^^• 

Dividing (2) by (1), observing that in the second member of 
(2), the factor which immediately precedes {n — r + i) is 
(» — r + 2), we have 

^ ""r + 1' 
whence, 2P z=i Z x (— — r)* 

Now Z' is greater or less than Zy according as :r is greater 

or less than unity. That is, when 

n — r 

r + 1^^' 
the number of combinations will be increased by giving to r its 
succeeding value ; but when 

r + 1^^' 
the number of combinations will be diminished by giving to r its 
succeeding value. 
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ft ~~" f* ft ~~" 1 

Bnt if — — :r > 1, then r < — ^ — • 

r + 1 2 

And if ^<1' tlien >'>^- 

Hence^ that yalue of r which will giye the greatest number of 
combinations, must not be less than — ^ — y or greater than 

*-^^ + 1, or ^5±1 ; hence, it wiU have one of the three values, 

n — 1 n w + 1 
~¥~' %' "~2 

1st. Suppose n even. Then the first and third values will be 
fractionaly and therefore impossible for r ; hence in this case 

n 
2 
2d. Suppose n odd. Then the second yalue will be fractional, 
and consequently impossible for r ; hence, in this case r must 
haye at least one of the other yalues. We will show that it may 
haye either of them. • For, suppose 

w — 1 
2 

By 340, the number of combinations will be the same, if 

_ w — 1 n + 1 

r-w 2"~~""2 

That is, when ft is odd, the greatest number of combinations 
will be obtained by making 

ft — 1 * » -H 1 

r = __ or r = -^, 

the two yalues of r giving the same result. 



BXAMBLBS OF PMBMUTATIONS AND COJUBUTATlOyS. 

i. How many different permutations may be formed of 10 
letters, taken four at a time ? Ans. 5040. 

2. How many different permutations may be made of 6 things, 
taken all together in a set ? Arts. 720. 
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3. How many different permutations^ may be made of 10 
things, taken all together ? Ans. 3628800. 

4. How many different numbers can be formed with the five 
Arabic characters, 4, 3, 2, 1, ; each of the characters occurring 
once, and only once in each number ? Ans. 120. 

5. How many different combinations may be formed of 8 
things, taken 4 at a time ?* Ans. 70. 

6. How many different combinations may be made of 16 
things, taken 5 at a time ? Ans. 4368. 

7. How many different parties of 6 men each can be formed 
from a company of 20 men ? Ans. 38760. 

8. In how many different ways can a class of 6 boys be placed 
in line, one boy being denied the privilege of the head? 

Ans. 600. 

9. Find the greatest number of different products that can be 
formed with the prime numbers under 40, the products being all 
composed of the same number of factors. Afis. 1716. 

10. The number of permutations of 7i things, taken 5 at a 
time, is equal to 120 times the number of combinations of the n 
things, taken 3 at a time ; find n. Ans. n = S. 

11. At a certain house there were 8 regular boarders ; and one 
of them agreed with the landlord to pay $35 for his board so 
long as he could select from the company different parties, equal 
in number, to sit each for one day on a certain side of the table. 
At what price per day did he secure his board ? Ans. $.50. 

12. A and B have each the same number of horses ; and A 
can make up twice as many different teams by taking 3 horses 
together, as B can by taking 2 together. Eequired the number 
of horses that each has. Ans. 8. 

13. There are 12 points in a plane, no three of which are in 
the same straight line with the exception of five, which are all 
in the same straight line. How many different straight lines 
can be formed by joining the points ? Ans. 57. 
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SECTION VII. 

SERIES. 

342. A Series consists of a namber of tenns following one 
another, but so related that each may be derived from one or 
more of the preceding, by a fixed law. 

A series may be finite or infinite, conyerging or diverging. 

343. A Finite Series is one which by its law of develop- 
ment must terminate, or have only a finite number of terms. 

344. An Infinite Series is one which by the law of its 

development can never terminate, but may haye an infinite num- 
ber of terms. 

345. A Converging Series is an infinite series, the sum 
of whose terms is finite. 

346. A Diverging Series is an infinite series, the sum of 
whose terms is infinite. 



AEITHMETIOAL PEOGBESSION. 

347. An Arithmetical Progression is a series of num- 
bers or quantities increasing or decreasing from term to term by 
a common difference. 

We may consider the common difference as a quantity con- 
tinually added^ in the algebraic sense ; hence, it will be positive in 
an increasing series, and negative in a decreasing series. Thus, 

1, 3, 5, 7, 9, 

is an itf^creasing arithmetical progression, in which the common 
difference is + 2 ; and 

20, 18, 16, 14, 12, 

is a decreasing arithmetical progression, in which the common 
difference is — 2. 
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348. To investigate the properties of an arithmetical progies- 
sion, we may suppose the series to terminate ; there will then be 
five parts or elements : the first term, the last term, the number of 
terms, the common difTerence, and the sum of the terms. The 
first term and last term are called the extremes, and all the terms 
between the extremes are called arxthmsticat means. 

349. In an Arithmetical Progression^ the last term is equal to 
the first term plus the common difference multiplied by the num- 
ber of terms less 1. 

Let a denote the first term, { the last term, d the common dif- 
ference, and n the number of terms; then the series will be 
represented thus: 

fl, (a + d), (a + 2rf), (a + 3rf), L 

And we perceiye that in every term the coefficient otdiB equal to 
the number ot preceding terms; hence, 

Z=:a + (« — l)rf . . . (A), 

in which d is positive or negative, according as the series is an 
increasing or a decreasing one. 

350. In an arithmetical progression the sum of any two terms 
equidistant from the extremes is eqtcal to the sum of the extremes. 

Let t denote a term of the series which has r terms before it, 

and f a term which has r terms after it; then the terms, t and f, 

will be equidistant from the extremes. Suppose the series to be 

increasing; then from the nature of the series 

t z^a + rd . . . (1), 

t'== l^rd . . . (2); 
whence, by addition, 

' t + f = a + l 

351« The sum of the terms of an Arithmetical Progression is 
equal to one half the sum of the two extremes, multiplied by the 
number of terms. 
Bepresent the sum of the series by 8; then we have 

S=a+{a + d)-\'{a + 2d) + +/ . . . (1). 

By writing the series in a reversed order, we have also 

/!?=Z + (/--d) + (/ — 2d) + +a . • . (2). 
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Therefore, by addition^ 

2S={a + i) + {a + l) + {a + l) + + (a + • • • (3). 

Now equation (3) expresses the sum of n terms, each equal to 

(a + 1); hence, 

2S=in{a + l); 

and dividing by 2, we obtain the formula, 

S = lia + T) (B). 

352. To insert any number of arithmetical means be- 
tween two given terms. 

Let n' denote the number of means to be inserted. Then the 
number of terms in the completed series will hen' + 2; and we 
shall have « = n' + 2. 

This value of n substituted in formula {A) (349), gives 

lz=za + {n' + l)d; 

whence, • d= ,"' ^ (0). 

n + 1 ^ ' 

Having the common difference, the means are readily obtained. 



APPLICATION OF THE FORMULAS. 

353. The two formulas, 

l = a + {n'—l)d . . . . (-4), 

S=lia + T) (B), 

contain, in all, five quantities, a, I, n, dy Sy four of which enter 
each equation. Now if any three of these quantities be given, the 
other two may be found; for, if the values of the three given 
quantities be substituted in the formulas, there will result two 
equations containing only two unknown quantities. 

1. The first term of an arithmetical series is 5, the common 
difference 3, and the number of terms 24. Find the last term, and 
the sum of the series. 

We have given, a = 5, ^ = 3, n = 24 ; 
hence, by formula (J^), i= 6 + (24-1) 3= 74) 

24 r -4»^. 

and by formula (J5), ig = y(5 + 74) =948) 
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2. Given a = 15, rf = — 2, and /S= 60, to find the number of 
terms. 
Snbstitating the given yalueB in (A) and (£), we have 

/ = 15 — 2(/» — 1) . . . (1), 

60 = |(15 + /) (2); 

whence, from (1), ? = 17 •— 2n, 

^i^ /«v 1 120 — 15n 
and from (2), I = , 

120-15»^^^_ 

n 
120 — 16m = 17n — 2n^ 

n* — 16» = — 60, 

n — 8 = ± 2, 

w = 10 or 6. 

Both values of n are possible ; for there are two series answer- 
ing to the given conditions, one having 6 terms, and the other 10 ; 
these are 

16, 13, 11, 9, 7, 5, 3, 1, —1, —3, 
and 16, 13, 11, 9, 7, 6. 

The sum of either series is 60. 

XXAMPLBS VOB PBACTICB, 

1. The first term of an arithmetical series is 7, the common 
difference 3, and the number of terms 36 ; find the last term. 

Ans. 112. 

2. The first term of an arithmetical series is 275, the last term 
5, and the number of terms 46 ; required the sum of the terms. 

Ans. 6440. 

3. The sum of an arithmetical series is 156, the number of 
terms 8, and the common difference 5. Bequired the extremes. 

4. Find the sum of the terms in an arithmetical progression, 
knowing that the first term is 1, the common difference i, and the 
number of terms 101. Ans. 2626. 
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5. Find four arithmetical means between 7 and 37. 

Am. 13, 19, 25, 31. 

6. The first term of an arithmetical series is 3, the number of 
terms 60, and the sum of the terms 3720 ; required the common 
difference, and the last term. Ans. d = 2, 1 = 121. 

7. What will be the sum of the series if 9 arithmetical means 
be inserted between 9 and 109 ? Ans. 649. 

8. If three arithmetical means be inserted between i and ^ 
what will be the common difference ? Ans. ^. 

9. What debt can be discharged in a year by paying 1 cent the 
first day, 3 cents the second, 5 cents the third, and so on, increas- 
ing the payment each day by 2 cents ? Ans. $1332.25. 

10. A footman travels the first day 20 miles, 23 the second, 26 
the third, and so on, increasing the distance each day 3 miles. 
How many days must he travel at this rate to go 438 miles ? 

Ans. 12. 

11. Find the sum of n terms of the progression 1, 2, 3, 4, 
^'^' Ans. S='^{l + n). 

12. Find the sum of n terms of the progression 1, 3, 5, 7, ... . 

13. The sum of the terms of an arithmetical series is 950, the 
common difference is 3, and the number of terms 25. What is 
the fibrst term ? Ans. 2. 

14. A man bought a certain number of acres of land, paying 
for the first $| ; for the second, || ; aud so on. When he came 
to settle he had to pay $3775. How many acres did he purchase ? 

Ans. 150 acres. 

15. The 14th, 134th, and last terms of an arithmetical pro^ 
gression are 66, 666, and 6666, respectively. Bequired the num- 
ber of terms. Ans. 1334. 
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THE TBK CASES. 

354. Given any three of tbe qoantitiesi a, i, n, d, B, to 
find the other two. 

This problem will present ten cases^ each giving rise to two for- 
molaSy making in all twenty different formulas^ or four yalnes for 
each letter. The results in each case may be obtained directly 
from the two fundamental equations, or those of any particular 
case may be deriyed from some preceding case, as is most con- 
venient. The whole will be left as an exercise for the student. 
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PEOBLEMS IN ARITHMETIOAL PEOGEESSIOIT 

TO WHICH THE FOBMULAS DO KOT IMMEDIATELY APPLY. 

355. When in the conditions of a problem no three of the 
five parts, a, l^ n, d, Sy are directly given, the general formulas 
will not directly apply. It is usually necessary in such instances 
to represent the several terms of the series by means of two or 
more unknown quantities ; and for this purpose there are two 
methods of notation. 

1st. Let jc denote the first term and y the common difference ; 
thus, 

^9 (« + y)H^ + ^y)y (^ + 3y) — 

This method of notation, however, is seldom the most expedient. 

2d. When the number of terms is odd, denote the middle term 
by X, and the common difference by y ; then we shall have, 

for three terms, (a? — y), x, {x + y) ; 

for five terms, {x — 2y), {x — y), x, {x + y), {x + 2y). 

And when the number of terms is even, represent the two 
middle terms by a; — y and x + y respectively, 2y being the com- 
mon difference ; thus, 

{x — By), {x — y), {x + y, {x + By). 

The advantage of the second method is, that the sum of all the 
terms, or the sum and difference of two terms equidistant from 
the extremes, will each contain but a single unknown quantity. 

1. There are three numbers in arithmetical progression ; the 
sum of these numbers is 18, and the sum of their squares is 158. 
What are the numbers ? Ans, 1, 6, 11. 

2. There are five numbers in arithmetical progression ; their 
sum is 65» and the sum of their squares 1005. What are the 
numbers ? Ans. 5, 9, 13, 17, 21. 

3. It is required to find four numbers in arithmetical progres- 
sion, such that their common difference shall be 4, and their 
continued product 176985. Ans. 15, 19, 23, 27. 
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4. There are four nnmbers in arithmetical progression ; the 
sum of the extremes is 8^ and the product of the means 15. 
What are the numbers ? Ans. 1, 3^ 6, 7. 

6. A person starts from a certain place and goes 1 mile the 
first day^ 2 the second, 3 the third, and so on ; in six days after^ 
another sets out from the same place in pursuit, and travels uni- 
formly 15 miles a day. How many days after the second starts 
before they are together ? Ans. 3 days, and 14 days. 

NOTIL — Beoondle these two valaeB. 

6. A man has borrowed $60. What sum shall he pay daily to 
cancel the debt in 60 days ; interest being allowed on the sum 
borrowed for the whole tune, and on each payment from the time 
it is made to the end of the 60 days, at the rate of 10 per cent 
for 12 months of 30 days each ? Ans, HtHt* 

7. There are four numbers in arithmetical progression ; the 
sum of the squares of the extremes is 65, and the sum of the 
squares of the means is 61. Bequired the numbers. 

Ans. 4, 5, 6, 7. 

8. The sum of four numbers in arithmetical progression is 24^ 
and their continued product is 945 ; what are the numbers ? 

Afis. 3, 5, 7, 9. 

9. A certain number consists of three digits, which are in 
arithmetical progression ; if the number be diyided by the sum* 
of its digits the quotient will be 26, and if 198 be added to the 
number the order of its digits will be inverted. What is the 
number? Ans. 234. 

10. From two towns which were 102 miles apart, two>persons, 
A and B, set out to meet each other ; A went 3 miles the first 
day, 5 the next, 7 the next, and so on ; B went 4 miles the first 
day, 6 the next, 8 the next, and so on. In how many days did 
they meet ? Ans* 6. 

11. A quantity of com is to be divided among 21 persons, and 
is calculated to last a certain time if each of them receive a peck 
every week ; during the distribution it is found that one person 
dies at the end of every week, and then the com lasts twice as 
long as was expected lacking one week. Find the quantity of 
com. Ans. 231 pecks. 
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GEOMETEIOAL PEOGRESSION. 

356. A Geometrical JProgression is a series of qnan- 
tities^ each of which is equal to the preceding one multiplied by 
a constant factor. 

357. The constant factor is called the ratio ; and if the first 
term is positive, the progression will be an increasing, or a cfo- 
creasing series, according as the ratio is greater or less, than unity. 
Thus, 2, 6, 18, 64, 162, 

is an increasing geometrical series, in which the ratio is 3 ; and 

81, 27, 9, 3, 1, 1, i, ... . 
is a decreasing geometrical series, in which the ratio is ^. 

358. When a geometrical progression is supposed to termi- 
nate, the first and last terms are called extremes, and all the terms 
between the first and last are called geometrical means, 

359. To find the last term of a geometrical progression. 

Let a denote the first term, r the ratio, I the last term, and n 
the number of terms. Then the series will be represented thus : 

a, ar, ar®, ar*, . . . . Z. 
Now we perceive that in any term the exponent of r is equal to 
the number of preceding terms. Hence, we shall have 

Z=:a«-i (A). 

360. To find the sum of the terms in a geometrical 
progression. 

Denote the sum of the series by S ; then 

8 = a^ar + ar^ + ar^ . . . . +ar^^ • . (1), 
and r8=. ar + ar^ + ar* . . . , + ar^^ + ar^ (2). 

Hence by subtraction, remembering that af = rZ, 

rS'-S^ar^ — a (3), 

or rS=S==rl — a (4). 

Thus we obtain two expressions for S, as follows : 

5=^^^ (5), 

r — 1 



isr=t^ (B'). 

r — 1 



25* 
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361* To find the sum of a decreasing geometrical series^ 
when the number of terms is infinite. 

By changing signs in the namerator and denominator, equa- 
tion (B) may be written 

1 — r 
Now suppose r less than unity ; then the larger n is, the 
smaller will r" be ; and by making n large enough^ r^ may be 
made less than any assignable quantity, or zero. Hence, if the 
number of terms is infinite, r" may be neglected in comparison 
with unity ; and we shall have as the formula for an infinite 

•«ri«8. 8=^ (G). 

362. To insert a given number ^of geometrical means 
between two given quantities. 

Let n' denote the number of means to be inserted; then the 
whole series will consist of n' + 2 terms. Hence, putting 
n = «' + 2 in equation (A), 

whence 



='</! 



(D). 



Haying found the ratio, the required means may be obtained. 

363. Since the terms of a geometrical series, taken consecu- 
tively, have the same ratio one to another, it follows that they 
are in continued proportion (327). Hence, 

1st. When three terms are in geometrical progression, tJie pro- 
duct of the extremes is equal to the square of the mean. 

2d. When four terms are in geometrical progression, the pro^ 
duct of the means is equal to the product of the extremes. 

APPLICATION" OF THE FOBMTJLAS. 

364* The two equations, 

r — 1 ' 
contain the five quantities, a, r,l,n,S, any three of which being 
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gixen^ the other two may be found ; f or^ by substitution of the 
given values, the result will always be two equations involving 
but two unknown quantities. 

In this general problem there will be ten cases, as in the cor- 
responding problem of Arithmetical Progression. We cannot, 
however, obtain a solution of all the cases, by simple or quad- 
ratic equations. 

1st. The quantity n enters the two equations only as an ea^Mh 
nenty and its value cannot be obtained by the common methods 
of solving an equation* The process involves the principle of 
logarithms, and will be presented in its proper place. 

2d. The quantity r is affected by an exponent in both equa- 
tions ; and its value must be obtained by extracting the (n— 1)^A 
or the n** root of a quantity. When n is not large, r can readily 
be found by inspection or triaL 

3d. The values of a, I, and 8 may be found by means of simple 
equations, as in Arithmetical Progression. 

1. The first term of a geometrical progression is 3, and the 
ratio 2 ; find the 12th term, and the sum of the series. 

We have given, 

a = 3, r = 2, n = 12. 

Whence by formulas {A) and (i?), 

? = 3 X 211 = 3 X 2048 = 6144 | 

5^= ?-^P^ = 3 X 4095 = 12285 f ^ "^"^^ 

2. The sum of a geometrical progression is 1820, the number 
of terms 6, and the ratio 3 ; find the first term, and the last term. 

We have given, 

iS=1820, w = 6, r = 3. 

m 

By formula (5), 

1820 = ^§^^ = 364a; 

« = 5, first term. 
Then by formula (^), 

Z = 5 X 3» = 1215, last term. 
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3. It is required to find 3 geometrical means between 6 and 486. 
By formula (D), 

r = VH^ = ^81= 3. 
Therefore, the series is 6, 18, 54, 162, 486, Ans. 

4. Find the sum of the series 6, 2, f ,}.... to infinity. 
We have given, a = 6, r = i; hence, by formula (C), 

5 = ^^^ = 9, ^W5. 

5. Find the exact value of the decimal .454545 .... to infinity. 
This is a circulating decimal, and may be expressed thus : 



100 ' 10000 ' 1000000 

In all such cases, the repetend, taken with its local value, will 
be the first term of a geometrical series, of which the ratio will 
be -^ or some power of ^, In the present example we have 

45 1 , 

''=100' ''=1005 ^^''^^ 

^__45^_/ J_\ j45^ 100 _ 5 ^ 
^ "■ 100 • \ 100/ ~ 100 ^ 99 "" 11' ^^*' 



6. Find the-value of 1 1 — ^ 3+ ....to infinity. 



We have a = 1, r = 5 hence, 

^ , X a + x 
1 -|. - 



BXAXTJLBS VOB mjLCTICB. 

1. Find the sum of 9 terms of the series 1, 2, 4, 8, ... . 

Ans. 511. 

2. Find the 8th term of the progression 2, 6, 18, 54, ... . 

Ans. 4374. 

3. Find the sum of 10 terms of the series 1, |, J, ^, . . . • 
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4. Find two geometrical means between 24 and 192. 

Am. 48^ 96. 

5. Find 7 geometrical means between 3 and 768. 

Ans. 6, 12, 24, 48, 96, 192, 384. 

6. Find the yalne otl + l + ^ + ii + ....to infinity. 

Ans. 4. 

7. Find the yalue oti + l+i + -f^ + ....U> infinity. 

Ans. 4^ 

8. Find the yalue of5 + | + t + VV + --'«*o infinity. 

Ans. 7}. 

9. Find the yalue of the decimal .323232 to infinity. 

Ans. ff. 

10. Find the yalue of the decimal .212121 .... to infinity. 

Ans. ^. 

11. Findtheyalueof J — i + | — -^ + ^ — . . . .to infinity. 

Ans. i. 

12. Find the yalue of ^ — ^ + y^ — -^ -j- .... to infinity. 

Ans. •). 

13. Find the yalue oflH 1 — ; + ";;« + •••• *^ infinity. 

(t tt Qt 

Ans. 



a — x 



1 ^ CC^ 2^ 

14. Find the yalue of -5 + —= = + ....to infinity. 

a cfl €fi a' ^ 

a 



Ans. 



a^ + a^ 

15. The sum of a geometrical series is 1785, the ratio 2, and 
the number of terms 8 ; find the first term. Ans. 7. 

16. The sum of a geometrical series is 7812, the ratio 5, and 
the number of terms 6 ; find the last term. Ans. 6250. 

17. The first term of a geometrical series is 5, the last term 
1215, and the number of terms 6. What is the ratio ? Ans. 3. 

18. A man purchased a house with ten doors, giying $1 for the 
first door, $2 for the second, $4 for the third, and so on. What 
did the house cost him? Ans. 11023. 
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PBOBLEMS m OEOMETBIGAL PBOGBESSION 

TO WHICH THB FORMULAS DO KOT IHMEDIATELY APPLY. 

365. The terms of a geometrical progression are repr^eoted 
in a general manner as foUows : 

^ ay, i^s ^> 

In tiie solution of problems, however, the following notation is 
generally preferable : 

1st When the number of terms is odd, the series may be rep- 
resented thns : 

y, a?, «y, f, -^5 

2d. When the number of terms is wen, the soriefi may be 
expressed thus : 

We may also represent three terms as follows: 

1. The sum of three numbers in geometrical progression is 26, 
and the sum of their squares 364. What are the numbers ? 

Let the numbers be denoted by x, Vxy, y. 
Then x + Vxy + y = 26 = a .... (1), 

and a? + iry + y2 = 364 = J . . . . (2). 

Transposing V^ in (1), squaring and reducing, 

7^ + xy + f =z d? ^%aVxy . . . (3). 
From (2) and (3), a» — %aVxy = 6; 

whence, wxy = —5 — = 6. 

From (1) and (2), 4? = 2, and y = 18. 
Hence, the numbers are, 2, 6, 18, Ans. 
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2. The snm of four numbers in geometrical progreesion is 15 
or a, and the sum of their squares 85 or b. What are the num- 
bers? 

Taking the proper notation for an even number of terms, we 

j + x + y + f = a . . . . (1), 

and ^ + a?»+jf»+-§ = 6 .... (2). 

Assume x + y=i8, and xy =p ; then by 301> 

a;8 + jy« 1= «8 — 2p, afi + f = ^ -^ dsp. 

Substituting the yalues of {x + y) and {a^ + j^), in (1) and (2), 

1- -^ = a — 5 (3), 

y X ^ ' 

l + l-J-^' + ap . . . (4). 

Squaring (3), and then transposing ^xy^ or %p, 

^ + t^{a-^sy^%p. . . (5); 

whence, from (4) and (6), (a — «)* — 2p = J — s* + 2p ; 
or, a» — 2a« + 25» — 4p = ft . • . (6). 

Clearing (3) effractions, and putting xy=pm second member, 
ijfi + f^zizap'-ps; or, ffi — isp^iap —pa 

whence, » = — t-tt C). 

' -^ a + 2« 

Substituting this value oip in (6), and reducing, 

0^ — 2a5» = aJ + 2S5 ; 

or, ofi* + fc =^ (a^ — V). 

Bestoring the numerical values of a and i>, 

155^ + 86s = 70 X 15, 
whence, 5 = 6. 

Substituting the values of a and a in (7), we obtain 

i> = 8; 
that is, X + y z=:^y a?y = 8, 

whence, a? = 2, y = 4. 

Therefore, the required numbers are 1, 2, 4, 8, Ana^ 
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3. There are three numbers in geometrical progression ; their 
snm is 21^ and the sum of their squares is 189. Find the num- 
bers. Ana* dy 6y 12. 

4. Divide the number 210 into three parts, so that the last 
shall exceed the first by 90, and the parts be in geometrical pro^ 
gression. Ans. 30, 60, and 120. 

5. The sum of four numbers in geometrical progression is 
30 ; and the last term divided by the sum of the mean terms 
gives 1^. What ore the numbers? Ans. 2, 4, 8, and 16. 

6. The sum of the first and third of four numbers in geo- 
metrical progression is 148, and the sum of the second and fourth 
is 888. What are the numbers? Ans. 4, 24, 144, and 864. 

7. It is required to find three numbers in geometrical pro- 
gression, such that their sum shall be 14, and the sum of their 
squares 84. Ans. 2, 4, and 8. 

8. There are four numbers in geometrical progression, the 
second of which is less than the fourth by 24 ; and the sum of 
the extremes is to the sum of the means as 7 to 3. What are the 
numbers ? Ans. 1, 3, 9, and 27. 

9. There are three numbers in geometrical progression ; the 
sum of the first and second is 20, and the difference of the second 
and third is 30. What are the numbers ? Ans. 5, 15, 45. 

10. The continued product of three numbers in geometrical 
progression is 216, and the sum of the squares of the extremes is 
328. What are the numbers ? Ans. 2, 6, 18. 

11. The sum of three numbers in geometrical progression is 
13, and the sum of the extremes being multiplied by the mean, 
the product is 30. What are the numbers ? Ans. 1, 3, and 9. 

12. There are three numbers in geometrical progression ; their 
continued product is 64, and the sum of their cubes is 584. 
What are the numbers? Ans. 2, 4, 8. 

13. There are three numbers in geometrical progression ; their 
continued product is 1, and the difference of the first and second 
is to the difference of the second and third as 5 to 1. What are 
the numbers ? Ans. 5, 1, ■^. 
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14. The snm of 120 dollars -was diyided among four persons in 
such a manner that the shares were in arithmeticai progression ; 
if the second and third had each received 12 dollars less^ and the 
fourth 24 dollars more, the shares would have been in geometri- 
cal progression. Find the shares. Ans, $3, $21, $39, and $57. 

15. There are three numbers in geometrical progression, whose 
sum is 31, and the sum of the first and last is 26. What are the 
numbers ? Ans. 1, 5, and 25. 

16. The sum of six numbers in geometrical progression is 189, 
and the sum of the second and fifth is 54. What are the num- 
bers ? Ans. 3, 6, 12, 24, 48, and 96. 

17. The sum of six numbers in geometrical progression is 189, 
and the sum of the two means is 36. . What are the numbers ? 

Am. 3, 6, 12, 24, 48, and 96. 

18. A man borrowed p dollars ; what sum must he pay yearly 

in order to cancel the debt in n years, interest being allowed on 

the unpaid parts of the principal at r cents per annum on a 

dollar? , «r(l + r)» , „ 

Am. .; . ~ — ^7 dollars. 
(1 + r)? — 1 



IDENTICAL EQUATIONS. 

366. An Identical Uquatian is one in which the two 
members are either the same algebraic expression, or the one 
member is merely another form for the other. In every case, 
either the one member may be reduced to the other directly, or 
the two members may be reduced to some expression different 
from either, from which both members may be supposed to 
originate. Thus, 

ax + i=zax + iy 

a? + (a — J) a? — a J = (a: + a) (a? — J), 

1 . ^ a:» i 1 , 1 

1 — a; + a:' — r-- — = -5 + 



1 + a? X a^^ a?{l + xY 

are identical equations. In the first, the two members have 
26 
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exactly the Mune form. In the secoiid, the second member may 
be reduced to the form of the fiist, by performing the mnltipli- 
cation indicated. In the third, each member may be reduced to 

the fraction, r— - — • 

1 + a? 

867. There are certain properties of identical equations, 
which are of great importance in the further treatment of series, 
and in the general theory of equations. 

In order to investigate these properties, let us first consider 
what any term containing the yariable x, as ax^, will become 
when a; = 0, under the yarious conditions of the exponent. 

1. Suppose n to be positive ; then if 2; = 0, we have 

oa^ = a . 0* = 0. 

2. Suppose n to be negative ; then if a; = 0, we have 

_ a a 
(xar* = — = - = 00. 
x^ 

3. Suppose n to be nothing or zero ; then if a; = 0, we have 

oaf = a«0® = a.l = flj. 

368. We are now prepared to demonstrate the following 
propositions : 

I. An identical equation is satig/led for any value wJuUever of 
the unknown quantity. 

The truth of this proposition follows directly from the defini- 
tion of an identical equation. It is implied in all algebraic 
transformations, that the value of a function is not changed by 
changing its form, whatever quantities the symbols represent. 
Hence» if the two members of an equation are the same in form, 
or reducible to the same expression, they must be equal, what^ 
ever value be substituted for the unknown quantity. 

To illustrate this principle, we will take the following identi- 
cal equation. 

|(a;_3)a + l+(a:-2)2}2 = 2|(aj-3)* + l + (a;-2)*}, 

where the form is such that the identity of the two members is 
not apparent from inspection. 
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If ia this equation, we make x equal to 1, 2, 3, 4, i, eto^ 8U0- 
cessiYely^ we shall have, 

|4 + H.ip = 2jl6 + 1+ 1}, 

il + l + 0}* = 2i 1 + 1+ 0}, 

jo + l + ip = 2i + 1+ ij, 

^l + l + 4p^2{ l + l + 16f, 

\4: + 1 + 9}^ = ^1Q + 1 + Sl\, etc., 

eyery result being a true equation. 

11. Conyersely: Jj^ety eqtuiiion which is satisfied for any value 
whatever of the unknown quantity, is an identical equation. 

Suppose the given equation to be cleared of fractions, and 
each member arranged according to the ascending powers of the 
unknown quantity. Then the equation may be represented thus : 

Aaf^ + Bs^+Gxf + ....=: A'c^ + B'af^ + C"«^ + • . . . (1), 

in which, by hypothesis, we hare 

a < J < c . . . ., and a' < ft' < c' . . . . 

It is impKed, also, that the coeflBcients, A, B, C, etc., and A', 
B'y 0\ etc., are all finite quantities greater than zero, and inde- 
pendent of X ; and the number of terms may be limited or un- 
limited. 
Diyide both members of equation (1) by a^ ; we haye 

^ + ^a*-*+(7ar-+ . . . . = A'7f^-^+B'7?'-^+ 0'af'-«+ . • . . (2), 

in which the exponents, ft — a, (; — a, etc., in the first member, 
are all positive, because a < ft < c . . . . 

Now by hypothesis, the given equation is true for all values of 
X ; hence every modification of it will be true for all values of x. 
Make ^ = ; then in the first member of equation (2), every term 
after the first will reduce to zero (367, 1), and we shall have 

A = Aixf'-^ + B'q^-^ + a'af'- + ..... (3). 

Now since a' < ft' < c\ . . ., 

we must have (a'— a) < (ft'— d) < (<?'— a) < . . . . 

Hence, in equation (3), the first exponent, a'— a, is the least ofalL 
But we observe, 

1st. The exponent, a' — a, cannot be a positive quantity i for 
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in that case the term containing it wonld reduce to zero when 
a; = (3679 1)> ^^<^ ^^ should haye A =0, which is contrary 
to the implied conditions of the proposition. 

^ The exponent, a' — a, cannot be a negative quantity ; for 
in that case the term containing it would reduce to infinity when 
x = (3679 ^)» <^^ ^® should have ^ = 009 which is also con- 
trary to the impUed conditions of the proposition. Now since 
a' — a can neither be a positiye nor a negatiye quantity, it must 
be nothing or zero ; that is, 

a' — a = 0, or a' = a. 

It follows also that each of the other exponents, V— 0, c'^ a, 

etc., in equation (3), is positiye, being algebraically greater than 

zero ; hence all the terms after the first in the second member 

of this equation, must disappear when x = (367, 1), and we 

shall haye 

A=A'2P=zA\ 

Now since A and A' are independent of Xy we shall haye 

Aaf* = A'u^, 
whateyer be the yalue of x. We may therefore suppress these 
terms in equation (1). There will result 

B3^+ Czr+ = B'af'+ G'af^+ . . • ., 

whence, by reasoning as before, we shall find that 

b = b', B = B' 
c=zc', C= C, etc. 
That is, equation (1) is an identical equation, the two mem- 
bers haying the-same form. Hence, the giyen equation is also 
identical, and the proposition is proyed. 

It is obyious that the preceding demonstration will apply if one 
or more of the exponents, a, ft, &, . . . . are negatiye ; or if a = 0, 
in which case each member will contain an absolute term. 

III. In every equation which is satisfied for any valtie what- 
ever of the unknown qtcantity, and which involves like powers of 
this quantity in the two members, the coefficients of the correspond^ 
ing powers wiU be equal, each to each. 

Let us assume the equation, 

Aaf+ B3^+ 03f+ = A'af'+ B'afi+ C'af+ . 

the number of terms being either limited or unlimited. 



• • •! 



IDENTICAL EQUATIOKS. 306 

Now if this equation is capable of being satisfied for every 
yalne of Xy then according to the preceding demonstration, not 
only must the exponents of a; in the two members be equal 
respectively, but the coefficients also must be equal, each to each ; 
that is, 

A^A, B^B\ (7= (7', etc. 

Every such equation is obviously identical, though it is not 
necessary that Ay By C> etc., should be of the same/brm respec- 
tively, as Aly By C'y ctc. 

IV. In every equation which is satisfied for any value whatever 
of the unknown quantity y and which has zero for one of its mem" 
iersy the coefficients of the different powers of the unknown quan- 
tity are separately equal to zero. 

Let 

Aaf'+ Bj/'+ Caf+ Da^+ =0 .... (1), 

represent the equation, arranged according to the ascending 
powers of x. The coefficients, Ay B, (7, Z>, etc., are supposed to 
be independent of Xy and consequently the same for all values of x. 
Divide every term in this equation by a:" ; we shall have 

A + Ba^+ Oxr^+ D3^+ =0 . . (2). 

In this equation make x=:0; then since the exponents, ^ — a, 
c — a, rf — a, etc., are all positive, every term after the first will 
reduce to zero (SB?, 1)^ and we shall have 

-4 = 0. 

Suppressing Aaf in equation (1), and then dividing through 
by a^y we obtain 

B + Cxr^+ Dq^+ =0 .... (3). 

In this equation make 2; = 0, and we have 

B = 

In like manner we may prove that each of the other coefficients 
is equal to zero. 

It is important to observe in this connection that the coeffi- 
cients. Ay By Cy Dy ctc, must bc supposed to represent poly- 
nomial expressions, which reduce to zero in consequence of having 
positive and negative parts that are respectively equal to each other. 
26* u 
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DECOMPOSITION OP RATIONAL FBAOTIONS. 

369* By means of the properties of identical equations, a 
fraction may often be separated into two or more partial frac- 
tions, whose denominat<Nrs shall be simpler than the given de- 
nominator. In every such casc^ the given fraction is the snm of 
the partial fractions ; hence its denominator will be a common 
multiple of the denominators of the partial fractions. 

1. Separate ^^ I^ into partifd fractions. 

By inspection, we perceive that 

a4 — 7x + 10 = (a; — 6) (» — 2). 



Now assume 

8a? — 31 



+ -^ . . . (1). 



{x — 5) (a; — 2) x — 5 • a; — 2 

Since the first member is simply the sum of the two fractions in. 
the second member, this is obviously an identical eguaiion. 
Clearing of fractions and uniting terms, 

ar-31 = (J +^)a?— (2^-h5£). . . (2), 

in which 31 in the first member, and {2A + 6B) in the second, 
may be considered as coefficients of a^. Now according to 
368, UI, the coefficients of the like powers of a? in the two 
members must be equal ; therefore, 

^ + ^ = 8 (3), 

2A + 6B = 31 (4). 

From these equations we readily obtain 

-4 = 3, and 5 = 5 ; 

whence^ from equation (1), we have 

8a:— 31 3.6. 



a^ — 7a?-h 10 X — 6 ' a? — 2' 

It shotild be observed that equations (3) and (4) are the equa- 
tions of condition, which must exist in order that equation (1) 
shall be true for all values of x. 
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W 4- X 

2. Separate r^— ttttS tt ^^ partial fractidns. 

^ (^ + 1 ) (2aj— 1) ^ 



Suppose, if possible, 

^a^ + x 



+ o,,.^ 1 • • • (1) 5 



(a? + 1) (2a? — 1) a: + 1 ^ 2« — 1 
clearing of fractions, 

7a:8 + a; = (2^ + ^) » + (^ — ^) ; 
tran,sposing all the terms to the first member, 

7a«+(l«2^-^)» + (^ — 5) = . . (2). 

If this equation be possible, it must be an identical equation ; 

and as one member is zero, the coefficients of the different powers 

of X must be separately equal to zero (368, lY) ; and we shall 

have 

7 = 0, 

which is absurd. Hence, we infer that the fraction cannot be sepa- 
rated into partial fractions, having numerators independent of x. 
Again, assume 

7a:^ + a? __ -4a; , Bx . 

+ 9y» _ 1 • • • V-) i 



(a; + 1) (2a; — 1) a; + 1 ^ 2a; — 1 
clearing of fractions and collecting terms, 

tx^ + x:={^A + B\Qfi+{B--A)x . . . (2); 
equating the coefficients of like powers of a;, 

2^+J? = 7, 

whence, u4 = 2, jB = 3 ; 

and by substitution in equation (1), 

W + x 2a; . 3a; . 

+ 5 T* -4/W. 



(a? + 1) (2a: — 1) "*• a; + 1 ' 2a? — 1^ 

From this example we learn that if we assume an impossible, 
form for the partial fractions, the fact will be made apparent by 
some absurdity in the equations of condition. 

Note. — If the given denominator consists of three or more factors, there 
will be three or more jmrtial fractions. Bnt there will always be as many 
equations of condition as there are numerators to be determined. 
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XXAMPZXa roM jpbacticjb. 

1x — 24 
1. Besolye . ^ ^ \., into partial fractions. 



J 5.2 
Ans. = + 



a; — 7 • a: — 2 

2. Besolye ^ « . ^ — r^z, into part&l fractions. 
2a? -f 3« — 20 ^ 

-dn«. t; =■ + 



2a? — 5 a? + 4 

60?* 22a; 4- 18 

3, Besolye 7 tt-jzi — i — r—^ ^^^ partial fractions. 

(X — 1) (a? — 5a; + 6) ^ 

^^- z — T + ::^ — + 



X — 1 X — 2 a; — 3 



a; + 2 

4. Besolye -5 into partial fractions. 

A 1 . 3 2 

^^- 2(a: + l)"*'2(a;-l)""a;' 

5. Besolye -7 — r^r-s — ^tt: ^^ partial fractions. 

a;* — 13a? + 36 ^ 

•^'W. jr-7 —jrr — jr-7 rrr- — 5-7 --5^ + 



2 (a; + 2) 2 (a; — 2) 3 (a; + 3) ^ 3 (a; — 3) 



THE EESIDUAL POEMULA. 

370. It has been shown (89, 4) that a?* -— y~ is exactly diyi- 
sible by a? — y, if w is a positiye whole number. The form of 
the quotient is as follows : 

af -^ 1/"* 

the number of terms in the quotient being equal to m. 

Now suppose a; = y ; then each term will become a?*~S and 
since there are m terms, we haye the f ormula, 

\ x — y /f=» 

The subscript equation, y = a;, is used to indicate the condition 
under which the first member of (A) will be equal to the second. 
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371. We will now show that this formula is true, whatever be 
the yalue of m. There will be two cases : 

1st. When mis positive and fraciionaL 

r r 

T " " 

Assume w = - ; then af^~-i/^ = af — y'. 

s 

1 r 

Let o^ = z; then af=ijir, and « = «•. 

1 r 

Also let y' = w; then tf^u\ and y.= f*'. 
By proper substitutions we haye 



r 



r r ^[ ^ 

X — y z^ — u' sf -- u* ^ 

z — u 

Now suppose a? = y> then z=:ui and since r and s are j[W)«i- 
^it;^ irAofe numbers, we have from (1), 



1 






X 



Hence, the formula is true when the exponent is positive and 
fractional. 

2d. When m is negative, and either integral or fractional. 

Suppose the exponent of x and y to be — 7n ; we shall have 

ar~ — y** = — ar^y^ (af* — V") ; hence, 

-3F.= — ^(^) • • ■ a)- 

Now suppose a?=y ; then, whether m be integral or fractional, 
we shall have, from the principles already established, 

— TT^y-^ = — ar^, and — "HiL. == mo?"""* ; hence, 

\ X — y f rsM 

Hence, the formula holds true universally. 
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BINOMIAL THEOBEM. 

372. The Binomial 19ie&rem has for its object ihe 
deyelopment of a binomial with Any exponent^ into a series. This 
theorem is expressed by an equation, called the Binomial Formulai. 

373. li is required to escpand (a+ x)" into a series, n being any 
real quantity, positive or negative, entire or fractional. 

We obsenre that 

a + « = a(lH--j; therrfore (a + x)* = a*(l + 

Hence, if we first expand ( 1 + -| , and then multiply the 
result by oT, we shall haye the expansion of (a + x)\ 

Put s = ^; then (l + ^*= (1 + «)'. 

Let us now assume the equation, 

{l + gy = A+Bii+Cs?+Dsfi+Et^+ (1), 

in which A, B, C, D, etc., are independent of z. We are to find 
the Talues of these coefficients which will render equation (1) true 
for all possible values of z. 
Suppose f = ; then from equation (1), we have ^ = 1. 

Hence, the assumed development becomes 

{l + xY=zl+Bt+C^+D^+E3^+ (2) 

for all values of s. Put s = u ; tiien 

(l + fi)* = l+5u+CW«-fZ>w«+JPM*+ (3). 

Subtracting (3) from (2), and dividing the result hj z-^u. 

Let P = 1 + «, and Q = l+u; then P—Q^iz^u. 
Equation (4) now becomes 

Now suppose « = u ; then P=Q. And by the Eesidual 
Formula (370)> we shall have 



BIlirOMlAL THEOBEH. 



Ul 






Also 



(!lziiLn =4^, etc. 



Substituting these yalues in equation (5), 

n (l+a;)"-* = B+2Cz+dDz^+iEifi+ 

Multiplying both members of equation (6) by (1 + z), 



• • 



z+SD 

+20 



+3D 



• • 



(6). 



(7). 



n{l+zy=:£+2C 

+ B 
Multiplying both members of equation (2) by n^ 

n{l+zYz=in+nBz+nCi?+nD^+ (8). 

Now by equating the second members of (7) and (8) we shall 
have an identical equation, because it may be satisfied for any 
Talue of z. Therefore the coefficients of the like powers of ij; in 
(7) and (8) are equal, each to each (368, III), and we shall haye 

B = n; 
2C + B =nB, or (7 = 5(^?^) 

SD + 2C = nC, or Z> = c(^^) 



3 
4jE + 3D=znD, or JE^ = Z>(^-^) 

Therefore, the yalues of the coefficients are 

^ = 1; 
B = n. 

C7- -^ , 

^-" 2 : 3~' 



etc. 



n{n--l){n^2)(n^S) ^ 
^- 2 .3.4'®^- 
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Sabstitating these yalaes in (1), 

(1+,)- = i+n>+g^^+ "<"7^><"7^> ^+ («); 

and by restoring the yalue of z, which is -, 



(^*ti 



•^+%+"^ i^+ a^T-3— ^+ ^^>' 

or, finally, moltiplyiDg both members of (b) by a*. 

Equation (e) is the binomial formula, as it is usually written. 
It wUl be observed, however, that in the three equations, (a), (b), 
{c)y the coefficients, or the factors depending on n, are the same ; 
and in practice, either (a), (h), or (c) may be employed, accord- 
ing to the form of the binomial to be expanded. 

374, By inspecting the general formula (c), we perceive that 
in the expansion of a binomial in the form of a+x, the law of 
the exponents is as follows : 

1. The exponents of the leading letter in the successive terms 
form a series, commencing in the first term with the exponent of 
the binomial, and diminishing by 1 to the right. 

2. The exponents of the second letter form a series, commencing 
in the second term with unity, and increasing by 1 to the right. 

And the law of the coefficients is as follows : 

3. The coefficient of the first term is unity, and that of the 
second term is the exponent of the required potoer, 

4. If the coefficient of any term be multiplied by the exponent 
of the leading letter in that term ; and divided by the exponent of 
the second letter plus 1, the result will be the coefficient of the fol- 
lowing term. 

375. K we take the lea»t factor in each of the successive co- 
efficients of the expansion, commencing at the second, we have a 
decreasing series, 

n, (w — 1), (w— -2), (w — 3), etc., 

in which the common difference is unity. 
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Snppose ^ to be a positiye integer, then the least factor in the 
numerator in the (n+2)d term will be (w — n), or 0, and this 
term will disappear. But if n is negative or fractional, then no 
one of the factors, {n — 1), {n — 2), {n — 3), etc., can be zero, 
and the expansion may be continued indefinitely. Hence, 

1. When n is a positive integer, the expansion of the binomial 
will be a finite series, the number of terms being n + 1. , 

2. When n is negative or fractional, the expansion of the biruh • 
mial tvill be an infinite series. 

APPLICATIOK OF THE BINOMIAL FORMULA. 

376. Let us resume the equation, 

Jtnhe entire and positive, this formula wiU be an expression 
of involution^ denoting some power of the binomial. 

If w be fractional and positive, the formula will be an expres- 
sion of evolution, denoting some root of the binomial. 

If 71 be negative, the formula will express the reciprocal of 
some power or root of the binomial. 

377. Since the binomial coefficients depend entirely upon the 
exponent n, they may be formed independently. To do this, we 
have simply to commence with unity and multiply by n, 
n — In — 2 . 



Q- , " €\ '~9 wi^»> v«viiujixu.niij. 






1. Expand {a — xy into a series. 




Here tj = 6 ; hence. 






The first coefficient 


18 


1 = 1 


" second " 




1x6=6 


'' third 




6 X f = 15 


'' fourth " 




15 X i = 20 


« fifth " 




20 X i = 15 


" sixth « 




15 X f = a 


" seventh " 




6x + - 1. 



Since the odd powers of — a; are negative, we have for the literal 
factors of the terms, 

27 
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Therefore the expansion will be 

2. Expand {a + x)^ into a series. 

In this example n = ^. Bepresent the coefficients by A, B, 
C, D, . ...; then 

^= +1; 

B:=zAxn = + |; 

_, n /» — 3\ 1136 ^ 

The literal £actors of the terms will be 

a% a*x, cT^o^y a'ofi, a "a;*, a"*^^, .... 
Hence, (a + a;)* = 

or by taking out the factor a % in the second member^ 
{a + x)^ = 

a*(i + i^'^-^^'^+gile^-^-all^s''^ • • • •) 5 

or by clearing of negative exponents, 

/ . X* iA . a? a:? . 3a:8 3-5iC* . \ 

We might have obtained this last result directly, by putting 
the binomial in the form of a*(l + -) • It is well, howeyer, 
to note the transformations made aboye. 
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.3. Expand 7 — ; — r^ into a series. 
Observe that 

Whence, by expanding the factor ( 1 + -j , we obtain 

4. Expand (a* — 01?)^ into a series. 

If we take the descending powers of a\ commencing with the 
5th, and the ascending powers of s?, commencing with the first, 
we haye for the literal factors of the terms, 

a^, a%», a*c*, cMy ah^, x^\ 
Hence, with the coefficients the devefopment becomes 

BXAKJPZBa JPOJB BBACTICB, 

1. Find the fifth power of a — J. 

Ans. a« — 5a*S + lOaW — lOfl^J* + 5a** — V. 

2. Find the sixth power of 1 + c. 

Ans. 1 + 6c + 15c» + 20c' + 16c* + %(fi + (*, 

. 3. Find the seventh power of a; + y. 

4. Find the eighth power of a^ — 1. 

Ans. a"— 8ai* + 28a«— 56a«>+ 70a«— 56a«+ 28a*— SaH L 

5. Find the ninth power of a — c. 

Ans. a«— 9a?c + 36aV— 84aV +126a«c* — 126aV + 84aV — 
36aV + 9ac8 — c». 

6. Expand (1 + ax)\ 

Ans. 1 + 6aa? + lOa^:' + lOoW + 5a*a;* + a^. 

7. Expand (a* — o^y. 

Ans. a« — ^a^^ + 15rfte* — 20aV + 15a*«^ — CaV® + x^. 



\ 
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8. Expand (a^ — «*)«. 

9. Expand (a«5C + ^y»)« 

10. Expand (a — a;)' into a series. 

11. Expand (1 — xy into a series. 

. ^ a; 2a^ 2-5x» 2-6-8a:* 2-5-8-lla^ 



• • • • 



3 3-6 3-6-9 3-6-9-12 3-6-9-12-15 

12. Expand (a+1)^ into a series. 

A ih^L 3 . '3-7 3-7-11 . V 

13. Expand (a + b)^ into a series. 

J t/i_i.* 2y . 2-5y 2-58y . \ 

^^- ^ r"*'3S"3^6^2"^3-6-9a»'"3-6-9-12a* + ---7' 

14. Expand ■= into a series. 

a a' a^ a^ a* ' 

15. Expand 7:; r^ into a series. 

(1 - xy 

Am. a (1 + 2a; + 3a;» + 4a:» + 6a:* + 6aj» + . . . .). 

16. Expand (a* + J*)* into a series. 

A , y ft* , 3^ 3 -5ft8 

^'**- ^+2a 2-4a»"*'2-4-6a»""2-4^T^7 + ---- 

17. Expand (a — ^)* into a series. 

>i I /1 « ?^ _ 2c* 2-4g« 2-4-7^ \ 

^^* ^ r 3a 3-6a3""3-6-9fl« 3 • 6 -9-12^* "" ' ' " 7' 

18. Expand d{(? + a?) * into a series. 

^^- cr 2c»"^2-4c*"'2-4-6c«+2-4-6-8cB"~**-7' 
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19. Expand (1 — a)~* into a series. 

Ans. 1 + 3a + 6a? + IQcfl + 15a* + 21a« + 28«^ •+• 36a^ + • - • . 

20. Expand (a^ — 2:*)* into a series. 

. /-/ 3a:8 3a:* 3'5a;< 3'5'9a:» \ 

21. Expand (a + y)~* into a series. 

Ans ^ ^y.^Of 20y» 35y* 56y« 



• • • 



T 

22. Expand , into a series. 

Vl — r 

. . r» 6r« 6-llr* 6-ll-16r» . 

^^- ^ + y + 2^ + 2^yT«+ 2'3'4-5* +- 



• • • 



23. Expand ^5^1 — a:* into a series. 

a* _ 14a;« _ 14 - 29a;« _ 14 • 29 ' 44a;« 
15 2-16» 2-3-15« 2-3 •4-16* 



METHOD OF SUBSTITUTIOJSr. 

378. In the formula {x + y)* = 

^ . «^_i . ^ (^ — 1) ^ 5 ^ . w (w — 1) (» — 2)^^,. J, , 

af* + «af-^y + -^ — ^ic^-y + -^ — . 3 ^^^^^ + .. . . 

we may snppose x and y to represent any quantities whaterer ; 
and thui^ we may obtain the development of the powers of bino- 
mials with numerical coefficients^ or of polynomials. 

1. Involve 3a + 2c to the fifth power. 

The binomial coefficients for the fifth power are 

1, 6, 10, 10, 5, 1. 

And by connecting these with the powers of the given terms, 
according to the law of the formula, we have 

(3a + 2cy = (3a)5+5(3a)*(2c) + 10(3a)«(2c)Hl0(3a)«(2c)»+ 
6(3a)(2(?)*+(2c)«; 

or, by performing the operations indicate 

(3a + 2cy = 243a« + 810a*(J + lOSOa^ca + nOa^d^ + 240ac* + 32 A 
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2, Involve a + J + 2c* to the fourth power. 
We may consider the polynomial in two parts, a + b, repre- 
sented by re, and + 2c* represented by y. Then we have 

(a + J + 2c«)* = (fl + bY+ 4 {a + by{2(?) + 6 (a + by{2c^)^+ 
^a + b) (2c*)» + {^y. 

Performing the operations indicated, 

{a + b + 2c^y = a*+ 4fl»* + Mlf^+ iaV+¥+Ba^<^+2ia^b(?+ 
24ai*c^+ 8*«(^+24aV+48afc*+ 24J*c*+32ac«+32Jc«+ 16A 

1. Find the third power of a — 2b. 

Ana. cfi — 6a2J + 12a» — 8i». 

2. Find the fourth power of 2a + 3x. 

Ans. 16a* + d6cfix + 216aV + 216asfi + 81a;*. 

3. Find the fourth power of 1 — ^a. 

Ans. 1 — 2a + |«* — ^o* + -f^. 

4. Find the fourth power of a* — ax + a?. 

Ans. cfi" ia^x + 10a«z?— 160*2:8+ 19a*a:*— 16aV+ lOcM^ 
4ax' + 7?. 

6. Expand (4a' — 3a;)* into a series. 

A /0-/1 3a; 27a? 667a;» \ 

Ans. V2a^l-3^,--^j^--^j^— ......j. 

379. When a binomial having liumerical coefficients is to be 
raised to any power, the coefficients of the expansion may be 
obtained with great facility by means of a simple modification of 
the binomial formula. We have {z +w)* = 

af + nsT-^u H — ^^-5 — ^«r-V H ^-^ — ^-^— ^ — '-sT^tfi + .... 

In this equation make zz=zax, and t^ = &y ; then 
{ax + Jy)» = o^a?* + na'^^b • af-'y + nin-- ) ^^^^ , ^^^y ^ 



"<V>.^"7' «'-»y^'^ + ..-. 
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in which a and b may represent the numerical coefficients of x 
and y. Now denote the numerical coefficients of the expansion 
by C^ C^ Cs9 etc. We shall then have 

{ax + byY = Ciaf + C^p^y + O^pr-y + C,af^y^ + .. . .r 

in which 



Oi 


II. 


a". 




Ci 


= 


^' 1 


b 


c. 


— - 




b 

• 


Ci 


= 


c-v 


b 


c. 


= 


<^,-«7' 


b 

• 

• 

a 



1. Find the fourth power of 5a + Saj. 
In this example we have 

71 = 4, a = 6, J = 3, 

and the coefficients of the expansion will be 

Ci = 5* = 625, 

Ci = 625 • f • I = 1500, 
(7, = 1500 • t • i = 1360, 
Ci = 1350 • f • I = 540, 
C; = 640 • J • I = 81. Hence, 

(5a + 3x)* = 625a*+1500a«a; + 1350aV+640aa^+81a:*, Am. 

2. Find the fourth power of -^ ^• 

We have » = 4, a = ^, i = ^, and - = ^ ' « = ¥ • 

3 6 a 5 2 6 

Hence the coefficients of the expansion are 

c, = m • t • i = w, 
ci = w * • * = m. . 

C, = 4H * i • * = m- Hence, 

^_^\*_16 128 128 5W 256 
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!• Find the fourth power of 2a? + 5y. 

Ans. 16jr* + 160««y + 600a;2ya + 1000a;y« + 625y*. 

2. Find the fifth power of 2a — 3a:. 

Ans. 32a» — 240flAr + 7200*28 — lOSOaV + SlOoa:* — 243a*. 

3. Find the sixth power of 3 + ^. 

A ns. 729 + 5832a« + 19440«* + 34560a:« + 34560a< + 18432a;«> + 
4096fl:». 

3a 4r 
Find the fourth power of -7- + --• 

4 5 
6. Find the sixth power of -^ + -o ' 



JIL|A^+. 



6. Find the fifth power of -7- — » -• 

4 5 



Ans. TTT^ — ^r=^ 4- TSK — «7^ + 



1024 256 ^ 160 200 ^ 500 3125 

f?l 1 

7. Find the eighth power of -5 — ^ — • 

• 256 "* 32 "^ 64 32 "^ 128 32ma "•" 64w* 



+ 



1 



32m« ^ 256m« 

DEVELOPMENT OF SUBD BOOTS INTO SERIES. 

380. The approximate yalne of a snrd root may be obtained 
with much facility by expanding the root into a series. 

Let <f represent that perfect n^ power, which is next less or 
next greater than the given number, and let b denote the differ- 
ence between this power and the given number. Then 

a** + S, or a" — S, 

will express the given number. But we have 
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^a* + 6 = «V/ 1 + ~, and \^a*' — b=za\jl ;;• 

Developing the radical parts into series, we have 

Va +& = tt^l+-_+-._-._ + -.__.— -_.^+....J 

• . . (1). 
•/-- — T L 1 & 1 1—^ i» 1 l-« 1—2W J8 \ 

. . . (2). 

The second members of these equations contain no radicals ; 
hence. 

Any surd may ie developed into a series of rational terms ; 
whence by summing the series, we may obtain approximately the 
indicated root. 

h 

It should be observed that the smaller the fraction — is, the 

ft, 

more rapidly will the series converge. 

1. Find the cube root of 76, to six decimal places. 
The smallest fraction will result by taking the cube which is 
next less than 76, or 64 ; thus, 

{/76 = -5^4 + 12 = 4-^l + g = 4^l4-^- 

We may noyi develop the radical part by equation (1), in which 

. * 3 



• •» "•— ^^J 




-•* 


a** 16 


To form the binomial coefScients 


we have the factors. 




1_ 


1 

'3^ 




1 — « 1 
2» "~ 3' 






1 — 4;^ 11 
bn ^ 15' 


1— 2» 6 
3» — 9' 






1 — 6w 7 
6n ■" 9' 


1 — 3» 2 
4« ~ 3' 






1-6^ 17 . 
— - — r= — —-, etc. 
7w 2r 



We represent the successive terms by A, B, 0, etc. ; and to 
secure accuracy in the final result to the 6th place of decimals, 

V 
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we shoold cany the compatation in each term to the 7th place. 
Thus we hare 



A 

B = 
*C = 
D = 
E = 
F = 
O = 
H = 



= +1.0000000 



+ i 
-i 
- 1 
- 1 

-H 



A 
A 
A 
A 



B 

C 
D 
E 
F 




= + 



= + 



= + 



= + 



.0625000 
.0039062 
.0004069 
.0000508 
.0000069 
.0000010 
.0000001 



Algebraic sam, 



1.0689659 = VTTA 
4 



Whence, V76 = 4.235824 ±, Am. 

2. Find the 5th root of 25, to 6 decimal places. 

The most convenient fraction will result by taking that 6th 
power which is next greater than 25, or 32 ; thus, 

V^25 = v^32 — 7 = 2^1 — i,. 

Equation (2) will now apply ; and the operation will be as 

follows : 

1_1 

n~6' 



l — n 2 
2» ~ 6' 




1 — 4» 19 
6m ~ 25' 


1 — 2» 3 
3» ~ 5' 




1 — 6» 4 
6n ~ 6' 


1 — 3» 7 
4» ~ 10' 




1 — 6» 29 ^ 
7« 35 


A 




= +1.0000000 


B = -\'iM 




= — 437600 


<7 = +I-A- 


B 


= — 38281 


D = + i-A- 


C 


= — 6024 


E ^ +A-A- 


D 


= — 769 


F = +«-A- 


E 


= — 128 


G" = +i-A- 


F 


= - 22 


B= +HA' 


G 


= — 4 


Algebraic sum, 


.9518272 = Vl—-fg' 
2 



Whence, 



4^ = 1,903654 +, Ans. 
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Find the values of the following indicated roots, to the 6th 
decimal place : 

1. \^. Arts. 2.080084. 

2. \^. Ana. 3.141381. 

3. v^iOO. Ana. 4.641589. 

4. \/viO. Ana. 4.791420. 

5. ^/Wi. Ana. 3.122851. 

6. ^/m. Ana. 1.978602. 

7. ^4. Ana. 1.319508. 

8. v^3275. Ana. 5.047104. 

9. v^l25. Ana. 1.993235. 

■ 

EXPANSION OF FEACTIONS INTO SEBIES. 

381* An irreducible fraction may always be converted into a 
series, by dividing the numerator by the denominator. 

convert :;-- — into a series. 
1 + a 

Observe that 



1 + a a + 1 
Hence, there may be two ways of dividing : 

1st. 2d. 



l+a)l (l-a+a»-.... a+l)l G-"i + -^-- 



1 + a 



'+5 




1 




a 




1 


1 


a 


a* 


+ 


1 



324 8BBIB8. 

The law of expansion is obvious in both quotients, and we 
haye from the same fraction two series ; thus^ 

= 1 — a+a* — «•+«* — a^ + (1), 



1 + a 



We observe that each of the series obtained is by its law of devel- 
opment an infinite series. 
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1. Convert; into an infinite series. 

a + x 

2. Convert into an infinite series. 

1 + a; 

3. Convert r into an infinite series. 

1 — X 

Ans. l + 2x + 2x^ + 2sfi + 2x^ + 

4. Convert , . ^ into an infinite series. 

a' + a? 

5. Convert = ; — -, into an infinite series. 

1 — a + a* 

Arts, l + o — a?-.o* + a« + a'^ — a» — ««>+.,.. 

6. Convert ^ ^ ^ — Orra "^*^ ^^ infinite series. 

Am. 1 + a; + Sai' + 13a;» + 41a^ + . . . . 

7. Convert := -^ into an infinite series. 

1 — x — a;^ 

Ans. 1 + 3a; + 4a^ + 7a^ + 11a:* + ISa^B -| 



i 



IKDETEBMIKATE COEFFIGIEKTS. 



325 



METHOD OP INDETERMDTATE COEFFICIENTS. 

383. It is eyident that if a fraction be deyeloped into a series^ 
the equation which results by placing, the fraction equal to its 
development is capable of being satisfied for any yalue of the un- 
known quantity ; in other words^ it is an identical equation. 

On this &ct depends an important method of expanding an 
algebraic expression into a series^ called the Method of In- 
determinate Coefficients. It consists in assuming the required 
deyelopment in the form of a series with unknown coefficients^ 
and afterward determining the yalnes of the coefficients by means 
of the properties of identical equations. 

• 1 + 2iC . 

1. Deyelop :j s- into an infinite series. 



Assume 



=z A+Bx-{-C^+Iki^+E7^'\'.... 



(1). 



1 — 3a; 

Clearing this equation of fractions^ and transposing all the 
terms to the second member^ 

= (-4— 1)+ Bx+ Ca^+ D7f^+ E 7^+ (2). 

— 3J —ZB — 3C —ZD 
-2 

The term -4 — 1 may here be considered as the coefficient of 
a? understood. 

Now because (2) is an identical equation, the coefficients of 
the different powers of x are separately equal to zero (368» lY). 
Thus, 

whence 



^ — 1 =0, 
£ — 3^ — 2 =0, 
— 35 = 0, 
Z>- 3(7 = 0, 
J^--3i> = 0, 

Substituting these yalues in (1), 

l + 2x 



cc 



cc 



(t 



« 



A= 1 
B= 5 
C= 15 
D= 45 
E = 135, etc. 



1 — 3a! 
28 



1 + 5a; + 15a:* + 46x« + 135«* + . . . . 
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2. Derelop 



l + x 



into an infinite series. 



We perceiye that the first term of the series must be - or or\ 
Therefore, assume 



Clearing of fractions and transposing^ 



= 


A 


afi+ B 


x+ C 


a?+ D a?+ E 


«*+ F 




— 1 


-%A 


-2B 


-2C 


-2D 


—2E 






—1 


+6A 


+65 


+6C 


+62) 



a?. 



• • . 



A= 1 




B=z 3i 




C= 0; 




D = - 18; 




Ez=— 36; 




J'=+ 36; 




= + 288, 


eta 



Patting the coefficients equal to zero, 

-4 — 1 =0, whence, 
J9 — 2^ — 1 =0, 
(7 — 2-B + 6^ = 0, 
i> — 2C + 65 = 0, 
jF — 22> + 6C7 = 0, 
/"— 2.& + 6Z> = 0, 
(?^2.P+ 6.^ = 0, 

Substituting these values in the assumed development, and 
observing that the term containing C will disappear because 
C = 0, we have 

^f ^ . = 1 + 3 - 18a^ — 36a!» + 36a^ + 288a^ .... 

a; — 2«' + 6a^ a; 

NOTB. — It is not necessary to transpose the terms to one member ; for if 
neither member is zero, we have simply to equate the coeffidents of the like 
powers of a; in the two members, according to the third property of identical 
equations. 

The method of Indeterminate Coefficients is applicable to a 
great variety of examples, but always with this provision, viz. : 
That we determine by inspection what power of the variable will 
be contained in the first term of the expansion, and make the first 
term of the assumed devehpmsnt correspond to the knoionfact 

If the assumed development commence with a power of the 
variable higher than it should, the fact will be indicated by an 
absurdity in -one of the resulting equations. If, however, the 
assumed development commence with a power of the variable 
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hwer than is necessary, no absurdity will arise ; but the redun- 
dant terms will disappear by reason of the coefBicients reducing to 
zero. 

JBXAMrX,X!S JTOJt PMJLCTICJS. 

1. Develop ^ "^^ into a series. 

Ans. l + x + da^ + 9a^ + 2W + 81a^ + 

2. Develop = — — — -, into a series. 

Ans. l + dx + 4ta^ + 7afi+ 11a:* + 18a:» + 

3. Develop ^ __2a^ ^^ * series. 

Ans. 1 + 2a: + Sa;* + 28a:8 + 100a:* + 366a:« + 

4. Develop , j J^ J into a series. 



Ans. a: + 9a:« + 32a:» + 92a:* + 240a:» + . . . . 



2 

5. Develop ^^^ into a series. 

^^* 3a: "^ 9 + 27 "^ 81 + "243" + * * * ' 

^' ^^^^^^P l + 2;^ + 3a:* ^""^ * '^^^• 

Ans. 1 — 2a;^ + a:* + 4a:« — lla;« + 10a:«> + 13a:» — 

7. Develop y=—, ^ into a series. 

*^ (1 + axjr 

Ans. 1 + (1— 2a)a:— (2«— 3fl«)a?+(3a«— 4flP«)a;»— . . . . 

8. Develop Vl —a: into a series. 

Ans. i-^-j^^-^^^^^-^^^^^^g-.... 



Note.— Assume y'l — x = A-^Bx+Chi?-\- Da^ + ....; then square 
both members, and tbe equations for tbe eoeffieients will be readily obtained. 



3M 
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9. DeT6lop Vl + 3:r + 6a:^ + 7aJ* + 9a?* + . . . . iiito ii series 
of rationid terms. 

3a; ll.t» 23^ 179a;* 
^n«. 1 + 2 + 8 "^ 16 ■*" 128 "^ ' • " 

.r. -r. 1 1— 2a:»+3a;*— 4a;«+6a*— 6a;»+ ^ 

10. Deyelop t". ^ ^ . ^ ^ . — io". ^^ ^ senes. 

^ 1+ a:*+ a:*+ afi+ 0^+ x^+.... 

Am. 1 — 3a;^ + 5a;* — 7a^ + 9«^ _ h^iq + 



EEVERSION OP SERIES. 

383. The Jteversian of a Series is the process of find- 
ing the yalue of the unknown quantity in the series^ expressed 
in terms of another unknown qoantit j. 

1. Given y=:aa; + &t* + cr*+da;* + ea:' +..•., to find the 
yalue of x in terms containing the ascending powers of y. 

In this equation^ x and y are two indeterminate quantities, 
and either may have any value whatever without altering the 
form of the series. We may therefore apply the method of 
Indeterminate Coefficients. Assume 

x = Ay-}rBi^+Cf + Dy^ + Ef + (1). 

We may now find hy involution the values of a;^, «•, a;*, a:*, etc., 
canning each result only to the term containing y^. Then substi- 
tuting for Xy 7^, Q^y etc., in the given equation, we shall have, 
after transposing y, 

= aA 



— 1 



y+ aB 


»»+ aC 


y'+ aD 


y*+ at! 


bA* 


+ 2bAB 


+ 2iAC 


,+ UAD 




+ cA' 


+ bB» 


+ '%bBC 


+ ScA'B 


+ ZcA^C 


+ dA* 


+ ZcAS^ 


+ 4dA*B 








+ eA^ 



t — 



This is an identical equation, being true for all values of y. 
And if we place the coefficients of the, different powers of y 
separately equal to zero (368, IV), and redueQ the resalting 
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3!d9 



equations, we shall obtain the valxies of the assumed coefficients 
as follows : 



a 



(F) 



^ = "^^ 



= 



D=z- 



E- 



W — ao 



a" 



W — hahc + d^d 



a^ 



14^ — %\aV^c + ^c^ld + 3aV — a^B 



a* 



If we substitute these values of A, B, G, etc., in (1), we shall 
have the value of x in terms of a, d, e; . . . . , and the powers of 
y ; that is, the given series will be reversed. 

2. Given y = aa; + Jcc* + ca^ + rfa;^ + e:«* + , to find the 

value of X in terms of y. 

Assume x — Ay+Bf+Cf+Df+E^+ (1). 

Proceeding as before, we shall obtain 

1 



{^ 



A = 



a' 



^^--^ 



(7 = 



3y — gg 



_ I2y — %abc + a^d 

X/ = — Ja 9 



a 



10 



^ = 



55** — bbaVc + lOa'irf + 6flV — o% 



a 



IS 



In the preceding examples the letters «, 5, c, . . . . , represent 
any coefficients whatever. Hence, in reverting any series in 
either of these forms, we may determine the values of the 
assumed coefficients by an application of formula (F)^ or {0), 

3. Kevert the series y=:x + %^ + ^ + ^^ + .... 
Assume zz=zAy + Bf+ Cf + Df + 

28* 
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If we now sabstitnto in formula {F), 

we shall obtain A = l, 5 =—2, C=f4, J9 = — a 
Hence, « = y — 2y* + 4y» — 8y* + ...., Ans. 

!• Beyert the series y:=.x + Q^ + a? + a:^ + ofi + ..., 

Ans. « = y — y^ + y* — y* + y« — — 

2. Revert the series y = a; + 3a;^ + 5a? + 7a;* + Oa;* + . . . . 

Ans. a; = y — 3y» + 13y» — 67y* + 381y« — 

3. Eevert the series » = y — •|^ + -^— •■T+5~ 

a? a? a;* a? 

^n*. y = a; + _ + j^ + ^^^^ + ^.^.g.^.^ + • • • • 

4 Eevert the series .v = » — a:» + je' — z* + 3fi — a^ + . ... 

Ana. X = y + ^ + 2^ + 5f + li^ + . . . . 

6. Eevert the series ifz=2x + Za? + ^ + bx^ + . . . . 

Jin$.x-^ 16+128 1024 +•••• 
6. Eevert the series « = 2y + 4^ + 6y» + 8y* + lOy* + . . . 

An».y = ^- — + -^ 5- + 



2 ' 8 8 ' 16 



• • • 



384. One of the principal objects in reverting a series is, to 
obtain the approximate value of the unknown quantity when 
the sum of the series is known. Thus, 

1 4a?' ^7? 8a:* 
1. Given t = 2a: — + — — - + . . . . to find the ap- 
proximate value of X. - 

42%s ^Q* g/^ 

Let us put « = 2a; ^ + ~ — - + (1), 

and consider x and 8 as variables. Reverting (1) by formula (jF), 

^■"2 "^6 "^360 "^ 1512"^ ^ ^' 

Now if we put « = ^ in this equation, the result will be a con- 
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verging series; and we may find the approximate yalue of x, by 
computing the values of the terms separately. Thus, 



8 1 

2 ~ 4 


. I =.125000, 


«» 1 

6 — 16 ' 


I =.010416, 




13«» 1 
360 "" 64 ' 


• 360 - -^5^' 


5«* 1 
1512 ~ 256 " 


• 1 'l2 - ■^^'- 



Hence, x = .135993, Ans. 



BXJLMJPZJEia. 

1. Given -J = 5a: — 20a;» + SOa^ — 320a;* + 1280a:« — , to 

find the approximate value of x. Ans. x = .117647. 

2. GiTeni = a; + ^ + g^ + ^ + ^ + ....,tofindthe 

approximate value of x. Ans. .454620. 

1 ofi ofi s? 

3. Given •= = x — - — ttt — ttzt — ...., to find the approx- 

o 40 112 "^^ 

imate value of x. Ans. x = .201369. 

1 Sx^ 6sfi 7^ 

4. Given -r = a; — 5-7 + ^-^ — w-5 + ...., to find the ap- 

4 2«4 4*6 6»8 ^ 

proximate value of x. Ans. x = .274655. 



SUMMATION OP INFINITE SEEIES. 

385. The Summation of a Series is the process of 
obtaining a finite expression equivalent to the series. 

386. The method of summing a given series must always 
depend upon the nature of the series, or the law governing its 
development. Formulas have already been given for the sum- 
mation of arithmetical and geometrical series. We will now 
investigate the methods of summing a variety of other series. 
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BECUBBING SEBIES. 

387. A Mecurring Series is one in wYnch there is a fixed 
relation between any term, or two or more consecutive terms, 
and the term which immediately sncceeds. Thus, 

1 + 4r + 11a* + 34x» + 101a?* -f 

is a recurring series, in which if any two consecutiye terms he 
taken, the product of the first by 3a^ plus the product of the 
second by 2x, will be equal to the next succeeding term. The 
coefficients of these multipliers, or 

3, 2, 
are called the sccUe of relation. In the recurring series 

1 + a; + 3a;^ + 8a;» + 17a;* + 42a:f^ + 100a;« + . /. . 
the scale of relation is 3, 2, 1. 

388. A recurring series is said to be of the first order, when 
each term after the first depends upon the term which imme- 
diately precedes it. The scale of relation will consist of a smgle 
part, and the series wiU be a geometrical progression. 

A recurring series is said to be of the second order, when each 
term after the second depends upon the two preceding terms ; 
the scale of relation consists of two parts. 

A recurring series is said to be of the third order, when each 
term after the third depends upon the three preceding terms ; 
the scale of relation consists of three parts. 

389. To find the scale of relation and the smn of a 
recurring series of the second order. 

Isi Let a, S, c, d, represent the coefficients of any four con- 
secutive terms ; and let m, n, denote the scale of relation. Then 
from the nature of the series, we have 

fna -\'nb=iC ) ^pv 

mb + nc=:d) 
These two equations will determine the values of m and n. 

2d. To find the sum of the series, denote the terms of the 
series by A, B, C, etc., and let 

B^A-^B+G+D+E+ . . (1>. 



(2). 
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The series is supposed to oontain the ascending powers of z, the 
first power occurring in either A or B. Then because the series 
is of the second order, we have 

C = mAix^ + nBx 
D = mBo? + nCx 
E = mCh? + nDx 
eta etc. etc. 

Adding these equations, and observing the value ot Sin (1), we 

have 

S'-'A'^B:^ ma^S + nx(8'-A); 
whence, 

^^ A + B-^Anx .Q. 

1 — Tw: — wa^ 

390. To find the scale of relation and the sum of a 
recurringr series of the third order. 

1st. Let a, by c, d, e, /, represent the coefficients of any six 

consecutive terms ; also represent the scale of relation by m, n, r. 

Then we have 

ma + nb + re =z d J 

mb -{-nc + rd= e > . . . . {T). 

mc + nd+ re =f ) 

These three equations will determine the values of m, n, and r. 

2d. To find the sum of the series, represent the terms by 
A, B, C, etc., and put 

8:=zA + B'\-C + D + E + F+ (1). 

Then because the series is of the third order we shall have 

D = mAa^ + nBa>^ + rCx 
E zzzmBa? + nCa^ + rDx 
F = mCa^ + nDx^ + rEx 
etc., etc., etc., etc. 

By addition, observing the value of 8 in (1), we have 

8 -- A ^ B -- C :^m3^8 + v^ {8 '- A) + rx{8 - A ^ B) ; 
whence, 

8 = ^+^+ C'-{A-JtB)rx^An3^ 

In like manner formulas may be obtained for the summation 
of recurring series of higher orders. 



<2). 
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391« To apply these f ormolafl in the summation of any given 
series, we must first determine the scfde of relation by (P) or (T), 
and then we may obtain the sum of the series from (Q) or ( F). 

If the order of the series is not known, we should first deter- 
mine the Talues of m and n by formula (P), and ascertain by 
trial whether the scale of relation thus found will apply to the 
given series. If it will not apply, we may determine the values 
of m, n, and r from formula {T), and ascertain by trial whether 
the series can be developed by the new scale thus obtained If 
this aLso fail, we must establish other formulas corresponding to 
still higher degrees, and continue the trials. 

If, however, we resort in the first place to a formula corre- 
sponding to an order higher than that of the given series, then 
one or more of the quantities, m, n, r, etc., will prove to be zero, 
and the remaining numbers may be taken as the scale of relation, 
without further triaL 

1. Find the sum of the infinite series, 1 + 4x + 10afl+ 22sfi+ 
46ic* + . . . . 

To determine the scale of relation, we have 

a = 1, J = 4, c = 10, rf = 22. 

These values substituted in formula (P), give 

m + 4n = 10, 
4m + 10n=z 22, 

from which we readily obtain 

f» = — 2, n = 3. 

These numbers form the true scale of relation ; for we perceive 
that any coefficient after the second in the given series, is equal 
to three times the first preceding coefficient, minus twice the 
second preceding coefficient. 

To find the sum of the series, we have 

A = l, B=z4x. 

Whence by formula (Q), 

^ _ 1 + 4g — 3a; _ 1 + x . 

^-I_3a; + 2a?-l-.3a:-f2^ ^^' 

We have thus obtained the sum of the series in the form of an 
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algebraic fraction. Gonyersely, the giyen series may be deyeloped 
from this fraction, either by diyision, or by the method of inde- 
terminate coefficients. Indeed, it will be found that the sum of 
every recurring series is an irreducible fraction, from which the 
series may be supposed to originate. The fraction from which 
any particular series is supposed to arise, is called the generating 
fraction for that series ; it is the same as the sum of the series. 

1. Pmd the sum oil + 3x + ia? + 7a?+ llx* + 

l + 2x 



Ans. 



l^x — a^ 



2. Pmd the sum of 1 + 6« + 12a^ + 48a^ + 120a:* + 

1 + bx 



Ans. 



l^x — 6«» 



3. Find the sum of 1 + 2a: — 5a:» + 26a;8 — 119a:* + 

1 + 6a: 



Ans. 



1 4- 4a: — 3a? 



4. Find the sum of l+4a;+3a?— 2a:8+4a:*+17a:« + 3a:«4- . • . 

1 j^Sx + a^ 



Ans. 



l^x + 2a^ — Sa^ 



6. Find the sum of 1 + 3a: + 5ai» + 7a:» + 9a:* + 

1 +x 



Ans. 



(1 ~ x)^ 



6. Find the sum of 1 + a: + 6a^+ 13a:»+ 41a:*+ 121a* + . . . . 

^''^- l-2a:-3a?* 

7. Find the sum of 1 + 4a: + 6a^+ lla:8+ 28a:*+ 63a:«+ 

(1 + xY >- 2a;» 
^^- (1 - xy - 3a^' 

8. Find-the sum of ^ + a* + -^ + lOa:^ + -^ + 91x^^ + .... 

Ans. 



2 — 4a?5 — 6a:* 



886 
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DIFFEEENTIAL METHOD. 

39!3. The Differential Method is the process of finding 
any term of a regular series^ or the sum of any number of terms^ 
by means of the successive differences of the terms. 

393. To find any term of a series by the differential 
metliod. 

If we subtract each term of a series from the next succeeding 
term^ we shall obtain a new series called the first order of dif- 
ferences. If we subtract each term of this new series from the 
succeeding term, we shall obtain a series called the second order 
of differences ; and so on. 

Let a^ b, c, d, e, . . , . represent a regular series^ the successiye 
terms being formed according to any fixed law. We will write 
the giren terms in a vertical column^ and proceed by actual sub- 
traction to form the several orders of differences^ placing each 
order in a separate column, and each difference at the right of 
the subtrahend. The result is as follows : 



Series. 


Ist order of 
differences. 


Sd order of 
differences. 


8d order of 
differences. 


4th order of 
differences. 


a 

b 

c 
d 
e 


S— a 

d—c 

e d 


c—^b+a 
d—2c+b 
e^2d+c 


d—3c+3b—a 
e^Sd+dC'-b 


e^4d+6c—U+a 



The quantity which stands first in any column, though a poly- 
nomial^ is called the first term of the order of differences which 
designates the column. 

Let di, d^ rfj, d^, etc., represent the first terms of the first, 
second, third, fourth, etc., orders of differences. Then we shall 
have 

di=z b — a, 

^2 = ^ — 2b + a, 

d^ = d — Sc -{- 3b — a, 

£?4 = 6 — 4rf + 6c — 4J + a, etc. 
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By transposition^ we may obtain^ after making the necessary 
substitutions, 

a = a, 

b =^ a + diy 

c = a + 2di+ d^, 

d = a + 3di + 3d2+ ^3, 

e = a + 4^1 + 6^2 + ^^3 + ^v ©te. 
These equations express the values of a, b, c, dy e, etc., in 
terms of a, d^ d^, d^ d^ etc. The coefficients in the second 
m*embers are formed according to the binomial formula ; and we 
observe that the coefficients of the second power of a binomial 
are f9und in the third equation, the coefficients of the third 
power in the fourth equation, and so on. 

Hence, if we let T^+i denote the {n + l)th term of the given 
series, 

U, op Cy U, O, • t t • 

then we shall have 

. - T„^i = a + ndi+-^ — ^^ + >A_ — ■ ; ■ 3 X +--W* 

And by substituting w — 1 for w, we shall obtain a formula for 
the rfi*' term of the given series ; thus, 

r,==a+(«-l)..+ <---^H"-^) ^.f in-l)(n-,)( r^^^ 

394» To find the sum of any number of terms of a 
series, by the differential method. 

Bepresent the given series by 

a, by Cy d, e, , . . , (1). 

And denote the sum of n terms by 8. We are to find the values 
ef aS in functions of 

«> ^i> ^29 ^ ^te. 

Let us assume the auxiliary series, 

0, a, a + by a + b + c, a + b + c + d, , . . . (2). 

It is obvious that the {n + l)th term of this series is the same 
as the sum of n terms of the given series (1), and may be placed 
equal to S. Now let 

d'l, d'2, d^iy d'4, etc., 
29 w 
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represent the first terms of the successiye orders of difierences in 
the auxiliary series (2). Then by formula (m), we have 

But if we proceed to form the first, second, third, etc., orders 
of differences for the auxiliary series (2), we shall have 

rf's = c — 2 J + a = d^ etc. 
Hence, by substitution in equation (w), we have 

395. The use of formulas (A) and {B) may be illustrated by 
the following examples : 

1. Find the 12th term of the series, 1, 5, 15, 35, 70, 126, etc. 
We first form the successive orders of differences, as follows : 

1, 



5, 


4, 




15, 


10, 


6, 


35, 


20, 


10, 4=, 


70, 


35, 


15, 6, 1, 


26, 


56, 


21, 6, 1, 



0. 
Thus we have n = 12, and 

a = 1, rfi = 4, dig = 6, ^ = 4, 6^4 = 1, rfg = 0. 

Substituting these values in (-4), and reducing the terms, we 
obtain 

r,2 = 1 + 44 + 330 + 660 + 330 = 1365, Ans. 

The series is broken off at the fifth term, because the subse- 
quent differences are all zero. 

2. Sum the series 1, 3, 6, 10, 15, 21, etc., to n terms. 
By forming the successive orders of differences, as in the last 
example, we shall obtain 

a = 1, dj = 2, dj = 1, ^3 = 0. 

Whence, by formula {B)^ 
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,a_^ , ^(n — 1) o , n(^-l)(n-2) 
^- « + ^ . 2 + ^-^ , 

all the terms after the third becoming zero. By performing the 

indicated operations^ adding the results^ and then factorings we 

have 

^^«(n + l)(n + a)^^^ 
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1. Find the 9th term of the series 1, 4^ 8, 13^ 19^ etc. 

Ans. 53. 

2. Find the 15th term of the series 1^ i, 10^ 20^ 35, etc. 

Ans. 680. 

3. Find the 8th and 9th terms of the series 1, 6, 21, 56, 126, 
251, 456, etc. Ans. 771 and 1231. 

4. Find the 20th term of the series 1, 8, 27, 64, 125, etc. 

Afis. 8000. 

5. Find the n^ term of the series 1, 3, 6, 10, 15, 21, etc. 

Ans. M^il). 

6. Find the n^ term of the series 1, 4, 10, 20, 35, etc. 

Ans. ^i^ + mn + 2)^ 

o 

7. Find the n^ term of the series 1, 5, 15, 35, 70, 126, etc. 

8. Sum the series 1, 3, 6, 10, 15, 21, etc., to 20 terms. 

Ana. 1540. 

• 9. Sum the series 1, 5, 14, 30, 55, 91, etc., to 12 terms. 

Ans. 2366. 

10. Sum the series 1, 4, 13, 37, 85, 166, etc., to 10 terms. 

Ans. 2755. 

11. Sum the series 1*2, 2*3, 3*4, 4*5, 5*6, etc., to /» terms. 

Ans. »(» + l)(«+A 
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12. Sum the series l^S-S, 2-3-4, 3-4*5, 4-5-6^ etc., to n 
terms. ^^ n(n + l)(yt + 2) (n + 3) 

4 

13. Sam the series 1*, 2^, 3^ 4^, 5^, etc., to n terms. 

6 

14. Sum the series 1*, 2', 3', 4^ o^ etc., to n terms. 

Ans. <^' + ">'. 
4 

15. Sum the series 1\ 2^, 3^ 4^, 5^ etc, to n terms. 

^'"•y+T+T-30- 

16. Sum the series (m + 1), 2 (w + 2), 3 (m + 3), 4 (m + 4), 
etc., to n terms. , n (w 4- 1) (1 + 2w + 3m) 

6 



INTEBPOLATION. 

396. J[nf erpolaf ion is the process of introducing between 
two consecutiye terms of a series, a term or terms which shall 
conform to the law of the series. It is of great use in the con- 
struction of mathematical tables, and in the calculations of 
Astronomy. 

397. The interpolation of terms in a series is effected by the 
differential method. In any series, the yalue of a .term which 
has n terms before it, is expressed by formula (m) (393)> which is 

If in this formula we make n a fraction, then the resulting 
equation will give the value of a term intermediate between two 
of the given terms, and related to the others by the law of the 
series. 

If w is less than unity, the intermediate term will lie between 
the first and second of the given terms ; if ti is greater than 1 
and less than 2, the intermediate term will lie between the second 
and third of the given terms ; and so on. 
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Given i 



^21 = 2.758924' 
^22 = 2.802039 
\^23 = 2.843867 
V^24 = 2.884499 
I >^25 = 2.924018 J 

1. Required the cube root of 21.75. 
We have 



to find the cube roots of inter- 
*- mediate numbers, by interpola- 
tion. 



No. 

21 


Cube Boots. 


d. 


d. 


ds 


ch 


2.758924 










22 


2.802039 


+.043115 








23 


2.843867 


+.041828 


—.001287 






24 


2.884499 


+.040632 


—.001196 


+ .000091 




25 


. 2.924018 


+.039519 


—.001113 


+ .000083 


-.000008 



Hence, to find the cube root of 21.76 by the formula, we have 
a = 2.758924, n = .75, 

d^ = + .043115, rfg = — .001287, c/j = + .000091, etc. 

These values substituted in the formula, give 

1st term, +2.758924 



2d 
3d 
4th 



(( 



ti 



i( 



Whence 



+ .032336 
+ .000121 
+ .000004 

2.791385, Am. 



If it were required to find the cube root of any number between 
22 and 23, we might put n equal to the excess of the number 
above 21, and employ the same values for d^, e^^, d^, etc., as 
before. But greater accuracy will be attained by making 22 the 
first term of the series, and employing the corresponding differ- 
ences ; in which case n will be a proper fraction. 
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Find by interpolation, 

1. The cube root of 21.325. 

2. The cube root of 21,875. 

29* 



Ans. 2.773083. 
Ans. 2.796722. 
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3. The cube root of 21.4568. Ans. 2.778785. 

4. The cube root of 22.25. Ans. 2.812613. 

5. The cabe root of 22.684. Ans. 2.830783. 

6. The cube root of 22.75. Ans. 2.833525. 

398. On three snccessiye days, the angular distances of the 
sun from the moon, as seen from the earth, were as follows : 



Ist 


day, noon. 


66° 


6' 


38". 


a 


" midnight. 


72° 


24' 


5". 


2d 


" noon. 


78° 


34' 


48". 


« 


" midnight. 


84° 


39' 


4". 


3d 


" noon. 


90° 


37' 


18". 


« 


" midnight, 


96° 


29' 


57". 



In the data here given, the interval of time is 12 hours. Hence, 
to find the distance of the sun from the moon at intermediate 
times, n must always be some fractional part of 12. Thus, for the 
distance at 3 o'clock p. h. of the first day we have 72=3^=1, and 
a = 66° 6' 38"; for the distance at 6 o'clock a. m. of the second 
day, n = ^ = J, and a = 72° 24' 5". For the distance at 
3 o'clock p, M. of the second day, » = -^ = J, and a = 78° 34' 48". 
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Find by interpolation the distance of the sun from the moon, 

1. At 3 o'clock p. M. of the first day. Ans. 67° 41' 39". 

2. At 6 o'clock p. M. of the first day. Ans. 69° 16' 13". 

3. At 9 o'clock P. M. of the first day. Ans. 70° 50' 22". 

4. At 3 o'clock A. M. of the second day. Ans. 73° 57' 23". 

5. At 6 o'clock A. M. of the second day. Ans. 75° 30' 16". 

6. At 9 o'clock*A. M. of the second day. Ans. 77° 2' 44". 

7. At 3 o'clock p. M. of the second day. Ans. 80° 6' 27". 

8. At 6 o'clock p. M. of the second day. Ans. 81° 37' 43". 

9. At 9 o'clock p. M. of the second day. Ans. 83° . 8' 35". 
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LOGAEITHMS. 

399. The Logarithm of a number is the exponent of the 

power to which a certain other number, called the base, must be 

raised, in order to produce the given number. Thus, in the 

expression, 

if = J, 

the exponent, Xy is the logarithm of d to the base a. 

An equation in this form is called an exponential equation. 
' If in this equation we suppose a to be constant, while b is made 
equal to every possible positive number in succession, the cor- 
responding values of x will constitute a system of logarithms ; 
hence, 

400. A System of JLogarithma consists of the logarithms 
of all possible positive numbers, according to a given base. 

Any positive number except unity may be made the base of a 
system of logarithms. For, by giving to x suitable values, the 
equation (f-=.b 

will be true for all possible positive values of J, provided a is any 
positive number except 1. Hence, 

There may be an indefinite number of systems of logarithms. 

401« If in the equation a* = J, we suppose b to represent a 
perfect power of a, then x will be some integer ; but if b is not a 
perfect power of a, then x will be ^me fraction. Hence, 

A logarithm may consist of an integral and a fractional part. 

402. The Index or Characteristic of a logarithm is the 
integral part ; and 

403. The Mantissa is the fractional part of a logarithm. 
For illustration, let 5 be the base of a system ; then we have 

52^ = 6* = ^6» = 37.384. • 

Thus, the logarithm of 37.384 to the base 5, is 2.25 ; the index 
of this logarithm is 2, and the mantissa .25. 

PROPERTIES OF LOGARITHMS. 

404. There are certain properties of logarithms, which are 
common to all systems. To investigate these general properties. 
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let a denote the base of the system ; also^ designate the logarithm 
of a quantity by log., written before the quantity. 

1. In any system, the logarithm of unity is 0. 
For, let a* = 1 ; then x = log. 1. 

But by 88, if a* = 1, then x = 0, or log. 1 = 0. 

2. In any system, the logarithm of the base is unity. 
For, let it=za; then x = log. a. 

But by 88, if a" = a, then x = 1, or log. a = 1. 

3. The logarithm of the product of two numbers is equal to tlte 
sum of the logarithms of the two numbers. 

For, let m-=z(fy n^^a"; 

then X = log. m, z = log. n. 

But by multiplication, mn = a^' ; 
therefore, log. mn z=zx + z = log. m + log. n. 

4. j[7ie logarithm of a quotient is equal to the logarithm of the 
dividend diminished by the logarithm of the divisor. 

For, let m = a*, w == a* } 

then x = log. m, « = log. n. 

By division, — = o*^ J 

therefore, log. ( — j = a? — j8^ i= log. m — log. n. 

5. The logarithm of any power of a number is equal to the 
logarithm of the number multiplied by the exponent of the power. 

For, let m = «• ; then x ss log. m. 

By involution, wi' == a" ; 

therefore, log. (m**) =rx:=r log. m. 

6. The logarithm of any root of a number is equai to ths 
logarithm of the number divided by the index of the root. 

For, let m = a* ; then x = log. m. 

m 

By evolution, Vrn = a' ; 

r/— X log. m 
therefore, log. v w = - = -^ — 



J 



LOGABITHHS. 345 

405. The principal use of logarithms is to facilitate arith- 
metical computations. By means of the last four properties, we 
may avoid the ordinary labor of multiplication, division, involu- 
tion, and evolution, — these operations being practically performed 
by addition and subtraction. 

For this purpose, it is necessary to have a Table of Logarithms, 
so constructed that we may readily obtain the logarithm of any 
number within a certain limit, or the number corresponding to 
any logarithm, to a certain degree of approximation. The com- 
mon tables give the logarithms of numbers from 1 to 10,000, 
correct to 6 decimal places. 

With a table of this kind, we have the following obvious 



BULES FOB COMPUTATION. 

I. To multiply one number by another : — Find the logarithms 
of the given numbers; add these logarithms, and find the number 
corresponding to the sum ; this number will be the required product 
(404, 3). 

II. To divide one number by another : — Find the logarithms 
of the given numbers ; subtract the logarithm of the divisor from 
tlicU of the dividend, and find the number corresponding to the 
difference; this number will be the required quotient (404, 4). 

III. To raise a number to any power : — Find the logarithm of 
the given number, and multiply it by the exponent of the required 
power; then find the number corresponding to this product, and 
it will be the required power (404, 5). 

IV. To extract any root of a number :—Find the logarithm of 
the given number, and divide it by the index of the root; then find 
the number corresponding to the quotient, and it will be the 
required root (404, 6). 

Note. — ^From 400, we infer that negcUive numbers, as such, have no 
logarithms. But we may always employ logaritliins in calculations where 
negative factors axe involved, by disregarding signs until the absolute value 
of the product or quotient is obtained. 



346 8EBIES. 



THE COMMON SYSTEM. 

406« Any positiye number greater than unity may be made 
the base of a system of logarithms. But the only base used in 
practical calculations^ is 10. The logarithms of numbers accord- 
ing to this base, form what is called the Common System of 
logarithms. 

NoTB. — ^Besidefl the oommon system, there is another, called the Na/perian 
SytUm, from Baron Napier, the inventor of logarithms. This system is of 
great theoretical importance, and its relation to other systems will be shown 
in a subsequent article. 

407. The peculiarities which constitute the advantage of the 
cofnmon system, may be shown as follows: 
Since 10 is the base of the system, 

log. 1 = log. 10® = 0, 
log. 10 = log. 10* = 1, 
log. 100 = log. 10« = 2, 
log. 1000 = log. 10» = 3, 
log. 10000 = log. 10* = 4. 
Now it is obyious that if any number, integral or mixed, be 
greater than 1 and less than 10, its logarithm will be entirely 
decimal ; if the number be greater than 10 and less than 100, its 
logarithm will be 1 plus a decimal ; if greater than 100 and less 
than 1000, its logarithm will be 2 plus a decimal ; and so on. 
Hence, 

1. The common logarithm of an integer or a mixed number wiU 
have a positive index, equal to tlie number of integral places 
minus 1. . 

Again, since the logarithm of 10 is 1, it follows that if a num- 
ber be divided by 10 continually, the logarithm will be dimin- 
ished by 1 continually, the decimal part remaining unchanged. 

Let us take any number, as 5468, and denote the mantissa, or 
the decimal part of its logarithm, by m. Then we have 

(1.) (2). 

log. 5468 = 3+m, log. .5468 = — l+m, 

log. 546.8 = 2 + m, log. .05468 = — 2 + m, 

log. 54.68 = 1+m, log. .005468 = — 3+w, 

log. 5.468 = 0+w; log. .0005468 = — 4+m; 
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in which 3, 2, 1, 0, are the indices of the logarithms in column 
(1) ; and — 1, —2,-3, — 4, are the indices of the logarithms 
in column (2) ; and m, the decimal part in all. Hence, 

2. If two numbers consist of the sarnefigureSy and differ only in 
the position of the decimal pointy their logarithms, in the common 
system, will have the same decimal part, and will differ 07ily in tlie 
values of the i?idex. 

3. The common logarithm of a decimal fraction will have a 
negative index ; if the significant part of the decimal commence at 
the tenths place, the index of the logarithm will be —1; but if 
ciphers occur between the decimal point and the first significant 
figure, the index of the logarithm will be numerically equal to the 
number of intervening ciphers, plus 1. 

408* In writing, the logarithm of a decimal fraction, the 
minus sign is placed before the index, and the decimal or positiye 
part annexed without any intervening sign. Thus, from a table 
of logarithms, we have 

log. .0546 = — 2.737193, 

in which the minus sign must be understood as affecting only 
the index 2. This logarithm is therefore equivalent to 

- 2 + .737193. 



COMPUTATION OF LOGARITHMS. 

409. Since the rules for computing by logarithms require a 
logarithmic table, it becomes necessary to calculate the logarithms 
of an extended series of numbers. The only practical method of 
doing this, is by means of a converging series, expressing the 
value of any logarithm in known terms. 

Let us resume the fundamental equation, 

«'=& (1), 

in which x is the logarithm of b, to the base a. 

Assume a=:l + c, b = l +p; 

then {i + cyz=l+p , . . (2), 

where x is the logarithm of 1 + jp, to the base a. 



X 
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BaLse both members of equation (2) to the n^ power ; then 

(l + c)"=(l+i>)-. 

Expanding both members by the Binomial Theorem^ we haye 

^ . fia; inx — 1) ^ , nx (nx — 1) (nx — 2) , 
l + fixc + —^ -V + — ^-y— r — s ^ + 

nx{nX'^l){nx—2){nx—S), , -• , , ^(^—1)^ , 

n(n-l)(»--2) n(n-l)(n-2)(7i-3) 

2 . 3 -^"^ 2.3.4^ "*"•••• 

Dropping unity from both members, and dividing by n, we obtain 
^/ ^ (iM?--l) ^ ^ (na?~l)(na?--2) ^ ^ (na?-l)(«g-2)(ng- 8)^ ^ \ 

This equation is true for all values otn; it will be true^ there- 
fore, when n = 0. Making this supposition, the equation 
reduces to 

r 2^3 4"'"5""-7-^~2""^3"""T+6"'" ^ ^' 

From (2) we perceive that 

a? = log. (1 +j)). 
Hence, if we place 

(3) will become 

Thus, we have obtained an expression for the logarithm of the 
number 1 +^, or b. This expression consists of two factors; 
namely, the quantity in the parenthesis, which depends upon the 
number, and the quantity M, which depends upon the base of 
the system. 

410« It is obvious that if a definite value be given to if, the 
base of the system will be fixed and determinate. Baron Napier 
arbitrarily assumed if = 1. 

To determine the base of the system, according to this assump- 
tion, substitute 1 for Jf in equation (4) (409). We shall have, 
after reducing. 
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Putting 5 = 1, we shall haye 

- c» c» c* c5 

Eererting the series, we obtain 

^ -^ "^ 1. 2 "^ 1:2:3 + 1.2.3. 4 + 1.2. 3^:1:6 + •••' 
Bestoring the yalne of s, 

_ J_ 1 1 1 

^"" "*"1.2"*" 1.2.3 + 1.2.3.4 + 1.2.3.4.5 + 

By taking 12 terms of this series^ we find the approximate 
value of c to be 1.7182818. But the base is 1 + c ; hence, adding 
1 to the result, and representing the sum by e, the usual symbol 
for the Naperian base, we have 

e = 2.7182818, 
which is the base of the Naperian system. 

411. In ihe general formula, (-4), the quantity M, which 
depends upon the base, is called the modulus of the system. 
Thus, the modulus of the Naperian system is unity. 

Let us here designate Naperian logarithms by nap. log., and 
logarithms in any other system by log., simply. Then, 

log. (1 +p)==M.(p-^ + f-^ + f ) . . . (1), 

nap.log. (l+i>) = (j,-^ + ^-^ + ^- ....) . . . (2). 
Dividing (1) by (2), we obtain 

^ = ^^g7(i-+y) ^^^^ 

or, I nap. log. (1+ i>) } X i/ = log. (1 + jp) . . . (4), 

where M is the modulus of the system in which the logarithm of 
the second member is taken. Hence, 

The modulus of any particular system is the constant multiplier 
which will convert Naperian logarithms into the logarithms of that 
system. 

30 
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412. Formula {A) cian be employed for the compntation of 
logarithms^ only when p is less than unity; for if j? be greater 
than unity, the series will not converge. The series, however, 
may be transformed into another which will always converge. 

Let us resume the logarithmic series, 

\og.{l+p) = Af(p-^ + ^-^ + ^-....) . . . (1). 

If in this equation we substitute —^ for^, we shall have 

log.(l-p) = M(-p-^-^-^-^ -....) . . . (2). 

If we subtract (2) from (1), observing that 

log. (l+p)- log. (1 -p) = log. (\±^), 
we shall have 

log.(^^|) = .if(^-Hf+| + f + ....). . . (.3). 

Assume p = ^ — —r ; whence, = — - = • 

-^ 2z + 1 1 —p z 

These values substituted in (3), give 

. . . (4). 

The first member of this equation is equivalent to log. {z + 1) 
— log. z. Hence, finally, we have 

log. (z + l) — log. z = 

^^W+i'^3{2z+iy'^6{2z+lY'^7{2z+iy'^'''') ' * " ^^^* 

This series is rapidly converging, and may be employed with 
facility for the computation of logarithms, in the Naperian, or 
in the common system. 

To commence the construction of a table, first make z=l; 
then log. i2?=0, and the formula will give the value of log. (z + l), 
or log. 2. Next make « = 2 ; then the formula will give the 
value of log. {z + 1), or log. 3 ; and so on. 
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It is necessary to compute directly the logarithms of prime 
nnmbers only, in any system; for, according to 404, 3, the 
logarithm of any composite number may be obtained, by adding 
the logarithms of its factors. 

413. We will now illustrate the use of formula {B), by com- 
puting the Naperian logarithms of 2, 4, 5, and 10. 

Make £; = 1 ; then nap. log. 2; = 0, and nap. log. (2; -h 1) = 
nap. log. 2 ; and since Jf = 1, we have 

nap. log.2 = 2(ji3 + 3!-, + -L + ^, + . .. .). 

Form a column of numbers consisting of f and the quotients 
obtained by dividing | by 3*, or 9, continually ; then dividing 
the first of these numbers by 1, the second by 3, the third by 5, 
and so on, we obtain the several terms of the series. 



3 


2 






9 


0.66666666- 


r- 1 = 


.66666666 


9 


7407407 - 


r 3 = 


2469136 


9 


823046 -i 


1- 6 = 


164609 


9 


91449 -i 


r 7 = 


13064 


9 


10161 -1 


h 9 = 


1129 


9 


1129-^ 


rll = 


103 


9 


126 H 


-13 = 


10 




14 H 


rl5 = 


1 






.69314718mnap.log. 2. 








2 



Whence, by 404, 6, 1.38629436 = nap. log. 4. 

Next make « = 4 ; then « + 1 = 6 ; and 2a? + 1 = 9 ; and we 
have 

nap.log.6 = 2(jL + -2_ + _i^ + ^^ + ....J + nap. log. 4. 



9 

9« = R1 

81 

81 



0.22222222 -f- 1 = .22222222 

274348 7^ 3 = 91449 

8387 -^ 5 = 677 

42-^7 = 6 



.22314354, sum of series. 
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To ^2314354 

Add up. log. 4 = 1.38629436 

1.60943790 = nap. log. 5. 
Add nap. log. 2 = . 69314718 

Whence, by 404, 3, 2.30258508 = nap. log. 10. 

414. In order to compute common logarithms, we most first 
determine the modnlna of the common Bystem. From 41JL, 
equation (3), we hare 

nap. log. (1 +py 

In this equation, make 1 +pz=.10, the base of the common 
qrstenL Then we have 

^ "^ 2.30258508 ^ •*^**^^^ * ' • (^)' 

the yalne of the modulus sought Substituting this value in 

formula (B), we obtain the formula for common logarithms, as 

follows : 

log. (« + 1) — log. z = 

.86858896(^j^-p^+gp^;;p^3+g^^ 

To apply this formula, assume is = 10 ; then 

log. « = 1, and 2« + 1 = 21. 



21 

2V = 441 

441 



.86858896 

.04136138 -T- 1 = .04136138 

9379 -f- 3 = 3126 

21 -V- 5 = 4 



.04139268, sum of series* 
Add log. z = LO 

log. (« + 1) = 1.04139268 = log. 11. 

If we make z = 99, then « + 1 = 100, and 2« + 1 = 199. 
In this case, the formula will give the logarithm of 99 ; for, 
log. {z + 1) — log. z = log. 100 — log. 99 = 2 — log. 99. 



199 
199» = 39601 



.86858896 

436477 -4- 1 = .00436477 



.00436481, sum of series. 
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Therefore, we have 



whence 
Subtract 



2 — log. 99 = .00486481 

1.99563519 =i log. 99. 
log. 11 = 1.04139268 
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.95424251 = log. 9. 
And by 404, 6, ^ log. 9 = .47712126 = log. 3. 

Thus we may compute logarithms with great facility, using 
the formula for prime numbers only. 
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415* The following contracted tables will illustrate the prin- 
ciples of logarithms, and the methods of using the larger tables. 
The logarithms are taken in the common system. 

TABLE I. — LOOARTTHMB FROM 1 TO 100. 



N. 


Loo. 


N. 
26 


Lo«. 


N. 
51 


Loa. 


N. 


Loo. 


1 


0000000 


1 414078 


1 707570 


76 


1 880814 


2 


301030 


27 


1 431364 


62 


1 716003 


77 


1 886401 


8 


477121 


28 


1 447158 


53 


1 724276 


78 


1 802006 


4 


602060 


29 


1 462308 


54 


1 782804 


70 


1 807627 


5 


698070 


80 


1 477121 


55 


1 740368 


80 


1 003000 


6 


778151 


31 


1 401362 


56 


1 748188 


81 


1 908485 


7 


845098 


32 


1 506150 


57 


1 755875 


82 


1 013814 


8 


903090 


33 


1 518514 


58 


1 768428 


88 


1 919078 


9 


954243 


34 


1 531470 


50 


1 770862 


84 


1 024270 


10 


1 000000 


35 


1 544068 


60 


1 778151 


85 


1 929410 


11 


1 041398 


36 


1 666303 


61 


1 786330 


86 


1 034498 


12 


1 079181 


37 


1 668302 


62 


1 702302 


87 


1 989510 


13 


1 113948 


38 


1 579784 


68 


1 700341 


88 


1 944483 


14 


1 146128 


39 


1 691065 


64 


1 806180 


80 


1 949890 


15 


1 176091 


40 


1 602060 


65 


1 812018 


00 


1 054243 


16 


1 204120 


41 


1 612784 


66 


1 810544 


01 


1 969041 


17 


1 230449 


42 


1 623240 


67 


1 826075 


02 


1 968788 


18 


1 265273 


43 


1 688468 


68 


1 832600 


08 


1 968488 


19 


1 278754 


44 


1 643453 


60 


1 888840 


04 


1 973128 


20 


1 301030 


45 


1 653213 


70 


1 845008 


05 


1 077724 


21 


1 322210 


46 


1 662758 


71 


1 861258 


06 


1 082271 


22 


1 342423 


47 


1 6r2008 


73 


1 867838 


07 


1 986772 


23 


1 361728 


48 


1 681241 


78 


1 868323 


08 


1 001226 


24 


1 380211 


49 


1 600106 


74 


1 860232 


00 


1 096635 


25 


1 897940 


50 


1 608070 


75 


1 876061 


100 


2 000000 
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TABLE IL— liOGASITHlfS OF LeADIKG NniBBBS WITHOUT IlTDICES. 



N. 



100 
101 
102 
108 
104 
105 
106 



0. 



000000 
004321 
006600 
012887 
017088 
021180 
025806 



107' 029384 



108! 
lOOj 



083424 
087426 



1. 



000484 
004750 
009026 
018259 
017451 
021608 
025715 
029789 
088826 
037825 



2. 



000868 
005181 



8. 



001301 
005609 



4. 



009451 00987G 
018680 014100 
017868018284 



022016 
026125 
030195 
084227 
088228 



022428 
026588 
080600 
084628 
088620 



001734 
006038 
010300 
014521 
018700 
022841 
026942 
081004 
,035029 
039017 



5. 



002166 
006466 
010724 
014940 
019116 
028252 
027850 
031408 
035430 
039414 



6. 



002598 
006894 
011147 
015860 
019582 
023664 
027757 
031812 
035880 
089811 



7. 



003029 
007321 
011570 
015779 
019947 
024075 
028164 
032216 
036230 
040207 



8. 



008461 
007748 
011993 
016197 
020861 
024486 
028571 
082619 
036629 
040602 



9. 



003891 
008174 
012415 
016616 
020775 
024896 
028978 
033021 
037028 
040998 



In table I, the logarithms are giyen^ with indices^ in columns 
Adjacent to the columns of numbers. 

In table IT, each figure in the row at the top may be annexed 
to any number in the left-hand column ; the logarithm of any 
number thus formed, will be found at the right of the number 
in the column, and beneath the figure at the top. The proper 
index may be supplied in any case, according to the theory of 
logarithms. Thus, to obtain the logarithm of 1023 by this table, 
we find 102 in the left-hand column, and 3 in the top row ; and 
opposite the former, and under the latter, we find 009876, the 
decimal part of the logarithm. Hence, log. 1023 = 3.009876. 

In like manner, we find 

log. 104,2 = 2.017868, log. .1078 = — 1,032619, 

Case I, 

416. To find the logarithms of numbers when their 
fiictors are in the tables. 

Rule. — Take out from the tables the hgarithms of the factors^ 
and find their sum j the result will ie the logarithm required. 



1. Required the logarithm of 533.5. 

Observe that 533.5 = 106.7 x 6 ; 

log. 106.7 = 2.028164 
log, 5 = .698970 

2.727134, Ans. 
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2. Find 

3. Find 

4. Find 

5. Find 

6. Find 

7. Find 

8. Find 

9. Find 
10. Find 



the logarithm of 520. 
the logarithm of 146. 
the logai-ithm of 1450. 
the logarithm of 1.59. 
the logarithm of 2034. 
the logarithm of 76.37. 
the logarithm of .0201. 
the logarithm of .3822. 
the logarithm of 16995. 



Ans. 2.716003. 

Arts. 2.164353. 

Ans. 3.161368. 
Ans. .201397. 

Ans. 3.308351. 

Ans. 1.882923. 
Ans. —2.303196. 
Ans. —1.582290. 

Ans. 4.230321. 



Gasb II. 

417. To find the l<^raritlims of numbers intermediate 
between the numbers in the table. 

Since the logarithms in any table form a regular series^ we 
may interpolate for intermediate logarithms^ by the usnal formula, 

, n(n — 1) , 
= a + nd^ H — ^-^ — ' a^ + . . . . 



T. 



i+» 



If the logarithm of the given number is intermediate between 
the logarithms of table I, it will be necessary to take account of 
the first and second differences. But we may always employ 
table II; where the logarithms increase so slowly that two terms 
of the formula will give the result accurately. 

The first four figures of a number, counting from the left, will 
be called the four superior figures ; and the others, the inferior 
figures. To apply the formula, a will represent that logarithm 
of the table which is next less than the required logarithm, and 
n will denote the inferior figures of the number, regarded as a 
decimal. 

Hence thcxfoUowing 

BuLE. — Take out the logarithm of the four superior figures of 
the given number ; multiply the difference between this logarithm 
and the next greater in the table, by the inferior places of the num- 
bery considered as a decimal ; add this product to the former result^ 
and the sum will be the logarithm required. 
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BXAMrZBS JFOB ^MACTICE, 

1. Bequired the logarithm of 1.07632. 

This number is found between 1.076 and 1.077 ; henoe 

log. 1.077 — log. 1.076 = 404 = d^. 

And patting n = .32, we have 

a = log. 1.076 = ,031812 
nrfj = 404 X .32 = 129 

.03^941, Ans. 

2. Beqnired the logarithm of 3579. 

In order to make use of table II, we proceed thns : 

3579 -r- 35 = 102.25714+. 
log. 102.3 — log. 102.2 =: 425 ; « = .5714. 

log. 102.2 = 2.009451 
425 X -5714 = 2 43 

2.009694 = log. 102.25714 
log. 35 = 1. 544068 

3.553762, Ans. 

KoTB.— It is obTimiB that if we divide any number by its fizst two figures, 
we may obtain the logaiithm of the quotient by means of table II ; then we 
may add the logarithm of the divisor, found by table I, to obtain the re- 
quired logarithm. 

3. Find the logarithm of 10724. Ans. 4.030357. 

4. Find the logarithm of 10.8539. Ans. 1.035586. 

5. Find the logarithm of 1021.56. Ana. 3.009264^ 

6. Find the logarithm of 568.53. Am. 2.754753. 

7. Find tiie logarithm of 3244. Ans. 3.511081. 

8. Fmd the logarithm of 365.25638. Ans. 2.562598. 

9. Find the logarithm of 132.57. Ans. 2.122445. 

10. Find the logarithm of 567521. Ans. 5.753982. 

11. Find the logarithm of 258.7. Ans. 2.412796. 

12. Find the logarithm of 1.296. Ans. .112606. 

13. Find the logarithm of 5784. Ans. 3.76222& 
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EXPOKENTTIAL EQUATIONS. 

418. We will now illustrate the application of logarithms to 
the solution of exponential equations. 

1. Giyen 2"" = 10 to find the value of x. 

Suppose the logaritiims of both members of the equation to be 
taken. We shall haye, by 404, 5, 

X log. 2 = log. 10 ; 

^ = ^ = J0I030 = ^-3^^^+' ^«* 

1 3 

2. Giyen 5* = ^ to find the yalue of x. 

Baising both members of the giyen equation to the power 
denoted by x, we haye 

Qx 

7* 
Taking tf e logarithms of both members^ 

log. 25 = a? log. 3 — X log. 7 ; whence, 

log. 25 _ 1.397940 379899+ Ans. 

^ - log. 3 - log. 7 ~ .477121 - .845098 - "" ^•7y»y»+, ^ns. 

3. Giyen r«* = l^c to find the yalue of x. 

Taking the logarithms of both members of the equation, we 
haye, by 404, 3 and 5, ^ 

log. r + X log. a = 2 log. h 4- log. c ; 

V 2 loff. b + loff. c — log. r 
whence, x= — 2 — ^ ^ 2 — . 

log. a 

BXAMPZJES JFOM BMACTICB. 

1. Giyen 7* = 8 to find the yalue of x. Arts, x = 1.06862. 

2. Giyen 5* = 30 to find the yalue of x, Ans. x = .94640. 

3. Giyen a* = J*c* to find the yalue of x. 

2 log. J + 3 log. c 

Am. xz=. ^ , 2 — 

log. a 
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4. Qiyen — 5 — = m to find the value of %. 

a 

^^ ^_lo frM + g) — log.g 

log. ^ 

i 

5. Oiyen fiMf = £ to find the yalne of x, 

J loff. a 

Ans. X = = ^ ° , • 

log. 6 — log. m 

6. Oiyen tf» + J» = 2c and tf" — i"' = 2d to find x and y. 

^,«. ^^ log-(g + ^) ^ log, (g - d) 

log. a ' ^ log. b 

1 

7. Given 729* = 3 to find the value of x. Ans. 2; = 6. 

8. Given 216^ = 12 to find the value of x. 

J 9 log. 6 

log. 12 

9. Given 616' = 12 to find the value of 2;. • 

. 3 log. 43 . • 

Ans. X = , ^^^ + 3. 
log. 12 

240 (17^1 
10. Given 6* = — 71" *^ *^^ *^® ^*^^® ^' ^* 

. _ 18 log. 24 + log. 17 — 3 log. 71 
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SECTION VIII. 
PEOPEETIES OF EQUATIOI^S. 

419* Let us assume the equation^ 

af» + Aar-^ + Baf^^ + ... . +Tx+U=:0 . . . (1), 

in which m, the exponent of the degree, is a positive whole num- 
ber. An equation not given in this form may be readily reduced 
to it, by transposing all the terms to the first member, arrang- 
ing them according lo the descending powers of the unknown 
quantity, and dividing through by the coefficient of the first term. 

In this equation the coefficients. A, B, (7, etc., may denote 
any quantities whatever ; that is, they may be positive or nega- 
tive, entire or fractional, rational or irrational, real or imaginary. 

The term U may be regarded as the coefficient of aP, and is 
called the absolute term of the equation. 

420. If the equation contains all the entire powers of Xj from 
the m^ down to the zero power, it is said to be complete ; if 
some of the intermediate powers of x are wanting, it is said to be 
incomplete. An incomplete equation may be made to take the 
form of a complete equation, by writing the absent powers of z 
with ± for their coefficient. 

421. It has been shown (305) that any expression of the 
second degree containing but one unknown quantity, may be 
resolved into two binomial factors of the first degree with respect 
to the unknown quantity, — the first term in each factor being 
this quantity, and the second term one of the roots (with its 
sign changed) of the equation which results from placing the 
expression equal to zero. We therefore conclude that every 
expression of the second degree may be regarded as the product 
of two binomial factors of the first degree. 

So likewise the product of three binomial factors of the first 
degree with respect to any unknown quantity, will be an expres- 
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don of the third degree^ and we readily see that by yarying the 
Talues of the second terms of the factors, corresponding changes 
are produced in the product. Thns, 

(x — 2) (a; + 3) (« — 5) =«^— 4aj8 - 11a; + 30, 

(z^2^ V^) (a: - 2 — V^^) (a: + 1) = a^ — i^ + ^, 
(a: + 1 - V^^) (a; + 1 + V^^) (a; - 2 ) = a;* - 8. 

From these and other examples^ which may be increased at 
pleasure, it is inferred that any expression of the third degree in 
respect to Xy would result from the multiplication of some three 
factors of the first degree in respect to x. And in general, any 
expression of the m*^ degree with respect to its unknown quan- 
tity, may be regarded as the result of the. multiplication of m 
binomial factors of the first degree with respect to that unknown 
quantity. 

423. If then we have any equation formed by placing a poly- 
nomial containing the unknown quantity, x, equal to zero^ and 
we discover the binomial factor x — a in the first member, it is 
evident that a is a root of the equation ; for, when substituted 
for Xy it reduces the first member to zero. 

If we can succeed, therefore, in discovering the binomial fac- 
tors of the first degree, of the first member of any equation, the 
roots of the equation will be the values of x obtained by placing 
each of these factors, successively, equal to zero. 

This reverse process of resolving the first member of an equa- 
tion into its binomial factors of the first degree, is one the diffi- 
culty of which increases rapidly with the degree of the equation ; 
and algebraists have as yet discovered no general method for 
effecting this resolution for those of a higher degree than the 
fourth. By special processes, however, the roots of numerical 
equations may be found exactly, when commensurable, and to 
any degree of approximation when not commensurable. 

423. In order to discover the law which governs the product 
of any number of binomial factors, such as a; + «, a; + J, a; + (?, 
etc., having the first term the same in all, and the second terms 
diflterent, let us first obtain the product of several of these fac- 
tors by actual multiplication ; thus. 
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X +a 

X +* 



X +c 



X +«} ) __ 



[ =(a:+a)(a;+*) 



X 4-c? 






oj+a^ 



= (5:+a)(a:+J)(a:+e:) 



a:* + a 


a^-i-ab 


a^+abc 


x+abcd'^ 


^ +1 


+ ac 


+ abd 




■\-c 


+ bc 


-\-acd 


> 


+d 


+ ad 


+bcd 


I 


+ M 






+ cd 




J 



= {x+a)(x-\-h) {x+c) {x+d). 



From an examination of these seyeral products we arrive at 
the following conclusions : 

1. The exponent of the leading letter^ x, in the first term is 
equal to the number of binomial factors used, and this exponent 
decreases by 1, from term to term, towards the right, until we 
come to the last term, in which it is 0. 

2. The coeflScient of the first term is 1 ; that of the second, 
the sum of the second terms of the binomial factors : that of the 
third, the sum of all the different products formed by multiply- 
ing, two and two, the second terms of the binomial factors ; that 
of the fourth, the sum of all the different products formed by 
multiplying, three and three, the second terms of the binomial 
factors ; the last, or absolute term, is the continued product of 
the second terms of the binomial factors. 

It might be inferred from what has been now shown, that 
however great the number of binomial factors employed, the 
coefficient of that term of the arranged product which has n 
terms before it, would be the sum of all the different products 
that can be formed by multiplying the second terms of the bino- 
mial factors in sets of n and n. 

Assuming that the abore law holds true for a number m, of 
binomial factors, if it can be proved that it still governs the 
31 
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product when an additional factor is introduced^ it will be estab- 
lished in all its generality. Let ns suppose then^ that in the 
product, 

of the m binomial £Eu;tors x + a, x + b, . . . ,, x + p, the law of 
formation is the same as that found by the actual multiplication 
of seyeral factors. 

Introducing the factor a; + ;, we haye 
sf^+A3r^^+Bxr^+ .... Jfo*-*+*+JVaf^+ Ji;+ U 






a?"-»+^+ +U 

+ Tq 



x . 
■VTJq. 



+Aq +Mq 

It is at once seen that, in this new product, the law in respect 
to the exponents is unbroken. As to the coefOicients^ that of the 
first term is still 1 ; that of the second term is ^ + g ; ^^^d since 
A is the sum of the second terms of the m factors in the assumed 
product, A + q IB the sum of the second terms of the m + 1 
binomials. The coefficient of the third term is ^ + Aq. Now 
B is, by hypothesis, the sum of the different products of the 
second terms, of the m binomial factors, taken two and two in a 
set, and Aq is all of the additional products to which the introduc- 
tion of the factor x + q can give rise ; hence B 4- Aq is the sum 
of all the products, taken two and two, of the second terms of 
the m + 1 binomials. And the coejBScient of the general term, 
that is the coefficient of the term haying n terms before it, is 
JV+ Mq ; but N is the sum of all the products of the second 
terms, taken n and n, of the binomial factors which enter th6 
assumed product ; and because M is the sum of all the products 
of these second terms, taken n — 1 and n — 1, Mq is the sum of 
all the additional products, taken n and n, which can result from 
the introduction of the factor x + q. 

Now we haye proyed, by actual multiplication, that the law 
of the product, assumed to be true for m binomial factors, is true 
for -four factors ; hence by what has just been demonstrated, it 
is true for fiye factors ; and being true for fiye, it must be true 
for six, and so on. Therefore the law is general. 
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424. The compositioB of the coefELcients of an equation 
in terms of its roots. 

Let us take any number, m, of binomial factors, as x—a, x-^b, 
X — Cy . . . .X — py X — q, in which a, b, c, etc., may represent 
any quantities whatever. Now it has been shown (423) that 
the continued product of these factors, arranged according to the 
descending powers of x, will be of the form 

of + Axr^ + Bar-^ 4- Car-^ + 8a^+ Tx+ U, 

in which 

A = —a — J — c — ... . ^p — q, 

B =+ ab + ac + be + .... + op + aq, 

(7 = — abc — bed — acd — .... — abp — abq^ 



S =: ± abed . . . pqm-2 i ^cde . . . .pq^^i ± etc. 
T = zf ahede . . . >pqm-\ =F icdef . . . .pqm^i ^ etc. 
U=z ± abed , . . .pq^u 

the subscript expressions ;» — 2, f9t — 1, m, denoting the num*» 
ber of literal factors which enter each term. 
We thus have the identical equation, 

{x-^a){x^b){x^e)....){af'-\-Aaf^^ + Baf^''^+....) . . 

(x—p) (x^q) \-\^Sa^+ Tx+ U j" * ' ' ^'' 

and placing the second member of this equal to zero we have 

of" + Ax''-^ + B^tf"-^ + Sofi+Tx+U^zQ . . . (2), 

an equation of which a^ by c, . , . . p, q are the roots, since these 
values substituted in succession for x in the first member of (1) 
will cause this first member, and consequently the second mem- 
ber, to vanish. The relations between the coeflScients Ay B, (7, 
etc., and the roots of (2), may be expressed as follows : 

1. The eoeffieient of the seeond term is equal to the algebraie sum 
of all the roots, with the signs changed, 

2. The coefficient of the third term is equal to the algebraic sum 
of all the different products formed by multiplying the roots, two 
and two. 

3. The coefficient of the fourth term is equal to the algebraic 
sum of all the different products formed by multiplying the^ roots, 
with their sights changed, three and three. 
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4. And in general : The coefficient of the term having n terms 
before ity is equal to the algebraic sum of aU the different products 
formed by multiplying the roots, with their signs changed if n is 
odd, n and n. Hence, 

5. The absolute term is the continued product of all the roots, 
with their signs changed when the number denoting the degree of 
^lie equation is odd. 

This principle will enable ns to constract an equation^ the 
roots of which are given^ and the composition of (1) shows that 
(2) thns constracted can have no other than the assumed roots ; 
for there is no value of x differing from one of these roots which 
can cause the first member of (1) to disappear. 

From this we might conclude that every equation involying 
but one unknown quantity^ has as many roots as. there are units 
in the exponent of its degree, and can have no more. 

425. Admitting that every equation containing but one un- 
known quantity has at least one root, real or imaginary, it may 
be demonstrated that the first member of every equation of the 
m^ degree, the second member being zero, may be regarded as 
the continued product of m binomial factors of the first degree 
with respect to the unknown quantity. We will first prove that. 

If 9k is a root of an equation of the form 

of* + Aar-^ + Baf'-'^ + Tx+U=0 . . . (1), 

its first member can be exactly divided by x — a. 

For if we apply the rule for division, we shall finally arrive at 
a remainder which will not contain a;; since for each quotient 
term obtained, the new dividend is at least one degree lower than 
that which precedes. 

Calling the entire quotient Q and the remainder R, we shall 
have 

af'+Aaf^^ + B7f'-^+....Tx+U=:Q{x-'a) + E . . . (2), 

an identical equation. The substitution of a for x causes the 
first member, and also the first term in the second member of 
this equation, to vanish. Hence, 5 = 0. But by hypothesis R 
does not contain a; ; it is therefore equal to zero whatever value 
be attributed to x, and the division is exact. 
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4S6. The converse of the last principle is also true ; that is^ 

If the first member of the equation y 

or + Aaf-'^ + 5af*-2 + Jfe + [7 = 0, 

can he exactly divided by x — a, then a is a root of the equation. 

For, suppose the division performed, and that the quotient is 
Q; then ^e shall have the identical equation, 

or + At^-^ + Bt^"'^ + Ta; + i7= § (a; — a). 

But x=.a causes the second member of this equation to van- 
ish ; it will therefore cause the first member to vanish, and con- 
sequently satisfy the given equation. 

437. Every equation containing^ but one unknown 
quantity has a number of roots denoted by the exponent 
of its degree, and no more. 

Besuming the equation, 

^ + At^-^ + BtT-'^ + TSc + ?7= 0, 

and admitting that it has one root, a^x— a must be a factor of 
its first member (435). The quotient which arises from the 
division of the polynomial, 

^ -h Aof^-^ + Tx'\'TJy 

by a; — a, will be of the form 

af»-* + AtS^-'^ + T'a; + CT • 

we shall therefore have the identical equation, 

a?* + AtS^"^ + 5af»~2 
+ Ta; + 

Now the second member of this equation will vanish for any 
value of X which reduces the second factor to zero. 
If then the assumed root of the equation, 

be denoted by J, we shall have 

"^^^.T^W \ = ^"'-^^ (^*+^"a!"-+....y"a;+ XT'). 

A third equation may be formed in the same way, and then a 
fourth, and so on, until the {m — 1)^ equation is finally reached, 
in which the second factor in the second member is of the first 
degree with respect to x. 
35* 
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Taking this last eqnatioiiy and sabstitating for its first mem- 
ber the second, in the next preceding equation, and thus con- 
tinuing the process of sabstitation nntil the first equation of the 
aeries is arrired at, the result will be the following identical 
equation: 

af + Air-^ + BtT-^ + ) I (a; — a) {"a; — *) (a? — c) 

Tx-\-^ ) "" ( (^— i?)(« — fi')- 

The second member of this equation yanishes for any one of 

the m Talnesy 

X'=. CLy X ^r bf X=^€f.»»»X=zpyX=:qy 

and consequently these values are severally roots of the equation, 

or + Air-' + BTf^^ Tx+ U= 0. 

Moreover, no value of x that differs from some one of these 
values, can satisfy the equation ; for no such value will cause 
any one of the factors in the second member of the identical 
equation to be zero, a condition requisite to make the product 
zero. The equation therefore has m roots and no more. 

428. Prom the foregoing principles we conclude, 

1. That in an equation in which the second term does not ap- 
pear, — that is, the term containing the next to the highest power 
of the unknown quantity, — ^the algebraic sum of the roots is 0. 

2. If an equation has no absolute term, at least one of its 
roots is 0. 

3. The absolute term being the continued product of .all the 
roots of an equation, it must be exactly divisible by each of them. 

4. An equation may be constructed, which shall have any 
assumed roots. 

6. The degree of an equation may be reduced by 1 for each of 
its known roots. 

JSXAMJPLJEa. 

1. What is the equation having +2,-3 for its roots ? 

Ans. aj2 + ic — 6 = 0. 

2. What is the equation having the roots +1, — 2, — 4? 

Ans. afi + 6a^ + 2x — B=zO. 

3. What is the equation having for its roots + 3, — 2, — 1, 
+ 5 ? Ans. a;* — 5a:8 — 7aJ« + 29a; + 30 = q^ 
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4. What is the equation of which the roots are 1 + v—^S, 

1 — VZIs", +V5, — V5? Ans. a^—^a^+o^+lOx-^dO = 0. 

5. What is the equation of which the roots are —1, —2, +3, 

2 + V^ H—V^? Ans. ic5_4ic*+22a!2— 25a:— 42 = 0. 

6. One root of the equation, 

cfi—5x^ + ISx — 21 = 0, 
is +3 ; what is the reduced equation ? Ans. a^— 2a:+7 = 0. 

7. One root of the equation, 

a4 + 22^3 — 34a;3 + 12a; + 35 = 0/ 
is — 7 ; what is the depressed equation ? 

Ans. a^ — 5a?^ + a? + 5 = 0. 

8. Two of the roots of the equation, 

a!^^dx^^4a?^ + S0x — de = 0, 
are +2, — 3 ; what is the depressed equation, and what are its 
roots ? ( The depressed equation is 

. Ans. j ar^ — 4a; + 6_=0; 

( and its roots are 2 + V— 2, 2— V— 2, 

439. Any equation having fractional coefficients can 
be transformed into another in which the coefficients are 
entire, that of the first term beingr unity. 

If the coefficient of the first term of the given equation is not 
unity, make it so by dividing through by this coefficient Then 
the equation will be of the form 

or + Aoi^-^ + Bsf^^ + Tx + £/"= 0, 

in which it is supposed that some or all the coefficients. Ay B, 
etc., are fractional. 

Assume a; = -, a being entirely arbitrary, and substitute this 

value of X in the equation ; it then becomes 

Whence, by multiplying through by a^, 

^ + Aay"^-^ + Ba^xf^'^ + . . . . To^-^y + Pa** = 0. 
Now since a is arbitrary, its value may be so selected that it and 
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its powers will contaiii the denominators of the fractional co- 
efficients of the original equations. We present the following 
examples for illustration. 

1. Transform the equation^ 

^ + ?^ + ^ + ^ = o, 

m n p 

into another which shall have no fractional coefficients, and 
which shall have unity for its first coefficient. 

Make x = — - : substituting this value of x, the equation 
mfip 

becomes 

»• +_^_ + _^ + i. = o. 



Multiplying eyery term of this by m'w^, 

y* + anpy^ + bm^np^ + cmWp^ = 0. 

When the denominators of the coefficients hare common fac- 
tors, we may make x equal to y divided by the least common 
multiple of the denominators. 

2. Transform the equation, a^ -^ 1 1 = 0, into 

pm rn p 

another which shall have no fractional coefficients, and that of 
the first term be unity. 

To effect this it is sufficient to put a; = — . With this value 

^ pm 

of X the equation becomes 

^*m* ^Aw* pm^ p 
Multiplying every term by^?*m^ 

the transformed equation required. 

5»^3 3a;' Ix 1 

3. Transform the equation x^ + ~~ + -j- + oj + To =^ ^ 

into another having no fractional coefficients. 

Ana. ^ + 20y» + 18- 24y» + 7 {%ify + 2 (24)» = 0. 
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In transforming an equation having fractional^ into another 
with entire coefficients^ in terms of another unknown quantity, 
it is important to have the transformed equation in the lowest 
possible terms. The least common multiple of the denominators 
will not necessarily be the least value of a that will give the 
required equation. If, in each case, the denominators be resolved 
into their prime factors, it will be easy to decide upon the 
powers of these factors to be taken as the factors of a. 

The following illustration will render further explanation 
unnecessary. 

4. Transform the equation^ 

^~35 "^2450^ "68600 ~^' 

into another of the same form with the smallest possible entire 
coefficients. 

Writing y for x and multiplying the second, third and fourth 
terms, by. a, a\ a', respectively, we have 

. 3 « , 13 . 17 « n 

«^-35 ^J^+ 2450- ^'^-- 68600^=^- 

The denominators, resolved into their prime factors, are 

7-5, 73-5«-2, 7»'62-2«; 

and assuming a = 7 • 5 • 2, the equation may be written 

_ 3'7'5'2 13'7^*5?'2g _ 17. 73.58. 28 ^ 

which reduces to 

y8 _ 6y» + 26y — 85 = 0. 

In this example, the least common multiple of the denomina- 
tors is 7^ * 5^ ' 2^ ; and had this value been taken for a, instead 
of 7 ' 5 * 2, the coefficients of the transformed equation would 
have been much larger than they are, as found above. 

When a root of the transformed equation is known, the corres- 
ponding root of the original equation will be given by the relation 

a? = ^. 
a 
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GOMMENSUBABLE BOOTS. 

» 

430« A nnmber is commensurable with unity when it can be 
expressed by an exact number of units or parts of a unit ; a num- 
ber which cannot be so expressed is incommensurable with unity. 

431* Every equation having nnity for the coefficient 
of the first term, and for all the other coefficients, whole 
numbers, can haye only whole numbers for its conunen- 
surable roots. * 

This being one of the most important principles in the theory 
of equations, its enunciation should be clearly understood. Such 
equations may have other roots than whole numbers ; but its 
roots cannot be among the definite and irreducible fractions^ 
such as f , f , ^y eta Its other roots must be among the incom- 
mensurable quantities, such as V^, (3) % etc. ; i, e., surds, inde- 
terminate decimals, or imaginary quantities. 

To proye the proposition, let us suppose r, a commensurable 
but irreducible fraction, to be a root of the equation. 

Ay By etc., being whole numbers. 
Substituting this supposed value of Xy we hare 

Tran^ose all the terms but the first, and multiply by J"*~*, and 
we have 

.y = — (^flT-i + Bar-^l TcUf^^ + ?75"^i). 

Now, as a and i are prime to each other, h cannot divide a, 
and it cannot possibly divide any power of a ; because ^ being 

irreducible, t x a is also irreducible, as the multiplier a will not 

of 
be measured by the divisor h ; therefore -r- cannot be expressed 

in whole numbers. Continuing the same mode of reasoning, y 
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cannot express a whole number, but every term in the other 
member of the equation expresses a whole number. 

Hence, the supposition that the irreducible fraction ^ is a root 



of the equation, leads to this absurdity, that a series of whole 
numbers is equal to an irreducible fraction. 

Therefore, we conclude that any equation corresponding to 
these conditions cannot have a definite commensurable fraction 
among its roots. 

432. It has been shown (429) that an equation haying frac- 
tional coefficients, that of the first term being unity, can be 
changed into another of the same form, with entire coefficients. 
The expression entire must there be understood in its algebraic 
sense ; that is, the new coefficients being entire merely in alge- 
braic form, may be irrational or imaginary. In the preceding 
article it is proyed»that if these coefficients are whole numbers, 
all the commensurable roots of the equation are also whole num- 
bers ; moreover, these roots must be found among the divisors 
of the absolute term (488). If the divisors of the absolute term 
are few and obvious, those answering to the roots may be found 
by trial substitutions ; but in most cases the labor will be 
abridged by the rule suggested by the following investigation : 

Suppose a to be a commensurable root of the equation, 

or + Aaf-^ + + R3i^ + 83?+ Tx-^U^L^. 

Writing a for x, transposing all the terms except the last to the 
second member, and dividing through by^a, we have 

— = — rt«-i — AaT"-^ ^ ....^Ea^ — Sa— T. 
a 

But, since a is a root of the equation, — is an entire number ; 
transpose — T to the first member of the last equation, make 
h ^ = ^15 and divide both members of the resulting equa- 

Cv 

tion hj a; it then becomes 

a 
The second member of this equation is a whole number ; the 
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first member is therefore entire ; and if — iS^ be transposed to 
this member, and — ^ + iS be denoted by JVi, we shall have, after 
again dividing through by a, the equation, 

a 

of which the second, and therefore the first member, is a whole 
number. 

By continuing this process of transposition and division, we 
shall finally arrive at the equations. 



a 



= — a — A, 



^i==«l,or^^ + l=0. 
a a 

Every whole number which is a root of the^roposed equation 
will satisfy all of the above conditions, from the first down to 
that expressed by the equation, 

by which the root will be recognized. 

All of the commensurable roots of an equation of the assumed 
form may then be found by the following 

Rule. — I. Write all of the exact divisors of the absolute term 
in a line, and beneath them write their respective quotients, 

II. Add to these quotients, severally, the coefficient of the next 
to the last term, with its proper sig7i. 

III. Divide such of these sums by the divisors to which they 
correspond as will give eccact quotients, neglecting others* 

IV. Add to these quotients the coefficient of the third term from 
the last, with its proper sign, and divide again as before, and so 
on, until the coefficient of the second term has been added to the 
preceding quotients, and these last in turn are divided by their 
respective divisors. Those divisors which correspond to the final 
quotients, minus 1, are roots of the equation. 

Note. — ^Absent powers of the unknown quantity must be introduced with 
± for their coefficient. 



r 
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XXAMPZJB8. 

1. Beqnired the commensurable roots (if any) of the equation. 







OPERATION. 








, 


Divisors, 10, 
—10 


5, 


2, 


1, 


- 1, 


-2, 


-5, 


-10. 


Quotients, — 1, 
Add 8 


-2, 


-5,- 


-10, 


10, 


5, 


2, 


1. 


7, 
2d quotients. 
Add 


6, 


3, 


-2, 
-2, 
-3, 


18, 
-18, 


13, 


10, 
-2. 


9. 


3d quotients. 
Add 






-5, 

-5, 
4 


-21, 
21, 




5. 
1. 




4tli quotients. 


-1, 
-1, 


26, 
—25, 


k 


6. 
—1. 





Thus, there are two final quotients equal to — 1 ; and the 
corresponding diyisors are 1 and — 5. Hence, the given equa- 
tion has two commensurable roots, 1 and — 5. 

If we divide the given equation by {x — 1) (a; + 5), or 
afl + 4:X — 6, the quotient will be a^ — 2. Hence, 

a:^ — 2 = 0, x=i±V2; 
and the four roots are 1, — 6, + \/2, — \/2. 

2. Bequired the commensurable roots of the equation, a^—Qa?^ 
+ 11a; — 6 = 0. Arts. 1, 2, 3. 

3. Bequired the commensurable roots of the equation, x^+4ta^ 
— . ir» — 16a; — 12 = 0. Ans. 2, — 1, —2, — 3. 

4. Bequired the commensurable roots of the equation, a;*— 6a? 
—16a? + 21 = 0. Ans. 3 and 1. 

Note. — Sapplying the absent term, the equation wiU be ic* ± 03;* — 6a? — 
16a; + 21 = 0. In the operation, go through the form of adding 0. 

6. It is required to find all the roots of the equation, a;*— 6a:^+ 

6a:a + 2a; — 10 = 0. Ans. — 1, + 5, 1 + V^^, 1 — V^^. 
32 
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DERIVED POLYNOMIALS. 

433. The first member of an equation involying but one 
unknown quantity^ to which all the terms have been transposed^ 
is a polynomial in the most general sense of the term^ and may 
"^ be operated on as an algebraic quantity, without reference to the 
equation and to the particular values of the unknown quantity 
which will reduce the polynomial to zero, or satisfy the equation. 

If we take the polynomial, 

Aaf^ + Baf^^ + Cx^^ + +8j^+ Tx + U, 

and multiply each term by the exponent of x in that term, then 
diminisli this exponent by unity, and form the algebraic sum of 
the results, we shall haye 

mAjr-^ + (m — 1) jBaf-» + (m — 2) CaT'^ + + 2Sx + T. 

Constructing a third polynomial from this, in the same way 
that this was deriyed from the first, we haye m{m — l)-4af?"^ + 

[m — 1) (m — 2) ^2?"-3 + (w — 2) (m — 3) Caf^-^ + +W. 

A fourth may be formed from the third according to the same 
law ; and so on, until we arrive at an expression which will be 
independent of Xy because the degree, with respect to x, of any 
polynomial thus formed, is one less than of that which imme- 
diately precedes it 

Denoting the given polynomial by X, the second by X^ the 
third by Xj, etc., then 

Xi is the first derived polynomial of X, 

And Xi, -X^, X3 are the successive derived polynomials of X, 
and are called ^r5^, second, third, etc., derived polynomials. 

Preserving the above notation, we have for the successive 
derived polynomials, the following 

Rule. — To form Xy multiply every term of X ly the exponent 
of small X in th^e term, then diminish this exponent by unity and 
take the algebraic sum of the results. Xg is derived from Xi in 
the same way thai X^ is derived from X ; and so on. 
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What are the successive deriyed polynomials of 

dafi + 6a^ -^ 9a^ + Kofi — Sx + 6f 

1st, 5.3«* + 4.5aJ» — 3.9a;» + 2-7a; — 8; 
2d, 4.5.32^ + 3.4.52?^ — 2.3.9a: + 3.7; 
AnsA 3d, 3. 4.5.30^ + 2.3.4.52? — 2. 3-9; 
4th, 2. 3. 4. 5. 3a; + 2. 3. 4. 5; 
I 5th, 2.3-4.5.3. 



COMPOSITTOK OP DEEITBD POLTHOMIALS. 

434. Let us take the polynomial, 

of" + Aaf"^ + Bar-^ + + Tx + U= X; 

and snppose that its binomial factors of the first degree with 
respect to x are 

X — a, X — J, a? — (?,..•., 2; — iTif X — TL 

We shall then have the identical equation, 

ar+Ax'^-^+ . . . . + Tx+ Z7= (x—a) {x—b) .... (2;— m) (2:— w)^ 

which will subsist as a true equation,- whatever quantity be sub- 
stituted for X in its two members. Replace a; by y + 2; ; then 

^y + xy+A(f/+xy-^+...z=z{y+x—a){y+x^)...{y+x^i), 

in which the terms x — «, 2; — b, may be regarded as single, and 
hence the factors of the second member as binomials. Now the 
terms of the first member of this equation, developed and arranged 
with reference to the ascending powers of y, will give 

And if the second member be developed, and arranged in the 
same manner, then by 424, 5, the coeflScient of y® will be 

(2: — a) (2; — J) .... (a? — w) (2; — n). 

The coeflScient of y must be the algebraic sum of the products 
of the factors 2; — a, a? ^ J, etc., taken m — 1 in a set. 

The coefficient of y^ must be the algebraic sum of the products 
of these factors taken m — 2 in a set. 

In short, these coefficients may all be formed according to the 
law which governs the product of any number of binomial factors. 
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But the coefficients of the like powers of y in these two deyel- 
opments must be equal (368> III). Hence, 

X= (a? — a) (a? — ft) (a; — c) , . ,, (x — m) (x — n) ; 
and since the sum of all the products that can be formed by 
multiplying m factors in sets of m — - 1 and m — 1, is the same 
as the sum of all the quotients which can be obtained by dividing 
the continued product of the factors by each factor separately, 
it follows that 

^ X X XX 

^1 = z — :: + z — I + •••• + z — ::: + 



X — a X — b x — m x — n 

So likewise the sum of the products of the binomial factors 
taken m — 2 and m — 2, is the same as the sum of all the quo- 
tients obtained by dividing the continued product by all the 
different products of the binomial factors taken 2 and 2 ; that is, 

X, _ X X X 

I 7~I imi I\ T" • • •• "T* 



2 (a:— a) (x—b), (a;— a) (a;— -c) ^ "" ^ (a?— a) (x^n) 

By like reasoning it may be shown that 

Xj_ X X . 

2-3 "" {x—a) (a;-}) (x^c) + •••• "^ (x—a) (x^m) (a;-n)* 

and so for the next coefficient in order, etc., etc. 



EQUAL ROOTS, 

435. It has been seen (427) that if a, ft, e^, . . . • , m, n are 
the roots of the equation^ 

X= of" + Aof^^ + Bar^ + + Tx + 17= 0, 

it may be written, 

X=: (a; — a) (a? — ft) (a: — c) .... (a; — 7/2) (a: — n) = 0. 
Now if a number p of these roots are each equal to a, a num- 
ber q equal to ft, and a number r equal to c, the last equation 
becomes 

X= {x — a)i»{a: — ft)«(a: — c)*". . . . (a; — m) (a? — n) = 0. 
But since JT contains jo factors equal to x — a, q factors equal 
to a;— ft, r factors equal to x — c, its first derived polynomial will 

X X 

contain the term p times, the term ^ a times, the 

x--a^ X — b ^ ' 
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term r times, besides the terms , , etc., cor- 

X — c x-^m x — n 

responding to the single roots (434) ; that is. 



X — a x—h X — c X — m x — n 

The factor {x — ay is found in every term of this expression 

for X^ except the first, from which one of the p equal factors, 

X -^tty has been suppressed by division. Hence, {x — a)^^ is the 

highest power of x — a, which is a factor common to all the 

terms of X^. 

For like reasons {x — J)*"S {x — c)*^^ are the highest powers 

of the factors x — byX — c, which are common to all the terms 

of Xj ; hence, 

(x — a)^^ {x — b)^^ {x — 0)"-^ 

is the greatest common divisor which exists between the first mem* 

her of the proposed equation and its first derived polynomial. 

The supposition that the given equation contains one or more 
sets or species of equal roots, necessarily leads to the existence 
of this greatest common divisor. Conversely: — If there be a 
common divisor between X and X^ there must be one or more 
sets of equal roots belonging to the equation. 

For, if {x — a)* be a factor of the greatest common divisor, 
then the composition of X^ shows that {x — a)'"*"^ is a factor of 
Xy and that a is therefore ^ + 1 times a root of the equation 
X= 0. Hence the conclusions : 

1. An equation invcJiving but one unknown quantity, ar, and 
of which the second member is zero, has equal roots if there be 
between its first member, X, and its first derived polynomial 
Jfj, a common divisor containing x. 

2. The greatest common divisor, 2>, of X and Xj, is the 
product of those binomial factors of X, of the first degree with 
respect to x, which correspond to the equal roots, each raised to 
a power whose exponent is one less than that with which it 
enters X. Therefore, 

• To determine whether an equation has equal roots, and if so, 
to find them, if possible, we have the following 

EuLE. — ^I. Seek the greatest common divisor between the first 
member of the proposed equation and its first derived polynomial. 
32* 
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If no common divisor be foxindy there are no equal roots; but if 
one be found, there are equal roots ; in which case, 

II. Make an equation by placing the greatest common divisor, 
D, equal to zero ; then any quantity which is once a root ofl> = 
will be ttoice a root 0/ X = ; any qtcantity which is twice a root 
q/" D = will be three times the root o/" X = ; and so on. 

It will at once be seen that, if D contains a factor of the form 
{x-^ay, t being a positive whole number greater than unity, and 
we denote the greatest common divisor which exists between D 
and its first derived polynomial D^, by 2>', then D' will contain 
the factor (a:— a)*~^ And, again, denoting by D\ the first derived 
polynomial of i>', and by D" their greatest common divisor, 
{x—aY~^ will be a factor of D". This process being continued, 
as the exponent of (a;— a), — and, consequently, the degree of the 
greatest common divisor, — diminishes by one for each operation, 
it is plain that when the degree of the equation, 

J9 = 0, 

is too high to be solved, we may in certain cases make the determi- 
nation of the equal roots depend upon the solution of equations 
of lower degrees, until finally one is obtained which can be solved. 
To illustrate, suppose that for the equation, 

it is found that Z> = (a; — aY [x — by {x — (?) ; 
then U = (a; — ay-^ {x — by-\ 

D" = (a; - a)«-2 \x — by-\ 



The equation. 



jD(«-« z= (a: — a) (3; — b). 

/><»-'> = (a; — a) (a: - S) = 0, 

may be solved, giving the roots x=za, x = by and 

{x-^-ay^^ (a;-J)»+i, (a;-c)2, 

are factors of X, or a and b are each n + 1 times roots, and c 
twice a root, of the equation, 

X=0. 
Dividing the given equation by the product, 

(a? — (ty+^ {x — by+^ (x — cY, 
its degree will be depressed 2» + 4 units. 
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1. Does the equation ir* — 2aj8 — 7a^ + 20a; — 12 = 0, contain 
equal roots^ and if so^ what are they ? 

The first derived polynomial of the first member is 

The greatest common divisor between this and the first member 
of this equation is a; — 2 ; therefore 2 is twice a root of the equa- 
tion^ and 

a;* — 2a;» — 7a« + 20a; — 12 

may be divided twice by a; — • 2, or once by (a;— 2)' = o^ — 4a; +4. 
Performing the division, we find the quotient to be a;^ + 2a; — 3, 
and the original equation may now be written 

(a4» -_ 4a; + 4) (a:3 4. 2a; — 3) = 0. 

This equation will be satisfied by the values of x found by 
placing each of these factors equal to zero. From the first we 
get a; = 2, a; = 2, and from the second a; = 1, a; = — 3 ; hence 
the four roots of the given equation are 1, 2, 2, — 3. 

2. Find the equal roots of the equation 

ic5 + 2a;* — lla;» - 8a?» + 20a; + 16 = 0. 

Arts. 2 and 2 ; — 1 and — L 

3. What are the equal roots of the equation 

a^ — 2a;* + 3a;a — 7a;» + 8a; -« 3 = ? 

Ans. It has three roots, each equal to 1. 

4. What are the roots of the equation 

a;* _ 2a;3 — lla?^ + 12a; + 36 = ? 

Ans. Its roots are 3, 3, — 2, — 2. 

6. What are the roots of the equation 

X= a;7 — 5aJ« — 2a;« + 38a;* — 31a;8 — 61a:^ + 96a; — 36 = ? 
We find 

JTi = 7a;« — .30a;5 _ lOa^ + i52a<» — 93a? — 122a; + 96, 
Z> = a;* — 3a:« — 3a? + 11a; — 6. 
i>^ = 4a? -- 9a? — 6a? + 11, 
2>' = a; — 1. 
Hence 1 is twice a root of the equation 2> = 0, and three times 
a root of the given equation. 
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Dividing Z> = a;«— 3«»— 3a^+lLc— 6 hj D'^ = a^^2x+1, we 
find for the quotient a? — a: — 6 = (a; — 3) (a; -|- 2). Therefore, 

2>=(aj-3)(a; + 2)(a:~l)», 
and X=(a; — 3)«(a; + 2)»(a; — 1)« 

Hence the roots of the given equation are 

Ans. 3, 3, — 2, — 2, + 1, + 1, + 1. 

436. Having an equation involving but one unknown 
quantity, to transform it into anotlier, tlie roots of wliicli 
shall differ from those of the proposed equation by a con- 
stant quantity. 

Assume xr+A3r-^ + Bar''*+ Gr-^+ -H7^+ U= 0, 

and denote the new unknown quantity by y, and by x' the arbi- 
trary but fixed difference which is to exist between the corres- 
ponding values of x and y ; we shall then have x = y + x'. 
Substituting this value of x in the given equation, it becomes 
{y+xY + A (y+x')-^^ + B {y+x')^-^ + C{y+x'Y'-'' + . . . . 
+ T{y + x') + U=Q. 

Developing the terms separately, by the binomial formula, and 
arranging the aggregate of the results with reference to the 
ascending powers of y, we have 



a;'- 


y+ fwa;'— * 


+ ^a;'— > 


+ A (m-1) ar'— » 


+ 5a;'—* 


+ B (m— 2) mf"-* 


+ Gb'— » 


+ C(»i-3)a;'"-« 


• * • • 




+ u 





y+ 



m 



+ A (m— 1) 



tn— 1 
J 

wi— 2 



X 



'm-2 



X 



+ B{m-2)'^z' 



f+- 



+ *» 



m — 1 



x: 



= 



(1). 



y*"' + mx' y**"* + y* ^ 
+ A 
+ A{m—i)x' 
+ B 

An examination of this developed first member leads to these 

conclusions : 

1. The absolute term of the transformed equation, or the co- 
efficient of y*, is what the first member of the given equation 
becomes when x' is substituted for x. 
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2. The coefficient of y, the first power of the nnknown quan- 
tity, is what the first derived polynomial of the first member of 
the given equation becomes, when in it x' takes the place of x, 

3. The coefficient of ^ is what the second derived polynomial 
of the first member of the given equation -becomes when it is 
divided by 2, and x' takes the place of x. 

4. And in general, the coefficient of y* is what the n^ derived 
polynomial of the first member of the given equation becomes 
when it is divided by the product of the natural numbers from 
1 to n inclusive, and x is replaced by x'. 

Bepresenting the first member of the given equation, and its 
successive derived polynomials, after x' has been substituted for 
Xy by X'y X\y JT'j, X'^ etc., respectively, the transformed 
equation may be written 

X'+ X\y + f^,f + .... + T-K^T^^—^^ ir^ 
*^ 1*2^ ^1-2. .(m — 2)^ 



1 • 2 . . (m — 2) 



^ TO— 1 ..-i-l 



' 1-2.. (m — 1) 
Or, by inverting the order of terms, 

^ l'2..{m—iy l*2..(w— 2)^ ^ ^ \ 

437* By comparing eqs. (1) and (1') of the preceding article 
it is seen that, 

the degree of the coefficients of equation (1), with respect to a:', 
increasing by at least one from term to term as we pass from left 
to right, the absolute term being of the m^ degree. 

Xow, since x' is an arbitrary quantity, such a value may be 
assumed for it as will cause it to satisfy any reasonable condition. 
We may therefore form an equation, by placing any one of these 
coefficients equal to zero, regarding x' as the unknown quantity, 
and any root of this equation will cause the corresponding term 
of the transformed equation (1') (436), to disappear. 
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Suppose mx'+ ^ = ; whence x' = • 

If thifl Talue of z be sabstituted in the equation jnst referred to^ 
it takes the form 

Hence, to transform &n equation into another which shall be 
incomplete in respect to the second term : Suhsiitute for the 
unknown quantity another^ minus the coefficient of the second 
term divided by the exponent of the degree of the equation. 

438* The third term will disappear from the transformed 
equation when x* is made equal to either of the roots of the 
equation, 

m^-^ x'^ + A{m^l)x' + B=i 0* 

But there may exist such a relation between m. Ay and B, that 

A 

the yalue, a:'= y will satisfy this equation ; in which case 

wi 

the vanishing of the second term of the transformed equation 
will inyolye that of the third. To find what this relation is, 
substitute this yalue of x' in the aboye equation, and it becomes 

m ' — - — • — ^ — (m — 1) h -o = 0. 

2 m^ ^ 'm 

This, reduced as follows, 

m — lA^ , ..A^ „ 

(m — 1) ^8 — 2 (m — 1) ^3 + %mB = 0, 
{m--l)A^-2mBy 

giyes finally A^ = :j- 

When the yalues m. Ay and J5, will satisfy this equation, the 
third term of the transformed equation will disappear with the 
second. In general, to find the yalue of x^ which will free the 
transformed equation of the third term, an equation of the 
second degree must be solved ; and to free it of the fourth term, 
the equation to be solved would be of the third degree ; and 
finally, to make the absolute term disappear, would require the 
solution of the original equation. 
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BXAMPJjBS. 

1. Transform the equation a? + 2px — q = 0, into another 
which shall not contain the second term. 

This is done by making x = f/ — 9 = ^ "*-? (437) ; 
whence, by 436, 

Therefore, the required equation is 

from which we find y = ± Vq + J^ ; and since x=zy ^p, the 
values of x are given by the formula, 

x= —p± Vq + p\ 
the same as that found by the rule for quadratics, 

2. Transform the equation x^ +p^ + qx + r = 0, into one 
not having the second term. 

P 
Make x = y— ^ ; then 

2 ~~ 2 ^ 2 ' 

X'i _ 2 • 3 _ 

2 • 3 ~ 2 • 3 "~ 
Hence, the equation Bought is 

y r^ :x^f^ pq ^ 

or, by makmg ^ — q = m, and 07 ~ 3 "^ ^ ~ ^* 

y^ — wy + w = 0. 
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3. Transform the equation 

a^ — Ua^ + lW^dx + H^ 0, 

into another which shall not contain the 3d power of the un- 
known quantity. 

12 
By 437y put x = y + -j-; ot x = 3 + y. 

Here jc' = 3 and m = 4 

X' = (3)* — 12 (3)» + 17 (3)2 - 9 (3) + 7, or X' = — 110, 

X\ = 4 (3)8 — 36 (3)> + 34 (3) — 9, or X\ = — 123, 

^ = CX3)»-36(3)+17, or ^=- 37, 

^^ = 4(3)^-12, or ^3= 0. 

Therefore, the transformed equations must be 

y* — 37j^ — 123y — 110 = 0. 

4. Transform the equation 

a;s _ 6^4 _|_ 13a. _ 12 = 0, 

into another wanting its second term. 
Put a: = 2 + y ; then 
X' = (2)« — 6 (2)2 + 13 (2) — 12, 
X\ = 3 (2)« - 12 (2) + 13, 

^ = 3(2)1-6, 

^-1 

2-3'^ ' ^^2-3 

Therefore, the transformed equation must be 

ys + y - 2 = 0. 

5. Transform the equation 

a;* — 4a:8 — 8a; + 32 = 0, 

into another whose roots shall be less by 2. 

But x = 2 + y. Ans. y* + 4y8 — 24y = 0. 

As this transformed equation has no term independent of y, 
is one of its roots ; 2 is therefore a root of the original 
equation. 



or 


X' =-2, 


or 


X'l = + 1, 


or 


2 "' 


or 


^»- 1 
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6. Transform the equation, 

a4 + i6a;8 ^ 99^ + 228a: + 144 = 0, 

into another whose roots shall be greater by 3. 

Ans. y* + 4y« + 9y8 — 42y = 0. 

7. Transform the equation, 

a4 _ 8a^ + a? + 82a; — 60 = 0, 
inibo one incomplete in respect to its second term. 

Ans. y* —^f + 22y 4- 60 = 0. 

439. Besuming the transformed equation (1') (436), which is 



'+••• + ^y*+ 4^v+x'^+x'=o, 



l-2..(m — iy ' "' ' 2-3" • 2 
and replacing y by its yalue, y = a: — a;', it becomes 



X' 



X' 



V=o. 



+ ^* (^ - «')» + ^ (* - a^V+X'. (a; - *') +X' 



2-3 



2 



Now it is evident that, by dereloping the first member- of this 
equation and arranging the result with reference to the descend- 
ing powers of x, the first member of the original equation will 
be reproduced ; for, by this operation we will have merely 
retraced the steps by which eq. (1') was derived from eq. (1) in 
the article referred to. Hence we have the identical equation, ' 

or + Aar-^ + 5af^' + ... . 83^ + Tx + U 



X' 



= (a^-^r + i.,...g_i) (^-^o- + .... 



► . . . (1). 



X', 



X'. 



+ 1^» (a; - ^Y + ^ ('^ - «T+^'i (a; - ^) + X' 

The quotients and remainders obtained by the division of the 
first member of this equation by any quantity, will not differ 
from those arising from the division of the second member by 
the same quantity. Dividing the second member by x — a?', the 
first remainder is X\ and the quotient, 

(— ')"-^ + ra:^^ <^ - ^'>"" + • • • • 



+ S (« - a;')" +. ^ (:? - a?') +X\ ; 



2-3 



2 



33 
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and this diyided again by a: — x', will give for the seoond re- 
mainder JT'i and the quotient, 

(»-«o--'+ i.afg'_i) (^-^')--'+ • • + ^i--') + x'- 

It is nnnecessary to continue thiid process farther^ to see that 
these saccessive remainders are the coefficients of the transformed 
equation (1') beginning with the absolute term, or the coefficient 
of y*. The divisor to b| employed is a? — ar' if the roots of the 
tnmsformed equation are to be less, in yalne, than those of 
the giyen equation by the constant difference a;' ; if greater, the 
divisor must hex + x\ Hence, an equation may be transformed 
into another of which the roots are greater, or less, than those 
of the given equation by the following 

BuLE. — ^L Divide the first member of the given eqtuition {the 
second member being zero) by xplus the constant difference between 
the roots of the two equationsy continuing the operation until a 
remainder is obtained which is independent of x ; then divide the 
quotient of this division by the same divisor y and so on, until m 
divisions have been 'performed. 

II. Write the transformed equationy making these successive 
remainders the coefficients of the different powers of the xtnhnown 
quantityy beginning with the zero power. 

It must be borne in mind that the term plus in this rule is 
used in its algebraic sense. 

By a little reflection, it will be seen that the m^ quotient will 
be the coefficient of ic* in the original equation, and that this 
will also be the coefficient of the highest power of the unknown 
quantity in the transformed equation. 

1. Transform the equation, 

into another of which the roots shaU be less by 2. 
This is example 5 of the last article. Make 

re = 2 + y, or y = a? — 2 ; 
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then the operoti(m iff as foUows : 

x^2 ) a:*— 4a;8— 8a:+ 32 ( «»— 2a^— 4a?— 16 
a;*--2a:^ 
— 2a:8--8a; 



— 4a:^— 8a? a:-2 ) a;*— 2a^— 4a;— 16 ( a«— 4 

— 16a;+32 —4a;— 16 

— 16a;+32 -"4a;4- 8 



= X' -24 = jr, 

x^2)a^--4t{x + 2 a; — 2)a; + 2(l 

ar« — 2a; » — 2 



— 2a? — 4 ^ _ ^'i 

— 2a; — 4 i^-3 

12 

Hence, the transformed equation is 

y* + 4y8 ± Oy^ — 24y + = 0; 
or, y* + 4^* — 24y = 0, as before. 

2. Transform the equation, a;* — 12a;« + 17a;» — 9a; + 7 = 0, 
into one having roots less by 3. 

Here a? = y + 3, or y = a? — 3. 

OPBBATION. 

aj — 3 ) a;* — 12a;3 + 17a?» — 9a; + 7 (a;* — 9a;^ — 10a; — 39 

— 9a;»4-17a;» 

— 9a;» + 27a:^ 

— 10a?*— 9a? 

— lOa;^ + 30a? 

— 39a; + 7 



- 39a; -f 117 

— 110 = JT, Itt remAi&d«r. 
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aj — 3 ) a* — 9a^ — lOa? — 39 ( a? — 6a? — 38 

— 6a? + lar 



— 28a; — 39 

— 28a? + 84 



— 123 = ^'if M wmalndw. 

a;_3)La!^ — 6aj — 28(x — 3 a? — 3)a; — 3(1 

a;» — 3a? a? — 3 

— 3a? — 28 ^ JT^m 

-3x+ 9 ^ = -2^'**^ 

— 37 = nS" > •* remainder. 

Hence, y* ± Oy» — 37y* — 123y — 110 = 0, is the transformed 
equation. 

We shall haye 4 remainders, if we operate on an equation of 
the 4th degree ; 5 remainders with an equation of the 5th degree; 
and, in general, n remainders with an equation of the n*^ degree. 

The transformation of equations by division, treated of in this 
article, if performed by the ordinary rule, would be too laborious 
for practical application ; but by a modified method of division, 
called Synthetic Division, it becomes expeditious and easy. 

As preliminary to the explanation of this method of division, 
we must explain the process of 



MULTIPLICATION AUTD DIVISION BY DETACHED 

COEFFICIENTS. 

440. It has been seen that when two polynomials are homo- 
geneous their product is also homogeneous, and the number 
which denotes its degree is the sum of the numbers denoting the 
degrees of the factors. It is evident that if the polynomials con- 
tain but two letters, and both are arranged with reference to the 
same letter, the product will be arranged with reference to that 
letter. Since, in the operation of multiplying the terms of the 
multiplicand by the terms of the multiplier, the products of the 



DSTAOHBD COEFFICIENTS. 389 

coefficients are not affected by the literal parts to which they are 
prefixed, these coefficients may be detached and written down 
with their signs in their proper order, and the multiplication 
performed as with polynomials* The partial products, numeri- 
cal or literal, being carefully arranged ali if undetached, are then 
reduced and the literal parts annexed. 



1. Multiply a* + %ax + a? by a + a?. 

OFERATIOK. 

1 -f~ ^ 4" 1> Detached coefficients of nmldpUcand. 
1 + 1 " •* multiplier. 

1 + 2 + 1 

1 + 2 + 1 

1 + 3 + 3 + 1 Coefficients of product 

Now by annexing the proper lit^al parts to the several terms 
thus obtained, we have 

Q^ + Zdh^ + 3aa^ + a?, Ans. 

This method of multiplication may be employed when the two 
polynomials contain but one letter. 

2. Multiply 3a;' — 2ic — 1 by 3a: + 2. 



whence 



or. 



OPKBATIOH. 






3-2- 


-1 






3 + 2 








9-6- 


-3 






+ 6- 


-4- 


-2 




9±0- 


-7- 


-2 




9sfi±0a? — 


.7a;- 


2, 




9a:»- 


■ 7a;- 


•2, 


Ans. 



When any of the powers of the letters, between the highest 
and lowest, do not appear in either factor, the tenns correspond- 
ing to such powers must be supplied with the coefficient 0. 
33* 
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3. Multiply a^ + 2j^ — lbya? + 2. 

The factors completed area:» + 2a? + 0a; — 1 and ic* + Oa? + 3. 
Hence the operation is 

1+2+0—1 
1 + + 2 

1+2+0—1 
2 + 4 + — 2 

1 + 2 + 2 + 3 + — 2 
and the product, 

a« + 2a:4 + 2a4 + 3iB3 + oa; — 2, 
or, a^ + 2a:* + 2a? + 3a? — 2. 

4. Multiply 3a?— 2a;— 1 by 4a;+2. Am. 12a?— 2a?— 8aj— 2. 

5. Multiply 3a?— 5a;— 10 by 2x— 4. Ans. 6a?— 22a?+40. 

6. Multiply a?+a?y+^ by a?— a;y+y*. -4rw. a?+a?^+y*. 

7- Multiply a? — 4a? + 5a; — 2bya? + 4a; — 3. 

Ans. a? — 14a? + 30a? — 23a; + 6. 

441. Now, if detached coefficients can be used in multiplica* 
tion, so in like cases, they may be employed for division. When 
the diyidend and divisor contain but two letters and are homo- 
geneous, the degree of the quotient will be the excess of {he 
degree of the dividend over that of the divisor. 



1. Divide a*— 3a^— 8a»a?+18aa?+16a? by c?— 2ffa;— 2a?. 

OPERATION. 

1 — 3 — 8 + 18 + 16 [1 — 2 — 2 

1 — 1 — 8 



1 — 2 — 2 


— 1 — 6 + 18 + 16 
-1+2+ 2 


— 8 + 16 + 16 
-- 8 + 16 + 16 



Hence the quotient is 

€fi-^ax^ 8a?. 
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2. Divide a» — ba^J^ + a^V + 6aJ* — W by a« — ZaJf^ + V, 

In this example we must supply the term 0»a*S in the divi- 
dend^ and the term 0« a^S in the divisor. The operation then is, 

1 + — 5 + 1 + 6 — 2 11+0 — 3 + 1 
1 + — 3 + 1 1 + — 2 ^ 

— 2 + + 6 — 2 
^2 + + 6 — 2 

Therefore we have, for the quotient, 

a^ + O-aJ- 2J3, 

or, a^ — 2^. 

3. Divide a« — 4ic* — ITa;^ — 13a?> — lire — 10 by a« + 3a; + 2. 

OPERATION. 

1 — 4 — 17— 13 — 11 — 10 11 + 3 + 2 



1 + 3+ 2 1 — 7 + 2 — 5 

— 7 _ 19 -. 13 — 11 _ 10 

— 7 — 21 — 14 

+ 2+1 — 11 — 10 

+ 2+6+4 

-. 5_15-.10 
., 5-^15 — 10 

Hence the quotient is 

a^s — 7.1:^ + 2a; — 5. 

When the dividend and divisor contain but a single letter, ab- 
sent terms in either, answering to powers of this letter between the 
highest and lowest, must be inserted with the coefficient 0. 

In the examples we have wrought to illustrate the method of 
division by detached coefficients, the coefficients have been taken 
entire, that of the first term of the divisor, in each case, being 
unity; the process, however, will be the same whatever these 
coefficients may be. When the coefficient of the first term of the 
divisor is not unity, it may be made so by dividing both dividend 
and divisor by this coefficient The quotient term will then be 
the first term of the corresponding dividend, as is seen in all the 
above examples. 
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SYNTHETIC DIVISION. 



442. To explain what sTnthetic diyidon is, and to deduce a 
role for exeenting it» let ns take the first example in the preceding 
article. If the signs of the second and third terms of the diyisor 
be changed, each remainder will be found, by adding the terms of 
the product of these two terms by the term of the quotient, to the 
corresponding terms of the diyidend ; obserring that by the nature 
of the operation, the product of the first term of the dirisor by the 
term of the quotient, equals the first term of the diyidend. Be- 
sides, since the first term of the diyisor is unity, any quotient term 
is the same as the first term of the partial dividend to which it 
belonga 

The process may now be indicated as follows: 

1 — 3 — 8 + 18 + 16 |l + 2 + 2 

2 — 2 — 16 
2— 2 — 16 

Qnocteot, 1 — 1 — 8 

Hence the quotient is £^ — arc — Sa;^, as before found. 

The dividend and divisor are written in the usual way, after 
changing the signs of the last two terms of the latter ; and a hori- 
ssontal line is drawn far enough beneath the dividend for two 
intervening rows of figures. Bring down the first term of the 
dividend for the first term of the quotient. The products of the 
second and third terms of the divisor by the first term of the quo- 
tient are written, the first in the first row under the second term 
of the dividend, and the second in the second row under the third 
term of the dividend. The sum of the second vertical column is 
then written for the second term of the quotient* The next step 
is to multiply the second and third terms of the divisor by the 
second term of the quotient, placing the first product in the first 
row under the third term of the dividend, and the second in the 
second row under the fourth tenn of the dividend. The sum of 
the third vertical column is the third term of the quotient The 
sums of the fourth and fifth columns each reduce to zero. 
■ The operation for the last example in the preceding article is 



STXTHBTIO DIVISIOK. 393 

1 — 4 — 17-13 — 11-10 1 1 — 3 — 2 
--3 + 21— 6 + 15 

— 2 + 14— 4 + 10 



1 — 7+ 2—600 
and for the quotient we have 

a;8 _ 7a4 + 2a; — 5. 
Ko difSculty will now be experienced in understanding this 
general 

BuLE. — I. If the coefficient of the first term of the arranged 
divisor is not unitj/, make it so by dividing ioth dividend and 
divisor hy this coefficient. 

II. Write down the detached coefficients of the dividend and di' 
visor in the usual way, changing the signs of all the terms of the 
latter eoccept the first, and draw a line far enough below the divi^ 
dend for as m^ny intervening rows of figures as there are terms, 
less one, in the divisor, and bring down the first term of the divi- 
dend, regarded as forming a vertical column, for the first term of 
the quotient. 

III. Write the products of the second, third, etc., terms of the 
divisor by the first term of the quotient, beneath the second, third, 
etc., terms of the dividend in their order, and in the first, second, 
etc., rows of figures; and bring down the sum of the second verti" 
cal column for the second term of the quotient. 

IV. Multiply the terms of the divisor, exclusive of the first, as 
before^ by the second term of the quotient, and write the products 
in their respective rows, beneath the terms of the dividend begins 
ning at the third; bring down the sum of the third vertical column 
for the third term of the quotient. 

V. Continue this process until a vertical column is found of 
which the sum is zero, the sums of all the following also being zero 
when the division is exact ; otherwise continue the operation until 
the desired degree of approximation is attained. Having thus 
found the coefficients of the quotient, annex to them the proper 
literal parts. 

In applying this method of division it is unnecessary to write 
the first term of the divisor^ since it is unity and is not used in 
the operation. 

z 
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1. Diyide 1 — « by 1 + a;. Ans. 1— 2a;+2a?— 2ir»+etc. 

2. Divide 1 by 1 + a:; Am. 1— a;+a?— a;'-|-a;*— etc. 

3. Divide o^—Sa^+lOoV— lOaV+Soa:*— a:* by a»— 2aa;4-a^. 

Ans. cfi — dah: + 3aa? — a^. 

4. Divide a^ — 6a;^ + 15»* — 24«» + 27a^ — 13a; + 5 by «* — 
ax« + 4iij» — 2a; + 1. ul»«. a;^ — 3a; + 6. 

6. Dividea;' — y^by aj — y. 

Ans. ixfi + afiy + :t^ + a^jf^ + ai^y* + ary« + /. 

443« The transformation of an equation into another haying 
roots less or greater than those of the given equation by a fixed 
quantity, may now be expeditiously made by the method of 
synthetio division. 

1. Transform the equation a;*— 4a^— 8a;+32 =0, into another 
whose roots shall be less by 2. 

The second power of x not appearing in this equation, it must 
be introduced with ± for its coefficient. 

FIBST OPERATION. 

l-.4±0 — 8 + 32[2 
2--,4— 8 — 32 

1 «. 2 — 4 — 16, = -T. 

SECOND OPERATION. 

1 — 2 — 4 — 16 1^ 
2 ±0— 8 

1 ± — 4, -24 = JT^. 

TBXKD OPKBATIOR. FOUHTU OFBRATIOV. 

1±0 — ^L? 1 + 2 |2 

3 + 4 2 



1 + 2, = ^. !> + * = &• 

Henoe the transformed equation is 

y* + 4j^ — 24y = 0. 
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Instead of keeping the above operations separated, they may 
be united and arranged as follows : 

1— 4±0 — 8 + 32|^ 
2 — 4 — 8 — 32 



— 2- 


-4 - 


-16, 


= 


2 


- 


■ 8 




0- 


-4,- 


-24 = 


JC, 


2 + 4 






2, 


= 


2 




2 








4. - 


.^. 


'• 





23 

. To understand this, it is only to be borne in mind that the 

■ 

diyisor is the same throughout, and that the first term, 1, of the 
Buceessiye dividends, which if written would fall in the yertical 
column at the left, is omitted. 

Transform the equation oc^ — 12a:' + 17a^ — 9a? + 7 = 0> into 
another whose root shall be 3 less. 

OPERATION. 

1-12+17— 9+ 7L3 

+ 3 ^27 — 30—117 

«. 9 —10 — 39, —110 = -T 

+ 3 —18 — 84 

„_i^^ ^^^ 1-1, ,,^ „ , — « 

_ 6 — 28, — 123 = T^ 
+ 3—9 

- 8,-87 = ^ 

+ 3 



= 



23 

Hence the transformed equation is 

y4 + oy» — 37y» — 123y — 110 = 0. 

Transform the equation a:*— 12a;— 28 = 0, into another whose 
roots shall be 4 less. Make a; = y + 4. 
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OPERATION. 

1 —12 -28 |_4 

4 +16 +16 

4 4 — 12 = -T 

4 32 

8 36 = jr^ 

_4 



12 = 



9 



2 
Hence the transformed equation must be 

ys ^ i2yj + 36y — 12 = 0. 

Transform the- equation a^— 10a;2+3a;— 6946 = 0, into another 
whose roots riiaU be less by 20. We make a: = 20 +y. 

OPERATION. 

1—10 3 —6946 1^ 
20 200 4060 

10 203 —2886 
20 600 ' 

30 803 
20 

60 

• 

The three remainders are the numbers just above the double lines, 
which give the following transformed equation : 

f + 50y» + 803y — 2886 = 0. 

Transform this equation into another whose roots shall be less 
by 3. Put y=:3 + z. 

1 50 803 —2886 [3 
_3 159 +2886 

53 962 

_3 J^ == 

56 1130 
_3 

59 
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Hence the transformed equation is 

;j8 + 59-23 + iiso^j = 0. . 

This equation may be verified by making z = 0; which gives 

y = 3, and a; = 20 + 3 = 23. 

4A4:. If the signs of the alternate terms of any com- 
plete equation inyolving but one unknown quantity be 
changed, the signs of all the roots will be chai^rod. 

In the general equation 

af* + Aaf^-^ + Bor-^ + +Tx + ?7= . . . (1), 

let the signs follow each other in any order whatever. Changing 
the signs of the alternate terms of this equation^ beginning with 
the second, we have 

or — Aaf"-^ + Baf^^ — ±Tx:fU=0 . . . (2); 

but if the change begin with the first term, we have 

— af + Aar'^ — Baf^"* -f . . . . ;F Tic ± ?7= . . . (3). 

Now, if a be a root of (1), its first member reduces to zero 
when a is substituted for x; that is, the sum of the positive 
terms becomes equal to the sum of the negative terms. But if 
— a be substituted for x in (2) and (3), the numerical values of 
the terms of these equations will be equal to the values of the 
corresponding terms of (1), while the signs of the terms in (2), 
if m is an even number, will be the same, and those of (3), oppo- 
site to the signs of the terms of like degree in (1). If m is an 
odd number, the reverse will be true in respect to signs. In 
either case, however, if a is a root of (1), — a is a root of both 
(2) and (3). 

An obvious consequence of this proposition is, that the roots 
of an equation are not affected by changing the signs of aU its 
terms. 

1. The roots of the equation a;» — 7a^ + 13a?— 3 = 0, are 3, 
2 + V3, and 2 — \/3 ; what will be the roots of the equation 
a;8 + 7a;« + 13a; + 3 = 0? Ans. — 3, — 2 — a/3, — 2 + V3. 

2. The roots of the equation »* — Sa:' + Sa;^ + 17a — 18 = 0, 

34 
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are 1, — 2, 2 -f V— 5, and 2 — V— 5 ; what are the roots of 
the equation a^ + 3a;« + 3a;» — 17a: — 18 = ? 

Ans. — 1, +2, —2 — V^^, — 2 + V^^. 

445. If all the coefficients of an equation are rational^ 
surd roots can enter the equation only by pairs, and if 
all the coefficients are real, imi^nary roots can enter 
the equation only by pairs. 

Let the coefficients A, B, • . . . Uy ot the equation^ 

ar+A3r-^+Bar''^+ 2!c+ [7= . . . (1), 

be all real and rational, and suppose that a± V± 5 is one of the 
roots of this equation. 

Substituting this yalne for x, we haye 

(a±V^)"4-4«=tA/±*)"*~'+^a±V±*)"^') 

+ .... + T(a±V±b)+U {-0. . . (2). 

Expanding the several terms of this equation by the binomial 
formula, we haye 

^o-r»±^(i»-l)rf^».'/±J+^(m-l)^=^a-^.('/±j)*±i... 

• •••••• 

Ta±TV±b, 

observing, in reference to the final terms, ±{V^bT> ±(Vi*)"*"\ 
etc., that the sign ± is to be used before those only which have 
odd numbers for their exponents ; when the exponent is even, 
the plus sign is to be understood. 

If the root of (1) be a + Vby the aggregate of these develop- 
ments will be composed of two parts, the one rational and the 
other surd- The rational part will be the algebraic sum of those 
terms which have the even powers of Vb for factors, the zero 
power being included. Represent this part by 



PBOPEBTIEB OF EQlTATIOKS. 399 

The irrational part will be the algebraic sum of the terms 

having the odd powers of V^ for factors. But since ( V*)^ = 

h Vhy iVT)^ = V Vby etc., the sum of the terms of this part can 

be represented by a single term of the form N V^, N being the 

algebraic sum of the coefficients of V*. Hence (2), under the 

supposition that a + VJ is a root of (1), becomes 

M+NVI = (3); 

which can be true only when we have separately if = 0, JV ±= 

(372, 4). 

In reducing (2) to (3), the upper signs in the expansions of 
the terms of (2) were used. If the lower signs in the equation 
and the expansions of its terms be used, — ^which is equivalent to 
supposing a — Vi to be a root of (1), — ^the reduced equation 

willbe M--NVb=^0 (4), 

in which M and N are evidently the same as in (3). Hence if 

(1) has a root, a + V*, it has also the root a — ^/h. 

Now let us suppose that a -f V — * is a root of (1) ; then 

since the even powers of V— d are real and the odd powers 
imaginary, the developed first member of (2) will be composed 
of two parts, the one real and the other imaginary. Represent 
the real part by M'. 

The imaginary part is the algebraic sum of the terms having 

the odd powers of V— J for factors. But since (V— *)' = 

VS2(-*) = SV^^, {V^^y = V** (- i) = VV^-b, etc., 
the sum of the terms of this part can be represented by a single 

term of the form iVV— ^. Hence, under the supposition that 

a + V— J is a root of (1), (2) becomes 

if'+jv^'./zr} = o . . . . (5), 

which requires that we have separately M^ = 0, JV"'= (367). 
By using the lower signs of the terms and their expansions in 

(2), — ^which supposes a — V— S to be a root of (1), — we find 

jf'_JV^VZr^ = (6); 

and by a simple inspection of the expanded terms of (2), we see 
that Jtf ' and N' in (5) and (6) are the same. 

Whence we conclude that if (1) has a root^ a + V— it it has 
also the root, a — V— J. 
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BULE OP DBS CAETES. 

446. The number of real positive roots of the equation X = 
cannot exceed the number of variations in the signs of its terms; 
and, if the equation X = t> complete, the number of real nega- 
tive roots cannot exceed the number of perman&iices in the signs of 
its terms, 

NOTB.— In any series of quantities a pair of oonsecatiye like idgns is called 
^permanence of cdgns, and a pair of oonsecntive unlike signs is called a 
wmation of signs. Thus, in tiie expression a^ — Sa;^ — 4d^ + 7fl^ + 3a^ + 2x' 
*- fl^ — a; + 1, there are four permanences and foor Tariations. 

Bepresent the real positive roots of the equation^ 

X=0 (1), 

hj a,b, c . . . ., and suppose (1) to be divided by the product of 
all the factors x ^a, x — b, x + c . . . ,, corresponding to the 
real positive roots. Bepresent the resulting equation by 

Xi=:0 (2). 

This equation has no real positive roots. 

We rihall now show that if (2) be multiplied by the factor 
x-^a corresponding to a real positive root^ the number of varia- 
tions in the resulting equation will be at least one greater than 
in (2). 

1st. Suppose (2) to be complete, and let the signs of its 
terms be -1-^ — ^4-, 

The signs of the multiplier are + —. * 

+ + + 

+ + - 



The signs of the product are + ± — if + — . 

A double sign is placed where the sign of any term in the pro- 
duct is ambiguous. 

Now, taking the ambiguous signs as we please, the number of 
variations in the product is greater than in the multiplicand ; 
and this is still true if we suppose some or all of the terms 
having ambiguous signs to vanish. 

2d. If (2) is incomplete, reduce it to a complete form by 
inserting the missing terms with zero for the coefficient of each ; 
the resulting equation will contain at least as many variations 
as (2). Multiplying the completed equation byx— a, the num- 
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ber of yariations in the product will be greater than in the mul- 
tiplicand^ by what has just been shown. But the product thus 
obtained is the same as the product of JT, and x — a; hence, the 
number of yariations in the product of X^ and x — a is greater 
than in X. 

We haye thus shown that when the factor a; — a is introduced 
into (2), the resulting equation contains at least one more yaria- 
tion than (2). In like manner it may be shown that when the 
factor X — d is introduced into the resulting equation, at least 
one more yariation is introduced ; and so on. 

Hence the number of real positiye roots of the equation X= 
cannot exceed the number of yariations in the signs of its terms. 

We proye the second part of the theorem as follows : 

Suppose (1) to be complete, and let the signs of its alternate 
terms be changed ; then the signs of the roots will be changed 
(444), the permanences will become yariations, and the yariations 
will become permanences. But the number of real positiye roots 
. of the resulting equation cannot exceed the number of yariations 
in- the signs of its terms; hence the number of real negatiye 
roots of the giyen equation cannot exceed the number of per- 
manences in the signs of its terms. 

447. Although the introduction of a positiye root will always 
giye an additional yariation of signs, it is not true that a yaria- 
tion of signs in the terms of an equation necessarily implies the 
presence of a real positiye root. Thus, the equation, 

a^^x^-^^x+15z=zO 
has 2 yariations of signs, and 1 permanence. But its roots iU'e 

2 + V^^, 2 — V^^, and — 3, 
no one being positiye and real. 

But when the roots are all real, the number of positive roots is 
equal to the number of variations, and the number of negative 
roots is equal to the number of permanences. 

CARDAN'S RULE FOR CUBIC EQUATIONS. 

448. It has been shown (437), that any equation can be 
transformed into another which shall be deficient of its second 
term. That is; eyery cubic equation can be- reduced to the form of 

34* 
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a^ + dpx = 2q (1); 

and the eolation of this equation must involye the general soln- 
tion of cables. We make 3p the coefficient of x, and 2q the 
absolute term, in order to avoid fractions in the following inves- 
tigations : 
Assome x = v + y; then (1) becomes 

(t^ + y)» + 3p(r + y) = 2jr . . (2). 

Expanding and reducing, 

f^ + f/^ + S{vy+p){v + y) = 2q . (3). 

Now as the division of x into two parts is entirely arbitrary, we 
are permitted to assume that 

vy+p=z ..... (4); - 

whence by (3), v^ + y^=z2q (5). 

If we obtain the value of y from (4), and substitute it in (5), we 
shall have, after reducing, 

V*— 2yt;"=/?* (6); 

whence, ^=zq± V^ +p^ .... (7). 

Substituting this value of t;' in (5), 

y^ = qzfV^T^ . . . . (8). 
But by hypothesis x =iv + y ; hence, taking the sum of the 
cube roots of (7) and (8), 

x=i(q + Vq^ +i^)* + (q-Vq^ +i?»)* (A), 
which is Cardan's formula for cubic equations. 

449. When p is negative, in the given equation, and its cube 
numerically greater than q^, the expression Vq^ +i^ becomes 
imaginary; this is called the Irreducible Case. We must not 
conclude, however, that in this case the roots of the equation are 

imaginary ; for, admitting the expression Vq^ + jp^ to be imagi- 
nary, it can be represented by a V— 1 ; whence the value of x 
in formula (A) becomes 

fl; = (y + a\/:ri)i + (gr-a>v/3i)l . . (1) ; 
or, x = qi(l + ^^V^f+qi(l-.^^V~lf . . (2); 

"' S = (' + f "^f + (l - j v^)* ■ • (»)• 
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Now by actually expanding tlie two parts in the second mem-. 

ber of (3), and adding the results, the terms containing V— 1 
will disappear and the final result will be reaL In the irreduci- 
ble case all the roots of the equation are real ; formula (A) ia 
therefore practically applicable only when two of the roots are 
imaginary. In this case the real root can be found directly by 
the formula ; the equation may then be depressed, by division, 
to a quadratic, which will give the two imaginary roots. 

1. Find the roots of the equation, 

a4i _ 7a? + 145 _ 20 = 0. 

To trsCnsform this equation into another deficient of its 2d 
term, according to (437), put x = y + i; and we shall haye for 
the transformed equation. 

To apply the formula to this equation, we have 

3p = -J, ori?=— I; 

VfT7 = V(W)' - (*)» = ± W^ 

a; = f + I = 5, the real root. 

Dividing the given equation by a? — 5, we obtain fpr the de- 
pressed equation 

a? — 2a? + 4 = ; 

whence, x = l± V— 3. 

Hence the three roots are 6, 1 + V— 3, and 1 — V— 3. 

2. Giveti a^ + 6x = 88, to find the values of x. 
To apply the formula, we have 

3p=z 6, or^= 2; 
2q = 88, or g = 44. 

whence, Vf + p^ = V1936 + 8 = ± 44.090815 + . 
And we have * 

a: = (44 + 44.090816)* + (44 — 44.090815)* ; 
or, X = 44495 — .4495 = 4, the real root. 
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The depitflsed equation will be a:^ + 4a; — 22 = ; whence, 

a;=—2±3V^=^; 
and the three roots are 4, —2 + 3 V— 2, and — 2 — 3 V^^ 

3. Given a^^Qx^z 5.6, to find one yalue of z. 

This example presents the irreducible case ; the solution, by 
the method of series, is as follows : 

We have jn = — 2, g = 2.8 ; hence, 

a:= (2.8 + V7.84 - 8)* + (2.8 - V7.84 - 8)* ; 
or, z = (2.8 + .4 a/^^)* + (2.8 - .4 V^^)^ ; 



or. 



= (l + 1 V=T)^ + (i -^ V - 1)* 



■ V2S 
Put b:=\V^^; then ja = — :,i^, &< = :^x A- 

Also, (l++V=n[)* = (l + i)i; (l-^V^* = (l~i)i. 

By the binomal theorem 

Sum =2_2^gJ.)-2(3-^l?^^**)-.... 

= 2 + .004535 + .000034 = 2.004501. 
Hence, 

■j^ = 2.004569 ; z = (2.004569) ^J^ = 2.82535, ^»^. 

4. Given a^ — 6a: — 6 = 0, to find one value of z. 

Ana. a-= v^2 + Vi = 2.8473+. 

5. Given a:» + 9a? — 6 = 0, to find one value of z. 

Am. a; = v^9 + v^^I^ = .63783 + , 

6. Given x» + 6a:? — 13a? + 24 = 0, ip find the values of z. 

Am. a; = — 8, 1 + V^^, or 1 — V^^. 
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SECTION IX. 

SOLUTION OF NUMERICAL EQUATIONS OP HIGHER 

DEGREES. 

LIMITS OP EEAL BOOTS. 

450. All positive roots of an equation are comprised between 
and + 00, and all negative roots between and •— oo. Bat in 
the solution of numerical equations of higher degrees, it is neces- 
sary to be able at once to assign much narrower limits. As pre- 
liminary to this, we will first show how an equation is affected by 
substituting for the unknown quantity numbers greater or less 
than the roots, and numbers between which the roots are comprised. 

451. K an equation, in its general form, be regarded as the 
product of the binomial fe-ctors formed by annexing the roots, with 
their opposite signs, to a?, we observe that the sign of this product 
cannot be affected by the imaginary roots. For, according to 
445, if an equation have one root in the form of a + ^/^hy it 
will have another in the form of a — V — b. But we have 

(a; — a — V^^) {x — a + V^^) = (a? — af + J, 

9i result which is in all cases positive. 

452. Let a, J, Cy t?, etc., be the real rQots of an equation, 
arranged in the order of their algebraic values; then the equation 
may be represented as follows : 

(a; — o) (a: — J) (a: — c) (a? -- d) . . . . = 0. 
If we substitute A for Xy the first member will become 

(A - a) (A - *) (A - c) (A - rf) . . . . 
Now if A be less than the least root, a, every factor will be neg- 
ative ; and the whole product will be positive or negative, accord- 
ing as the number of factors is even or odd. But the number of 
fo^ctors is equal to the degree of the equation (427) ; hence, 

\. If a number less than the least root be substituted for x in an 

A* 
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equaiumj (he result will be positive when the equation is of an even, 
degree^ and negative when the equation is of an odd degree. 

Again, if A be greater than the greatest root, then every factor 
will be podtiye, and conseqaently the whole product positiye. 
Hence, 

%.Ifa number greater than the greatest root be substituted for 
X in an equation, the result wiU in aU cases be positive. 

Still again ; suppose A to be at first less than a, but afterward 
greater than a and less than b. This change in the value of h 
will change the sign of the factor (A— a), and consequently the 
sign of the whole product If in the next place h be made 
greater than b but leas than c, the sign of the product will be 
changed again, for the same reason as before. And in general, 
there must be a change of sign every time the variable h passes 
the value of a real root of the equation, and at no other time. 
Hence, 

3. If when two numbers are substituted in succession for x, in 
an equation, the results have contrary signs, there must be at least 
one real root included between these numbers. 

It may be observed, also, that if one, three, five, or any odd 
number of roots be included between the two numbers substi- 
tuted, the results will show a change of signs* But if an even 
number of roots be included, there will be no change of signs. 

453* If P denote the numerical value of the greatest 
n^^tive coefficient in an equation, and n the number of 
terms which precede the first negative coefficient, then 
^^JTp + 1 will be a superior limit of the positive roots of 
this equation. 

Let ar+Aar''^+B7r''^+Car-^+,... + Tx+U=0 . . . (1). 

If we omit those positive terms, if any, which occur between 
af and the first negative term, and then put — P for the coefficient 
of every other term after af^, the first member of (1) becomes 

a-» — {Par^ + Paf*-*-^ + :... + Px -^ P) ... . (2). 

Now it is evident that any value which, substituted for x, will 
give a positive result in (2) will give a positive result also in (1). 
For, the sum of all the negative terms in (1) cannot possibly be 
greater than the negative part of (2) ; besides, there may be one 
or more positive terms in (1) which are omitted in (2). 
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Dividing every term of (2) by af*, we obtain 

Make z = 'V^+l = r+1, where r is put in the place of i/P 
for the sake of simplicity. Remembering that P = r*, we have 

(r + ly '^ (r + 1)»+* + • • • • + (^^i)m-i + (r + i)m/- 

Summing the geometrical series found in the parenthesis^ by 
360> (B')y the expression becomes 

1 + (ir+-i)^ - irfi; • • • • (^)- 

Now since is a proper fraction, and therefore less than 

unity, the value of (4) is positive. Moreover, the negative term, 

I ^ J , must always be less than unity ; consequently, no 

value of r, however great it may be, will render (4) negative. 
Thus we have shown that if we substitute for x the quantity 
V^+1, or any greater value, the result will be positive in (3) ; 
the result will therefore be positive in (2), and also in (1). 
Hence, by 452, 2, v^P + 1 is a superior limit of the positive 
roots in any equation, which was to be proved. 

In applying the principle just established, the absolute term 
must be regarded as the coefficient of ofi ; and if the equation is 
incomplete, the missing terms must be counted, in finding n. 

It should be observed also, that an equation having no negative 
term can have no positive roots. For, every positive number sub- 
stituted for X will render the first member positive. That is, no 
positive value of x can reduce the first member to zero, 

1. Find the superior limit of the positive roots of the equation 
m^ + 6a^ + 2iK» — 14a^ — 26a? + 10 = 0. 

Here w = 3 and P = 26. Hence we have, in whole numbers, 

\nP+ 1 = ^26 + 1 = 4, Ans. 



406 HUMEBICAL EQUATIOKS OP HIGHEB DEGREES. 

2. Find the superior limit of the positiTe roots of the equation, 
a* + 5a:» — 26a* — 12a? + 68 = 0. Ans. 6. 

3. Find the superior limit of the positiye roots of the equation^ 
a4 — 5a* — 9ar + 12 = 0. Ans. 4u 

4. Find the superior limit of the positive roots of the equation, 
«* + 2? + 3a: — 8 = 0. Ans. 3. 

454. To determine the superior Umit of the negative roots K)f 
an equation, numericaUy considered^ 

Change the signs qf the aUernaie terms, counting the missing 
terms when the equation is incomplete; then apply the preceding 
rule. 

For, according to 444, the positiye roots in the new equation 
will be numerically the negative roots in the given equation. 

1. Find the superior limit of the negative roots of the equation, 
a^— 3ai*+5a;-|-7 = 0. Ans. ^+1 = 3, in whole numbers. 

2. Find the superior limit of the negative roots of the equation, 
a4 _ i5j|4 — lOa? + 24 = 0. Atis. 6. 

3. Find the superior Umit of the negative roots of the equation, 
a* -. 3a^ + 2a;* + 27a» -«4a:a — i — o. Ans. 4. 

LIMITING EQUATION. 

455. If there be one equation whose roots, taken in the order 
of their values, are intermediate between the roots of another, 
the former is said to be the limiting equation of the latter. 

, 456. Any equation being given, its limiting equation 
may be formed by putting its first derived polynomial 
equal to zero. 

If a, i, £?,.... ^, Z are the roots of the given equation X=r 0, 
and a', J', c', . . . .k* are the roots of the derived polynomial 
X^ = 0, each set being arranged in the order of their values, 
then we are to show that all these roots, taken together, and 
arranged in the order of their values, will be as follows : 

Cv, a , Oj y Cf C, »..• A/, IC y (f 

In both equations, put a: = a;' + w, developing the tierms, and 
arranging the results according to the ascending powers of u. 
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Observe that X^ is the first derived polynomial of X^ ; hence, 
adopting the same notation as in 436, we have 

X :=X' +X\u + ^^ii^ + ^u^^.... = . . . (1), 

X^ = X,+ X,u + ^u^ + f^u' + ....=.0 . . . (2); 

where, it will be observed, X', X\, JTg, etc., represent what X, 
X^y Xg, etc., become, when x' takes the place of x. 

Now suppose a?' = r ; that is, x=:r -\- u, r being any root of 
the given equation. Then X = ; and as X\/ X\y X3, now 
receive definite values, the values of X and X^ may, or may not 
become zero by giving a particular value to zi. Dropping X 
fi*om (1), and factoring the result, we have 

X=u(x,-^^u + f^^u^ + ...) . . . (3), 

Xi= (x\ + X^u + ^u^ + ...^ . . . (4); 

where the different terms may be essentially positive or negative, 
according to the values of r and u, upon which they depend. 

Now, it is evident that by causing u to diminish numerically, 
each term after the first, in the parenthesis, may be made as 
small as we please ; and by making u sufficiently small, the sum 
of the terms containing^, in each parenthesis, may be made less 
than the first term X\ ; in which case the essential sign of the 
quantity in either parenthesis will depend upon the sign of X^. 
Thus, when u is infinitely small, the signs of the functions, X 
and Xj, will depend upon the signs ofu (X^) and Xj, respect- 
ively. Hence, when u is negative, X and X^ will have opposite 
signs ; but when u is positive, X and X^ will have the same signs. 

457. Thus we have shown, tJiat if we sulstitute in a given 
equation X = 0, Q,nd its first deiHved polynomial Xj = 0, a quan- 
tity r — u, wMcJi is insensibly less than the root r, the results will 
have opposite signs; but if we substitute the quantity t+u, which 
is insensibly greater than the root r, the results will have the same 
sign, 

458. Consider the quantity substituted in the two functions 
to be insensibly less than a, the least root of X= 0, and let it 

35 
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increase till it is insensibly greater than a. In passing the root 
a, the function X will change sign (45S9 3) ; hence the signs of 
the functions will be as f oUows : 

XX, X X, 

ta: = a — u + — , — +, 

a? = a — , or else +, 

« = « + «——, ++. 

Now let the substituted quantity increase from x=:a + u to 
z = b — Ufik yalue insensibly near to b, the next root of X= 0. 
According to the principle already established (457), Xand X, 
must now haye opposite signs. And since Xcannot have changed 
its sign during the change of x from a + uto b-^Uy there must 
have been a change of sign in the function X,. Hence^ by 
45!3y 3, one root of X, = is found between a^ u and b — u, 
or between a and ft. In like manner it can be shown that X, =0 
has one root between b and c, one between c and d, and so on. 
Hence the proposition is proved. 

STUEM'S THEOREM. 

459. The object of Sturm's Theorem is to determine the num- 
ber of the real roots of an equation, and likewise the places of 
these roots, or their initial figures when the roots are irrational. 

Note. — ^Thia difficult problem, which for a long time baffled the skill of 
mathematiciAns, was first solved by M. Sturm, his solution being submitted 
to the French Academy in 1829. 

460, We have seen (435), that the equal roots of an equa- 
tion may always be found and suppressed. Now let 

X= or + Ax"^'^ 4- Baf^-^ -f + Tx + U= 

represent any equation having no equal roots, and Xj = its 
first derived polynomial, or its limiting equation. 

We will now apply to the functions X and X^, a process simi- 
lar to that required for finding their greatest common divisor 
(106), but with this modification, namely : thai we change the 
signs of the successive remainders^ and neither introduce nor reject 
a negative factor, in preparing for division. 

Denote the successive remainders, with their signs changed, by 
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JZ, iZ,, i?2, . . . . Bn-i, R„> Since the given equation has no equal 
roots^ there can be no common divisor between X and X^ (435); 
hence, if the process of division be continued sufficiently far, the 
last remainder, ^„,must be different frmn zero,and independent ofx» 

Now in the several functions, X, Xi, B, R^j R^.. . . ^„«i, ^„ 
let us substitute for x any number, as h, and having arranged 
the signs of the results in a row, note the number of variations 
of signs. Next substitute for x a number, h'y greater than A, 
and again note the number of variations of signs. The difference 
in the number of variations of signSy resulting from the two sub' 
stitutionSy will be equal to the number of real roots comprised be- 
tween h and h'. * 

This is Sturm's Theorenj, which we will now demonstrate. 

I^* Qy Qi9 fe • • • • Qn-^if Qn denote the quotients in the suc- 
cessive divisions. Now in every case, the dividend will be eqaal 
to the product of the divisor and quotient, plus the true remain- 
der, or mintis the remainder with its sign changed. Hence, 

(1) X = X,C - 72 

(2) X,=.RQ,^R, 

(3) R = R,Q., - 7?2 

(4) R, = R,Q, - 723 



{A). 



(n) 72„.2 = 72„_iG« - Rn 

From these equations, it follows, 

1. If any number be substituted for x in the functions X, Xi, 
E, Rj, . . . . E„, no two of them can become zero at the same time. 

For, if possible, let such a value of A be substituted for x as 
will render Xj and R zero at the same time. Then the second 
equation of (A) will give J?, = ; whence, the third equation 
will become TZj = ; and tracing the series through, we shall 
have, finally, R^ = 0, which is impossible. 

2. If any one of the functions becomes zero by substituting a 
particular value for x, the adjacent functions will have contrary 
signs for the same value. 

For, suppose R^ in the third equation to become zero ; then 
this equation will reduce to ^ = — 722- That is, R and 7^2 have 
contrary signs. 
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Having established these principles, suppose the quantity h, 
which is to be substituted simultaneously in all the functions, 
to be a yariable, changing by insensible degrees from a less to a 
greater value. As it passes any of the roots, the function to which 
this root belongs will reduce to zero, and change sign (452, 3). 

Let ji? be a little less than a certain root of jSj = ^ ^^^ ^ ^ little 
greater than the same root, the two values being so taken, how- 
ever, that no root o/ B^ = or B^ = shcM be comprised between 
ihenu As h changes from p to q, R2 will reduce to zero, and 
change sign. But neither Ri nor B^ will change sign ; and since, 
according to the second principle, these functions have opposite 
signs when 7^2=0, they must have opposite signs also when hz=p 
or h=zq, Now when h^p, the arrangement of signs must be 

^j R2 R^ Ri Rz Ri 

+ ± — , or — ± + ; 
giving one variation and one permanence, whichever way the 

double sign be taken. When h=zq the signs must become 

^1 R2 i?s -^1 -^2 -^3 

+ qi — , or — ' If * + ; 
giving, as before, one variation and one permanence, so that the 
whole number of variations is neither increased nor diminished. 
This reason obviously applies to any function which is sxtuated 
letioeen two other functions. Hence, 

3. When h passes a root of any function intermediate between 
X and Bn, the number of variations of signs will not be altered. 

As the last function R^ , is independent of a?, its sign will not 
be changed by any substitution for x. It follows, therefore, that if 
any change is produced in the number of variations ofsignsy it must 
result from a change of the sign of the original function X. 

Let a, 5, c, (2, .... 2 be the roots of X, taken in the order of their 
values. Then the roots of X^ will be found, the first between a 
and J, the second between b and c, and so on (458). The de- 
gree of X, is less by 1 than the degree of X ; henccj if the degree 
of X is odd the degree of X^ will be even, and if the degree of X 
is even the degree of X^ will be odd. "Now take h less than a ; 
according to 453, 1, the signs of X and JT, will be unlike, giving 
a variation. Let h increase till it is insensibly greater than a ; X 
will change sign, and the variation between X and X^ will be lost 
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Now let h increase till it is insensibly less than h. It will pass the 
first root of X^, causing the signs of X and -Z^ to be again un- 
like ; but by 3, this change in the sign of X^ will not alter the 
whole number of variations in the signs of the functions. Again 
let A increase till it is insensibly greater than h ; X will again 
change sign, and another variation will be lost. In like manner 
it may be shown that the number of variations will he diminished 
ly 1 every time h passes a root ofX ; hence the truth of the theorem. 

461* If we substitute for x in the several functions A = — oo 
and A' = + 00, successively, we shall determine at once the whole 
number of real roots in the given equation. To ascertain the 
signs of the functions resulting from these substitutions, we 
require the following principle : 

If in any polynomial involving the descending powers of x, in- 
finity he substituted for x, the sign of the whole expression will 
depend upon the sign of the first term. 

Let ^af»+ i52f*-^+ Caf-'^+Daf^^+Ex'^-^+ be the given 

polynomiaL If a; = oo, then 

S C* D Tj 

^>T + "^ + ^ + '^+'--- ^^)v 

because every term in the second member is less than any assigna- 
ble quantity, or zero (188, 2). Multiplying both members of (1) 
by af", we have 

At?" > jBiC^-^+ CaJ^^^Z^af^-^+^jr-^H- (2). 

Thai is, when x = oo, the first term of the given polynomial is 
numerically greater than the sum of all the other terms. Hence 
the sign of the whole will be the same as the sign of the first term. 

463. In the application of Sturm^s Theorem, we may always 
suppress any numerical factor in any of the functions Xj, iJ, R^y 
etc. ; for this will not affect the sign of the result. 

1. Given the equation ^--Z^^ \%x + 24 = 0, to find the 
number and situation of the real roots. 

Suppressing monomial factors, we have for the several func- 
tions, X = a^» — 3a^ — 12a: + 24, 

Xi = a:^ _ 2a; — 4, 
A = a; — 2, 
Si = 4. 
35* 
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For 



Substituting in these functions a; = — oo and xz= + <x> suo- 
cessirely, we obtain the following results^. in respect to signs : 

JT 2^1 R Ri 

ja;=— OD, — 4- — -f, 3 variations. 

U= + «>, + + + +, _0 

Hence, the giTcn equation has 3 real roots. 

Since the signs in the given equation present two variations 
and one permanence, two of the roots must be positive, and the 
other negative (446). To ascertain the situation of the positive 
roots, let us substitute in the functions, x-=0, a; = 1, a; = 2, etc., 
successively, noting the variations of signs in the results. 



For { 



X — Oy 


signs. 


+ 


— 


— 


+, 


^ Tariations. 


X=l, 




+ 


— 


— 


+, 


2 " 


a; = 2, 




— 


— 


± 


+, 


1 variation. 


a: = 3, 




— 


— 


+ 


+, 


1 " 


x = 4, 




— 


+ 


+ 


+, 


1 " 


a; = 5, 




+ 


+ 


+ 


+, 






Since one variation is lost in passing from a: = 1 to a; = 2, and 
one also in passing from a: = 4 to a; = 5, one positive root must 
be situated between 1 and 2, and the other between 4 and 5. 

To ascertain the situation of the negative root, substitute 
a: = 0, a; = — 1, a; = — 2, etc. ; the signs are as follows : 



For 



x=z 0, signs, 4- 

a;=:-2, " + 

a; = — 3, " + 

L ^ = — 4, 



<i 



— 





+, 


2 variations. 


— 





+, 


2 


<< 


+ 





-H, 


2 


iC 


+ 




+, 


2 


C( 


+ 

!db 


etw© 


en — 


3 
3 and 


66 

— 4, 



The 



Hence, the negative root is situated between 

initial figures of the several roots will be 1, 4, and — 3. 

2. Given the equation, a;* — 2a;« — Ya;* +10a;+10 = 0, to find 
the number and situation of its real roots. 

In this example, we have 

X= a:* _ 2a;8 — 7a:« + 10a; + 10, Xi = 2a:» -- 3a? — 7a; + 5, 
72 = 17a« — 23a; — 45, R^ = 152a; — 305, R^ = 524535. 



Let a; = — oo : we have 



66 



a;= + 00 ; 



66 



+ — + — +,4: variations. 

+ + 4- + +, 
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Hence, the roots are all real. And since the signs of the given 
equation give 2 valuations and 2 permanences, two of the roots are 
positive and two are negative. To find the situation of the roots. 



Let ^ = 


0. 


; we 


have 


+ 


+ 


— 


— 


4-, 2 variations. 


X 


1 






+ 


— 


— 


— 


+, 2 




X 


^; 






+ 


— 


— 


— 


+ , 2 




X:=. 


3, 






+ 


+ 


+ 


+ 


+ , 




x-=. 


1; 






— 


+ 


— 




+, 3 




X 


— ^; 






— 


— 


+ 




+ , 3 




X 


3; 






+ 




+ 




+, 4 





Hence, there are two roots situated between 2 and e3, one between 
and — 1, and one between — 2 and — - 3. 

We wish now to find limits which will separate the two roots 
that lie between 2 and 3. Let us transform the given equation 
into another lohose roots shall he less by 2. By 443, the opera- 
tion will be as follows : 

1— 2— 7 +10 +10 [2 
4-2 0—14—8 

0-7-4, + 2 = X 
2+4—6 



2 — 3, — 10 = X\ 
2+8 

2^ 

^'3 



6 = 



2-3 



The transformed equation is therefore 

Now since the two positive roots of the original equation are 
found between 2 and 3, the two corresponding roots of the trans- 
formed equation must lie between and 1. The situation of 
these roots may be found from V alone, by trials as follows : 

Substitute ^=^0, .1, .2, .3, .4, .5, .6, .7, .8. 

The signs of Tare + + + — — — — — +. 
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HenoCy one root of Flies between .2 and ^, and one between .7 
and .8. Consequently the initial figores of the two positive loots 
in the original equation, are 2JZ and 2.7. 

Note.— If we had foand the initial figniea of the two x>06itive roots of 
F to be the aame, we should have proceeded to traosfonn V, and make 
similar trials with the result 

We are now prepared to find the roots of an equation to any 
degree of accuracy, by 



HOBNEE'S METHOD OF APPEOXIMATION. 

463. In the year 1819^ W. G. Homer, Esq., an English mathe- 
matician, published a most elegant and concise method of ap- 
proximating to the roots of a numerical equation of any degree. 
The process consists in a series of transformations, the roots of 
each successive equation being less than the roots of the pre- 
ceding equation by the initial figures of the preceding roots. 
But in making the several transformations, the initial figures 
are obtained by trial divisionj as in square and cube root, and 
not by substitutions, as in the last article. 

464. Let us take an equation in the general form, thus : 

X= x^ + AoT'^ + Bar-^ + + Tx + Z7= . . . (1). 

Let r represent the initial figure or figures of one of the real 
roots of this equation, as found by Sturm's Theorem, or other- 
wise. Now let the equation be transformed into another whose 
roots shall be less by r. Put x = r + y; we shall have 

F= y- + AY"^ + B'iT'* + ....-\- T'y-\-W = . . (2). 
In this equation y is supposed to represent a decimal, since r in- 
cludes at least the entire part of the required root. Hence, the 
terms containing the higher powers of y are comparatively small ; 
aeglecting these, we have, approximately, 

T'y + U' = 0; ory = --^. 

Denote the first figure of this quotient by s ; put y =5 -|- z. Trans- 
forming (2) into another whose roots shall be less by «, we have 

.r' = s^ + A"z^-^ 4- B''^"^ + + T"z + U"=:0. 
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Whence we have, as before, 

U" 

where t is another figure of the required root. This process may 
be continued at pleasure, and we shall have, finally, 

xz=ir + 8 + t + etc. 

Hence, to solve a numerical equation of any degree, we first 
find hy StunrCs Theorem^ or otherwise, the number of real roots, 
and also the first figure or figures of each, f We may then approxi- 
mate to the value of any root by the following 

EuLE. — I. Transform the given equation into another whose 
roots shall he less by the initial figure or figures of the required 
root, 

II. Divide the absolute term of the transformed equation by the 
penultimate coefficient, as a trial divisor, and write the first figure 
of the quotient as the next figure of the root sought. 

III. Transform the last equation into another whose roots shall 
be less than those of the previous equation by the figure last found; 
and thus continue till the root be obtained to the required degree 
of accuracy. 

Notes. — 1. The saocessive transformations required in obtaining any 
root may all be made in a single operation ; and for the sake of perspicuity, 
the coefficients obtained in each transformation may be marked or num- 
bered. 

2. If a trial figure of the root, obtained by any division, reduces the abso- 
lute term X'y and the penultimate coefficient -Z^ i, to the same sign, this 
figure is not the true one, and must be changed. 

3. To obtain the negative roots, it will be most convenient to change the 
signs of the alternate terms of the given equatioi^ and find the positive roots 
of the result ; these, with their signs changed, will be the negative roots 
required. 

4. If the penultimate coefficient, T, should reduce to zero in the opera- 
tion, the next figure of the root maybe obtained hy dividing the absolute term, 
Vylyythe coefficient which precedes V, and extracting the sqvare root of the 
quotient. For, if T vanishes, we have, in the transformed equation, 



8'j/'+Tr = 0; or y = |/__^. 



B' 
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1. Given a:" — 2a^ — 20a? — 40 = 0, to find the approximate 
yalae of x. 

By Sturm's Theorem we find that this equation has only one 
real root, the initial figure being 6. We now obtain the decimal 
part, to 2 places, as follows . 

OFERATIOK. 



— 2 


— 20 


— 40 6.23 


6 


24 


24 


+ 4 


+ 4 


(i> -16 


6 


60 


13.448 


10 


(1) 64 


(»>- — 2.552 


6 


3.24 




<i> 16 


67.24 




0.2 


3.28 




16.2 


<»> 70.62 




.2 




r 


16.4 






.2 







<«> 16.6 

Explanation. — We first transform the given equation into 
another whose roots are less by 6, using the method of Synthetic 
Division, explained in 443. The coefficients of the transformed 
equation are 16, 64, and — 16, marked (1) in the operation. 
Dividing the absolute term — 16, taken with the contrary sign, 
by the penultimate coefficient 64, we obtain .2, the next figure 
of the root. 

We next transform the equation whose coefficients are marked 
(1), into another whose roots are less by .2, the resulting co- 
efficients being marked (2). Dividing 2.552 by 70.52, we obtain 
.03, the next figure of the root. The operation may thus be 
continued till the root is obtained to any required degree of 
accuracy. 

2. Given a;*-f a:»— 30a;?— 20ir— 20 = 0, to find one value of x. 

By Sturm's Theorem, we find the initial figures of the two 
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real roots to be 5 and — 5. Changing the signs of the alternate 
terms of the equation^ we obtain the decimal part of the negative 
root, by the following 







OPERATION. 




IV. 


III. 


n. 


I. 


— 1 


— 30 


+ 20 


— 20 5.731574 


5 


20 
— 10 


-50 
— 30 


— 150 


. + 4 


<i> — 170.0000 


5 


45 
+ 35 - 


175 


159.7071 


9 


(i> +145.000 


<«> — 10.2929 


5 


70 


83.153 


9.7727 


14 


<i> 105.00 


228.153 


(3) _ .5202 


5 


13.79 


93.149 


.3304 


<i> 19.0 


118.79 


(«> 321.302 


<*> — .1898 


0.7 


14.28 


4.455 


.1653 


19.7 


133.07 


325.757 


(»> — 245 


.7 . 


14.77 


4.474 


232 


20.4 


<2) 147.84 


<»> 330.23 


(•> - 13 


.7 


.65 


.15 


13 


21.1 


148.49 


330.38 





.7 


.65 


.15 




<8> 21.8 


149.14 


<*> 330.5 






.65 


.1 






^»> 150 


330.6 
.1 






(4)2 


(8) 331 





(«>33 



Ans. —5.731574. 



Explanation. — We proceed as in the preceding example till 
we obtain the terms marked (2), in the ox^eration. Dividing 
10.2929 by 321.302, we obtain .03 for the next figure of the root. 

At this point we commence to apply decimal contractions, ac- 
cording to the principles employed in the contracted method of 
cnbe root (343). Let it be observed, that each contracted term 
m the operation contains one redundant fiffure at the right. 
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Commencing with column IV, we have 21.8 x .03 = .65^ which 
added to column III giyes 148.49. Then 148.49 x .03 = 4.455, 
which added to column II gives 325.757. Then 325.757 x .03 = 
9.7727, which added to column I gives —.5202. Again adding 
.65 to column III, we have 149.14. Then 149.14 x .03 = 4.474, 
which added to column II gives 330j23, after dropping one place. 
Again, adding .65 to column III gives 150 after dropping two 
places. In like manner we continue till the work is finished. 

NoTB.— Obeerre, as a general rtde, to oontract the eeveral columns^ for 
each root figure, as foUows : Colnmn I, place ; column II, 1 place ; col- 
umn III, 2 places ; column lY, 3 places ; and so on. 

Find the real roots of the following equations : 



3. ic«+2a« — 23x — 70 = 0. 

4. x« — «» + 70a? — 300 = 0. 
6. a«+a« — 500 = 0. 

6. a:» — a;* — 40a: -H 108 = 0. 



Ans 
Ans 



j 4.46( 
• 1 - 4921 



Ans. 5.1345787253. 
Ans. 3.7387936782. 

Am. 7.6172797559. 

3.3792053825, 
Ans. { 4.5875359541, 

— 6.9667413367. 
1.7191292611,. 

Ans. { 6.5461457261, 

— 4.2G52749871. 
.4604168201, 

49296646474. 

j .1796840250, 

^' ( 10.2586086356. 

.8580833082, 

.6060183069, 

.4432769396, 

3.9073785547. 

f —3.0653157913, 

— .6915762805, 

— .1756747993, 
.8795087084, 

3.0530581627. 
Note. — Full solutions of the examples above may he found in the Key. 



7. a* — 4a« — 24x H- 48 = 0. 

8. a:*-i-a^-fa:» — a: — 500 = 0. 

9. a:*— 9aj»— llar^— 20a;+4 = 0. 



10. a:* — 12a^-|-12a; — 3 = 0. 



Ans. 



f 2.1 



11. a* — 10a* + 6a; + 1 = 0. 



Ans. 



ti 



Urn 



sis si 



»-t: 















'«,. 

1 



This txx>k should be returned to 
the Library on or before the last date 
stamped below. 

A fine of five cents a day is incurred 
by retaining it beyond tiie specified 
time. 

Please return promptly. 



DUE ACT- 8 H3 

4AN22*58H 




